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88, line 13 from top, read Q instead of o. 


E 
“ps 98, “© 49. “oo 0 «3 ub dev 
Pp 94, © 17 E “oas o eig E a 
p. 99, " 1] ^ «" o log oi instead. of log ai; 
p. 99; UD yg a, 
.p. 99, last line, mE l contiguas “ “© contigues, - 
p- 100, line 9 + * “ ug E ont > 
p. 101, foot-note, . —  . Schlesinger ‘instead of Schleisinger. 
p- 102, line 19, 4 a coefficients “ “ functions. 
p. 103, foof-note, - .. dy instead of dey and yó instead of ya.” 


p.:106, line'2 from top, the word if is omitted at the mai of the Hno. 


1 
ADDEN DUM. 


p. 97, js 24, after the word Then add ihe Words, Yue Yn undergo the 
substitution. 
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— Bsomox I. 


Introduction * 


The problem treated in the first part of the present paper is an application 
of a theorem due to Lord Kelvin, by means of which, from a known solution, V, 
of Laplace's Equation in terms of coórdinates corresponding to a system of 
mutually orthogonal surfaces, a solution may be readily deduced for a new 
system of surfaces obtained from the first by inversion. - 

This theorem has been used in an extended sense, so that real surfaces have 
been obtained from imaginary surfaces by inversions with regard to imaginary 
points as centres, 

Definition of Lamé's Products. 

In problems requiring the solution of Laplace’s Equation, it is often possible 
to obtain a solution by transferring to curvilinear coórdinates, A, u, v, and 
assuming that V is a product of three factors, i. e. 

V=L.M.N, (1) 
where L, M, N are functions of A, u, v respectively. Such an expression for V 
is called a Lamé's Product. l 


In cases where a solution in the form of (1) cannot be obtained, it is some- 
times possible to obtain a solution on the assumption that 


V=T.L.M.N, . (3) 


where L, M, N have the same meaning as before. But T is a factor which is 





*The writer gratefully acknowledges his indebtedness to Professor Maxime Bócher, of Harvard 
University, for suggestions and criticisms. 
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a function of more than one of the quantities 2, u, v, and, moreover, is inde- 
, pendent of the accessory parameters which occur in L, M, N. These parameters 
first appear when the new form of Laplace's Equation is resolved into ordinary 
differential equations. . 

Several topics in the first section of this paper have been discussed by 
A. Wangerin with the aid-of elliptic functions. In the following pages the use 
of elliptic functions has been avoided, while a simpler and more symmetrical - 
- notation than is ordinarily used by writers on this subject has been adopted. 
Wangerin's earliest paper* gives the ordinary differential equations obtained 


when the extraneous factor is vec . Another paper by the same author will be 
- mentioned later. 


: Theorem of Lord Kelvin. 


‘The theorem of Lord Kelvin, before referred to, shows that if T (aye) is a 
solution of Laplace’ s Equation, then 


1 pe py l 
Ara lr ee pee PISIS a (8) 
is also a solution. Here space has been subjected to an inversion with regard | 


| to a sphere of radius 4/ p described about the origin. 
If then there are given three families of mutually orthogonal surfaces, 


Fi (zyz) =4, (4) 
F, (zye) = u, ea (5) 
Pa (xyz) = v, : (6) 


and if in terms of these curvilinear coórdinates A, u,v a solution of Laplace's 
Equation bé obtained in the form of a Lamé’s Product, then, by applying Lord 
. Kelvin's theorem, Lamé's Products (with an extraneous factor) may be at once | 
obtained for the system of surfaces derived from (4)(5)(6) by inversion. i 


Surfaces of Revolution obtained from Cones of iie Second. Degree. 


The starting point here is a system of confocal cones of the second degree 


= and concentric spheres. 





* Reduction der Potentialgleichung. Preisschriften der Fürstlich Jablnowskischen Gesellschaft 
. der Wissenschaften. No. 18. Leipzig, 1876. 
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This primary system of surfaces will be transformed by inversion into a 
system of revolution. 


Then since Lamé's products 
V=L.M.N (7) 


can be found for the cone system, solutions of Laplace's Equation may be 
deduced from them for the new system in the form ' 


: V=T.L.M.N, | (8) 


where T is an extraneous factor briefly treated above. The first topic is the 
transformation of the cone system into a system of revolution. The equations 
- Of the cone system may be written 











doy PLA, (9) 
LINE NT EY (10) 
UE be ME 

= y + z =0. (11) 





y — E y — En V -— Eg 


In order to obtain from this system a system of revolution, it is necessary and 
gufficient that the concentric spheres shall be transformed into meridian planes. 

An inversion of the family of concentric spheres with regard to any point 
except their centre will give a family of eccentric spheres, having a common 

circle of intersection, real or imaginary. A second inversion with regard to a 

- point on the circle of intersection will. transform this circle into a right line. 
This right line is, accordingly, the axis of the planes into which the eccentric 
spheres have been transformed. 

The explicit formule-of transformation will now be obtained by means of 
a detailed transformation of the concentric spheres. It will simplify the formulze 
for an inversion if the origin be first changed to the chosen centre of inversion. 

The centre of the first inversion wil be taken at any point in space 
(l, m, n) where all three coórdinates are not zero. 

The formule of transformation are 


(wcakÓ ycydm z-adm. (12) 
The family of concentric spheres (9) is now. _ i 


(i HI + (y Fm)? tlatah. (13) 
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- . The next transformation is an inversion. with regard to & unit sphere "Haus ds 
centre is at the origin, i e. as 


a aa Saree E 
The result is the following family of eccentric spheres; ne ES 
à (HAFA + mi tn? — X) 4 Llar + myst 2n + 1=0. (15) 
The centre for the second inversion is the point (a, b, c), which is to be taken 


on the cifcle of intersection -of the eccentric spheres. 
It follows that a,b, c satisfy (15) for all values of à, giving 


Ug 4 U-4-686z0, zi (10) . 
2al + 2bm + 2on + 1=0. he AT) 
The equations for the change of origin are l ; 
Ex =g +a p=y+b w—mLe c " .. (18) 
By the use of (16)(17)(18) the equation of the eccentric spheres (18) becomes 
o denar n?— 2) 
> 3 + 2l, + 2mys +., 3n, = =0. 9 


The gand inversion will be made with regard to a-sphere “whose radius is 


WY pees "- 
- 20 
c: m MELLE RA. en 


diis (19) becomes 
| (ax, + 25y, + 2c, + p(P + m? + n 2-2) + 2 (la, + my; + nz) = = 0. Nm 


Equation (21) represents & family of planes whose axis is the intersection of the 
following planes : $ 
: daz, + by, + 20m + p= 0, T (22) 
da Y my, + ng, = 0. n a . (23) 


It will be "NS to choose the coefficients in (22) and (23), so that the axis 
of the family of planes shall be perpendicular to the Ya z, plane. The condition 
equation ig : 
l=a= 0. o (24) 


to Conical Bytes, in the Theory. of Lamé’s Producte. 5 


The origin is next transferred to a point (d, e, f) taken on the axis at its inter- 
section with the y¿z, plane. Thence come the condition equations - 


gad + 2be + 2f + p =0,. i -> (25) 
d+ me + nf = 0, : |. (880) 
gu X s (27) 


The equations for the n of. origin are ' ] l 
—aad 9.7 9st e em. (28) 


By the use of TN . E the family-of planes, (21), takes the final form, omit- 
. ting subscripts; 


y—z tang — 0, E Us (29) 
== V, o5 = 5 


It will simplify several of the later equations and involve no bina in been 


erality to assume the equation 
i i tee EX 2 o (81) 


ÓN and condition equations may now be reduced to the form 
408 = — 4d —1, rr g - (82) 

gs. : - Us 
E 2 (bys a em) o Ou. 
LO E (34) 
A 8 
— — (PY —0%) oc | » 
TTETUT RR Kx) mo Rae 


The inverse of the above transformations will be of use later and is 
a 


M A 5 (9 


Attis- PETA 40) 
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The transformations defined by (32)... (36) have been shown to change the 
concentric spheres of (9) into meridian planes. Applying the same transforma, 
tions to the cones of (10) and (11) gives, omitting subscripts, : 


Ager E A (Py py 
eet U— es e E — 8 








= 0, (41) 


and a:similar equation with u replaced by ». 
Equations (29) and (41) define-a system of revolution obtained from the. 
primary system of cones and spheres. 


Rotation Cyclids. 


Equation (41) defines a class of surfaces known as cyclids of rotation,* and 
may be thrown into a more familiar form by a linear transformation | of 
i, es €, Es on by the equations ae f 





ae d 
“+Ê. 2 | ^ (48) 


By transformation of the same type as (43), & and ey are replaced by & and & 
respectively. E 
The result is 


eee ee (44) 


u—a 4 — Eg U— Es l U — Es 








In a later section it will be necessary to Have the values of 2? and 7? = y? 
obtained from (44) and the similar equation where » replaces u. The direct 
solution i8 possible but extremely long, so that it is more convenient to proceed 
in the following manner. 








* The possibility of obtaining cyclids of rotation in the manner shown appears from the table on 
p. 65 in Professor Bócher's book ‘‘ Ueber die Reihenentwickelungen der Potentialtheorie," Taubner, 
Leipzig, 1894. - 
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From (9)(10)(11), 








— Alu — e) (o — a) | 
im (Es — &)(&—&a)' E 
a o 
2= 2 (u — &)(v — &) (47) 





M (& — &eX& — &) ` 
From (32)(37) . . . (40), 
iy? 





a= PO (48) 
(yea) | 
d-—4r4--f E EE (49) 


Since the coórdinate axes of the cyclid system are the x,ysz, axes, it 
ig necessary merely to express a? and sj in terms of u and v by means of 
(42)(43)(45)(46)(47). The result is, dropping dashes and subscripts, 


* (u— &)(v — a)(e — E3) (Ea — &)(&: — €s) 
= Es) (5 — £g (& = &) Eg — &) 





t= , (50) 


(e — &) [v (u 


CN P (u — elo — entes > en — «X — &) | 
“== UE a) 90 


EW (u — &)(v — e)(& — &)(e — &)T 


Laplace's Equation in conical coórdinates.* 


It is now desired to obtain V of Laplace's Equation in the form of Lamé's 
Products and an extraneous factor, the parameters in V corresponding to the 
surfaces of the system of revolution (29)(41). For this purpose it is necessary 
to obtain V first for the cone system in the form of Lamé's Products. 

. From (45)(46)(47) 





A A(v—u)d? ^7 A(u —v) de* 
w= 3 a INS 











* The resulta stated in this section are familiar, although usually given in a somewhat different 
notation. See Lamé’s original memoir in Liouville’s Journal, vol. 4, p. 187. 
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In place of A, i; v are to: be introduced u, V, W; defined as follows: 
Ñ dà, | i M s ` " x 
u= a on CE rus (53) 
v= - i 54 
sv => &)(u — e)(u — &) ve 


dy f 
E ive soo. Pac Lx ii 














Bquation (52) becomes 
dè = Abi +A — u) d Au — dut. | (56) ` 
bapli B Equation i in curvilinear. coórdinates uU, v, t is | l 
, hs ; sage. 
DG DV) + DG DI) 2. Gu D,Y) = 0. (67) 


The values of Aj, Aj, hz are the reciprocals of the coefficients of. de, deve du? 
respectively in (56). E 
l Mia (57) is now written . 


| + DIVA DRY AY - (58) 
Letting | "a RE ^ — (89) 
(58) is resolved dy he usual method into the three ds 


— (4a) L E | . (60) 
TM qup BM-O, 000007 

zu u+ 3) M=0, UE" (61) | 

do — (Av + BN. te, NN. (62) 

The general solution of (60) i is 
mtl a 
L= = AS ia Ur. 2057 (68), 
. where m is thus defined : | Es 
Acm(mctl1.  * l (64) 


ee (61) and (62) are mele Equations, whose solutions may be indi- 


cated thus: 
| MUZE), N=E,(»). (65) 
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It follows that (58) has solutions in the form of Lamé’s Products, i. e. 


c V=L.M.N.= (4AF. + Ba F) E (u) Bo). ^. (66) 


Application of the Theorem of Lord Kelvin. * 


Since (66) gives a value of V in terms of parameters corresponding to the 
surfaces of the cone system, the value of V for the system of rotation, (29)(41) 
is written at once by the theorem of Lord Kelvin, 


V— T.(A23 + BaF’) E (o) E (y). | ODE 


` The parameters A, u,v correspond now to the surfaces of the system of rotation. - 
. It remains to calculate the factor 7, and this is most easily done by the aid 
of the transformation formule in the detailed form given by (12)(14)(16)(17)( 18) 
(20)(24) . . . (28)(31). i "E 

Starting with (59) the first inversion gives 


yen op MCN /. (68) 


i Ve d- ys d- 
while the result of the other changes is 
1- | | 
pecu cto MIN 69 
V 29 (bys + c2) Te E 


Equation (69). may be improved in form by replacing the parameter A by the. 
angle between any meridian plane and the plane 25%. This angle has been 
denoted by $, and from (30)(31) 
l A= (cos p + ising}. -. - (70) 


Also let R be the distance from the axis of rotation to any point (x; y; 2), then 
it follows that ZEE 














Y=Rsing, z= R cos @, E (71) 
1 ahi 3. l 

M 2p (bys + em) VR 29 (8 sinp F c cos $) 
l = FE (cos $ + ? sin p)!. de (72) 
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“Making i in (69) the substitutions indicated in (70)(7 2): arid giving t to L, M, N the 
values in (66), the result is 


= pp [A cos (m +3)9 + Bosin (m +4) 9) Z c Ee. (9 


" Equation (78) gives the desired value of V in the form of Lamé’s Products and 
an extraneous factor, thé parameters $, u,v corresponding to the surfaces of the 
system of revolution derived from the cone system, as previously explained. 
The extraneous factor involves E only, i. e. the distance of any point from the 
axis of revolútion. 

The accessory parameters in B, (u) and E, (v) : are di which epale m (m 4-1), 
and B. 


` The most generat sitem of revolution obtainable from e given cone system. 


Returning to the system of revolution, (29)(41), it is évident that any 
further transformation which gives a rotation system must leave the axis 
unchanged. It is then expressible as an inversion with regard to a point on the 
axis, accompanied by a translation along the axis, the equations being 





IO Cl y = = ay 74 
^Ggcy)k4s [^ Ca) et a erT T xx Ut 


The resulting aystem of revolution is the most general type obtainable from 
the cones of the second degree defined by (10) and (11). 

The same result may be reached in a different way by letting the axis of 
- revolution make the angles a, £i, yv with the w, y, 2 axes in (9)(10)(11), and 


then making the transformations defined by (32) ... . (36). 
The following relations will be useful for reference: 


COS Q4 = mata E ` ES 2 (75) 
METTE | id 
COS By > E pa , > ` (76) 
cos yi — + 4 p + pa + 3d) i dv (77) 
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and conversel y 7 "e P AT MER Oi , 
! PS p (1 — cos aj)- | . . (T8) 


- COB B + 1 cos n: 


q=e- E (cos B, + d cos 7). | | (79) 


Seotion II. 


Determination of the most mem surfaces of revolution generated confocal cyclic 
curves, for which Lamé’s Products, with the extraneous factor ~z; E y Swiet, 


“In this section will be considered eli of revolution whose méndum 
curves are obtained from those of the symmetric eyclids by circular transforma- 
tion. It will be convenient to express these circular transformations as linear 
" transformations in the complex plane. 

Laplace's Equation will be obtained in ls coordinates ERTE 
ing to the families of the system, and it will be shown that in certain special | 
cases an expression for V may be found in the form of Lamé's Products, with an 
extraneous factor. - 

The equations of the meridian curves of the symmetric cyclids are 





(Sym, apr ond (arg. (1) 
4— E po . € 77 Es © ua S 
aptas EE mE (247 + py Nu 
y —8 tol. iy — . — p (2) 
1 €g v E4 . tet 


The general linear transformation in the complex plane is 
a+B(@tri) . ° = 
aa eue co PF E 


— ait Bi T— E 
ag — ri a. F (4) 


_ The constants a, B, y, 9 are not specialized, while a, Bio Yı, 6, are their respec- 
tive conjugates. 

In the previous section, (50) and A) give the values of a? and 7° in terms 
of u and v. 


from which follows: ` 
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Let 0 he the angle between any ET pene. id the y Ly plane, then the | 
relations between y/, g, 7, 6 are 
y =r cos 6, gig) sin. (8) 
Thus the connection has been established between the rectangular codrdinates 


al, y, Y and the curvilinear coórdinates y, v, 6 of the surfaces forming the basis 
of the present paper. 


Laplace's Dios in coördinates u, v, 0 and -a condition for its resolution. — 


.Laplace's. Equation in curvilinear coórdinates has been given in the previous 
section, (57). 


From (5), » 3 Ge rt 
jp = (Daal + (Do), 2 46) 
SMA (De (7) 
drei 
| | A =1. E (8) 
Assume that V has the form _ 
v=- M.N.O, . (9) 


where M, N, O are. functions of u, v; 0 respectively. Applying (8) and (9) to 
 Laplace's Equation in curvilinear coórdinates and noticing that ho and A, are 
independent of 0, ai l 





IFE 
nan GE b, 75) G dilo mec, : (10) 
Equation (10) may: be resolved into two equations, viz. : 
mo nee s (11) 
ur p M E ep: us ; 
hy “Mr D NE PENNE, T 
Deep qo epe X E T dett (12). 


The gerant solution of (11) is . 
O= A cos m9 + B sin m ©. n - (13) 
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In order to simplify ( 12), it is necessary lo calculate the value of ES : 


From (3) and (4) come four equations of the form 





| , = (By — Das + iD) Pu 
D a , (y T S(e@+ir)y o. ' ; (14) 


From (6)(7) and (14), 





B _ (Dal + (De (Dart. gy 
M 7 EUST DAFO. | 


Equation (15) require the caleulation of four expressions of the type (D o). . 
From the value of a? referred to- above 


40 — a dq (16) 
[e- eae s)V (e; — a — e)(u — ee) — e&)(» — ei» — &) 
; + (e — ee Ele — eu — a — &)(v — &)(v — es) ; 
, (u — e )(u — &)(u — nu — sor er &)(6 — 6s)[u — es) — &s) T 
| EME ala — aX — «X» — e) 


Interchanging e, and e, in ; (16) gives (D, ry. From these two values an inter- 
change of u and v gives (D,z)* and (D,r). l l 
From the four expressions above mentioned, 
(D,2) + (Dur? = | a 
(a - == - &)(& — ; ke MG &)(& — &4)(€s — aX v — u) u 

P — &)u — e) (e — Es lu — ea) - ; ; (17) 

4 [V(n—s& c ape Je- &)(v — a) A (&— &)(&— C — a (o —&)r 

/ ‘D „£+ tO rss — 

| l (a — &(& ETT &)(& - Tu za) Es — £4) Es == E EE - v) 


(v — a)(v — &v rn s . (18) 


[v (& Wee ela = eJ» — Ep) + pe — Mu — e — Eg = ES ^ 
. By the aid of (17 m equation (15) bécomes — 


h gut (» — av — e)» = aX. n =). E : 
M (u — edu — su = D — ë) : S dn) 

















o? 
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Assume two new parameters s and ¢ defined by the equations 

















d joe _ u : i: (2 
Sar — &)(u — E Qs &)(u cU) 7 my 
| | fuus Saad 2... + PY 
From (19) .. (21) 
Ne dv ) l 
t+ ETE, (22) 
Gs 
Using (20) .. . (22), it is now possible to write (12) in a new form, viz. 
DM DN 1 TE eh 
AN uw Ue — Dir] x : 
T + (De Dr + sz, eG Car =o. (23) 
From (7), , T 
i= Dat + (Dy = vi p (24) 
The last term of (23) i is reduced by ien use of (22) and (24), thus: 
S3 ta) ar. m [Dept (Def). (25) 


The third and fourth terms of (23) are reduced by the following calculations, - - 
From (16) and three others of the same type; and with the aid of (20) 
and (21), 





(Da) _ — y — av — ev — es)[v —&) — ES) 7 ` (26) 
. (Dry | (u— &)(u — &)(u — es)(u — es) (de 3 X 





(D m &) — &) (u e)(u ia: &) = -# AOS 5 | 
Ec cic aee y D PU 
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in: (26) and (27) give Ñ ue 7s TLLA 
Da} + (D=o (28) 
(Daf + (Dio. 7 o0 Q9) 
The son dion for orthogonal curves is | ME 
De Da t DEDO : C (80) 
From (3) and (4) come four equations of ilie following type: 


B aó)(Dgc + ¿D,r) + E. ^ (8) 








TOU ES yı + à (@—ar)f 
Equations (28) . . . (31) give l = . 
i im z+ Dr, Dæ = + iD, > . (32) 
from which follow M | TELE 
r pia - Div m0... . & - (838) 
(Dr)--(Daymo. (88) 


From Gs ad the final form of (23) is 


D DN y p [De e (e. (as) 








. Since the first two terms of (35) are functions of s ‘and, t respectively, it follows 


that the third term must be the sum of two functions, one of s alone and the . - 


‘other of t alone. In that case the equation may be resolved into two ordinary 
differential equations. Hence the necessary and sufficient condition for. the 
existence of a solution of TODAS 8 Spit in the form . 


= velmne 0070 | (36) 


` MT 
is the following: l no oo , 
3 1 3 + . 
M c E RN (37) 


` Four cases t reeling from the SHADE. : 


To durare the constants in the general linear. transformation, (3), in 
such a way that (37) shall be satisfied, is the next important.topie in this paper. 
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- By the aid of (3) and (4) the first member of (37) becomes 


(Dey + (Dey — ` K[(Dæ} + Dey]: 
~ [A EG EY) $ (B+ D)a (B — Dir]? 





In (38) the following abbreviations are used: 


A=ay —uy B=By—Bry, 
D=ab,—a8, Ecz:(8,— 0,0, 
K= — 4 (ad — By)(a,6y — y1). 


The numerator of (38) may be reduced by noticing that 
| Da (Dr) = (OD + Do FY 
From (18)(21)(42) 
(Dæ) + (Dr) = 

g (e1 — es) (ei — :&)(& — - & (5 < — Ea) (es — - au —) 





| [EV (&— &)(&— &,) (4 — 63) (v— 65) + ^ (ei — 8g) Jes eue)» e) | 


From the values of a* and 7?, after some séduction; 





Aer _ ply (cede s) (ue) — e) FMV r N 


Serera new abbreviations are introduced. as follows: 














T= =+ p(B + D) y — Ne icu 
Jaz e D) Y (ola le Z 


. O= (A — Eg) v (& — &)(&— E)» . 
D=. (4 + Eip*) (e, — &)(& — £), 
H= p (e, — &e(a-— &)(&& — Ep) (Ez — ey) (e — E4). 


AA 
v (&—&X (e, — &)(u— es)(v— 63) + (E —69) (69 — Es) (u— €) (»— &) 


(38) 


(39) . 


(40) 
(41) 


(42) 


(48) 


(44) 


(45) 


(47) 
(48) 
(49) * 


None of the quantities introduced by (39)... (41)(45) . . . (49) involve.p or v. 


By means of (43) . . . (49) a new form is obtained for (38), viz. — 








(Day a (Da) DNE H.K.(u—»w) 


ege + BVu— ale =a) 





+ OV (u — eso — e) + DV (u — a) —&) 


(50) 


to Conical | tens in the Theory SL Lam ée Products. . 17 


Let the second member of (50) be denoted by H. K. Ala 5 Then from (37) 
it follows that values of A, B, O, D are to be found such that (x, v) shall be 
equal to the sum of two functions, one of y alone and the other of y alone. It 
is is evident that the necessary and sufficient condition is l 


e ede 27 EDS (61) . 


(A ane term in. (61) i DEI) ; whee Jand 2 have the following mean- 
= (u, l 
ings: 








E j =a 3 (u — ze — uy ES (52): 
"Vu — eu — ¿Mo — Elo - — e) 

` E(u,») = [v (u — av — a) + By lu — es Mv — &) EE l 
i + OV (u ava) DN (u — 0 — &)]*. (53) 


"The AA of Æ, B, T; P in (51) vanish, so that tho final form contains 
only the six terms of the type of OD. These two abbreviations are made: 

Pe =v NE e 66 HAVO WIS), (64). 

o(p) = 1B (4a WE u Yo — 8) 

A Ds — e) na ae ae) 

+4D (a — Y (u — ex). — es (o — &)(v — (u — eu — es)» — eso — e) 

iB O(s — e) (a Nu — AO =e) 

YN 
IE EOS e pte, s (55) 


dais (81) becomes.. 











| MEET Wwe t l 56 
Pa, ») E (4, 9) — E 
The first member of £ (56) is to vanish for all values of u and y, but, from (48), 
_ will become infinite for u or » equal to Es fn Es» Es unless o qu v) shall vanish ` 

for these values of u and v. 
There follów then twelve equations of the en 


(ad= 2 2. 7) 
from which comes, by reference to (55), l uU a i 
1B=10=1D= BU=BD= OD =o. (68) 


IU 


pe t. 
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Since Z(u, v) cannot vanish, else " would have no meaning, the following 


cage 18 excluded, 


A= B= 0=D=0. | (59) 
Equations (58) and (59) give four cases l ; o 
l (a) 4 4-0, B=0=D=0, (60) . 
(b Bo, C=D=A=0, © (61) 
() Oxo, D=4=B=0, [n (63) 
(à Dio, A=B=C=0. (63) 
The conditions given in (60). MA (63) are not only necessary in order that 


D, D; (u, v) may be finite for certain values of u and v, :but they are also sufti- 
cient to make D, D, (u, v) vanish for all values of u and v, as is evident from 
(55). From (45)... (48) the four cases above become 


(a) Byo, AÁ=E=B— D=0,.' ` (64) 
(b B0, A=E=B+, D=0, ; (65) 
() AFO, B=D=A+PE=0, . (66) 
(d A#0, B—D-A-—gE-O. (67) 


Since A, B, C, D are functions of-a, B, y, 6, it follows that (64) .. . (67) 
are the conditions under which (37) máy exist, and thus make it possible to 
obtain Vin the form desired. In case (a), equation (38), is resolved into the 

two ordinary differentia! en 





(PDAS +n] Mao, (68). 
E MU pny oo. E l (69) 


Cases (b)(c)(d) give similar rosults. 
. If E(u), E,(») be the solutions of any pair of equations of the iom of 
(68)(69), then the value of Vis 


Veg — 7 [4 cos m0 + B sin m6] E, (x) E, (v). E 


i Equation (70); completes the solution of the problem of ae V in the 
form of Lamé's Products and an extraneous factor. 
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Meridian curves corresponding to the four cases, 


Having obtained the conditions satisfied by a, B, y; 6, the’ nature of. the 
meridian curves corresponding to the four cases may ‘now be determined. 
` Equations n express A, B,D, Ei in terms of a, B, y, ô and their jene 
gates. 
Sopas a, B, y, ô into dl and i imaginary perti gives 


eeka. a, = a — aj y sed as yy =e — ei, (nu) 
pe bi, B, -—b-—bji 8 = d+ di, å =d — dj. (72) 
It is | dasumed that. the ieont of the linear transformation does not 
. vanish, i. e. E f 
28 — By #0. dl (3). 
It follows from (71)(7 2) T the two following expressions cannot vanish 


simultaneously : ! 
adc be + PN Y - (74) 


al — bebe adi. O | (75) 


From (64)(71) . ; . (75) the following senilis for case (a) are obtained : 


Mia takin Gi réal, #9 | (T6) 
a+ b (a + ri) l =: 
dtri= zd T UTE 


Similarly for cage (b), 


ON (18), 


5 AC O 
Cano da" > G 
An analysis of (77) will show that the surfaces of the system may be obtained 
from the curves'of (1) and (2) by subjecting them.to an inversion with regard to - 


a point on the r axis, followed by à translation along that axis and then using it 
as the axis of rotation. pras from (7 9) it may | be. shown that the centre of 
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inversion is on the a axis, and the same axis is the axis: 8 of revolution. For cases 
(c) and (d) the equations found are AS 4 


ad + ad, — be — bye, = 0, (80) 
ad — ad, + bye — be, = 0, f (81) 
- UC — ac, + p* (bd — bd) = 0, (82) 
a th et 
*)—PIH Pa (88) 


In (82)(83) the upper signs belong to case (a), the lower signs to case (b). 

From (83), case (c) exists only when p° is a positive real quantity. The trans- . 
formation may be followed by considering its effect on the circle whose radius is 
p and centre is at the origin. The equation of this circle may be written, with 
$ as a variable angle, 


z = p (cos $ + 4 sin 9). (84) 
The transformation is 
. 1.9) ` l i 


where a, 8, y, 6 are subject to the conditions of (80)...(82). From (84)(85), 
„Pto l 
dir IM, (86) 
where P, Q, S are real and Q has the value 


Q = ca, — ae, + p? (bod — bh) i (87) 
+ p sin p (bc — ad + by, — ash) + p P EES ad — ad). 


But (80)... (82) make Q become zero, and (86) gives 
ri =0. (88) 


It follows that in case (c) provided p*is real and positive, the circle whose 
radius is p is transformed into the axis of revolution. This circle is a circle of 
symmetry, as may be shown from (1) and (2). l 

A. similar treatment of case (d) shows that it exists only when p° is a nega- 
tive real quantity, and that the circle of symmetry whose radius is + pt is trans- 
formed into the axis of revolution, i 


I 
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The four oases may be stated briefly as 5 follows: In. case (a) ther axis 
becomes the axis of revolution, while in case (b) the axis of revolution is- 
unchanged, - 

. In cases (c) and (d) the real arle of- f-symmetry, if such SE becomes the 
axis of reyolution. s l 

In all cases an inversion may y tuka place with regard to & point on the axis 
of revolution, followed by a translation along that axis, this inversion of the- 
curves resulting in a space inversion of the surfaces. l 


"The real surfaces biased l 


The meridian curves of (1) and (2) are real if p°, e, e, és, €, are real, also if 
p” is pure imaginary, while e,, e, are real and ey, e, conjugate imaginaries. In 
the first instance the curves are those which Holzmüller* calls sn. curves, and 
in the second instance cn. curves, convenient designations which will be retained 
in the following pages. The transformations in cases (a)(b)(c)(d) are applicable 
to the sn. curves, while cases (a) and (b) only are applicable to the cn. curves. 

The four cases give no new surfaces, for all-the surfaces obtained by them. 
may be obtained by the following method: If (1) and (2) represent the sn. 
curves, then an interchange of &, Es, &, &, followed by inversion with regard to 
a point on the axis of revolution, and a translation along that axis, gives all the 
surfaces of cases (a)(b)(c)(d). 

If the equations represent the.cn. curves, then g-and e may li interchanged, i 
followed by inversion and translation as before, giving the arias of cases (8) 
and (b). l 

If the surfaces are not real, then cases (a) and (b) only exist, and one or the 
other of the codrdinate axes is the axis of revolution, admitting inversion end: 
translation as before, E : 


` Confocal spherical cyclic curves. 


Confocal spherical cyclic curves may be defined as the curves on the surface 
of a sphere obtained by inversion from the general confocal plane cyclic curves. 


*Isogonale Verwandschaften, Holzmüller, 8. 356. 


mn 
HE 


/ 
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It appears from the work of the previous section that if the most general 
family for which it has now been found that Lamé’s Products, with the extra- 


neous factor —- can be obtained, be subjected to the inverse transformation, 


changing meridian planes into concentrie spheres, the result is merely confocal : 
cones of the second degree. Jt wil now be shown that the general family of 
spherical cyclic curves goes over, by the direct transformation—equations 
- (82)... (36), Section I—into a family of confocal plane cyclic curves. 

The detailed transformations of the previous paper show that one sphere of 
the family of concentrie spheres becomes a plane after the first inversion. 

In order to prove the proposition above, consider the general unsymmetrical 
cyclic curves and let the plane of these curves be the plane derived from a 
certain sphere of a family of concentric spheres by a portion of what has been 
called the direct transformation. If the inverse of this transformation be now 
applied to the plane of the curves, the result is the original sphere, and the 
general family of confocal spherical cyclic curves. 
l In applying the transformation which will carry concentric spheres. into 
meridian planes, the first portion will merely reproduce the- original curves, while 
. the remainder will be essentially an inversion of the plane of the curves. Con- 
sequently the curves finally obtained are plane confocal cyclic curves, for they - 
are the result of a linear transformation of the original curves. 

' Binċe it has been shown in this paper that Lamé’s Products, with the 


extraneous factor EZ , can be found only when the cyclic curves in the meridian 


planes have the axis of revolution as an axis of symmetry, it follows that for a 
system of conical coórdinates in which confocal cyclic curves are cut out on 
concentric spheres, Lamé's Products can be found only when the cones are of 
the.second order. 


Articles by Wangerin and Haentzschel. 


In addition to the article.previously mentioned, Wangerin has written 
another article* (treating of surfaces of revolution) in which the extraneous 


> 





» Reduction der Potentialgleichung, Wangerin. Monatsberichte der Kgl. Akademie der Wissen- 
schaften zu Berlin, 1878. 


e 
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factor is at first undetermined. He obtains the sufficient conditions under which 
(37) may exist, and also obtains Fe as the form of the extraneous factor. That 


his conditions are also necessary follows from a discussion by Boehm.* 

Corresponding to these conditions, Wangerin obtains surfaces of the fourth 
degree whose meridian curves are the sn. and cn. curves. These curves may be 
obtained by equating the real and imaginary parts of the following equation: 

ari (t+ m), (89) 
where / is either sn. or cn. 

The curves obtained by using tn. or dn. are of the same form as the sn. 
curves. 

Wangerin states that the most general E of revolution for which 
-Lamó's Products, with an extraneous factor, exist, are those whose meridian 
curves are obtained from the curves above by an inversion with respect to a 
point on the axis of revolution. These surfaces may be shown to be identical 
with those obtained in the preceding pages. 

Haentzschel} treats some of the same topics as Wangerin but obtains sur- 
faces of revolution of the thirty- second degree, which will not be considered 
here. He also treats at some length a special form of his most general solution, 
viz.-a linear transformation of the Weierstrass p function, where the coefficients 
are subject to restrictions. (Equation (89) with f written as p gives the funda- 
mental curves.) l 

The resulting surfaces of the ianh degree are identical with those of the | 
present paper. He also obtains surfaces which he states to be of the eighth 
degree, but these are in fact of only the fourth degree, and of the same iu as 
above. 

He has overlooked the fact that the restrictions which he mentions will give 
a zéro value to several coefficients in equations (31)(32)(36) on page 23 of his 
' book. 


HARVARD UNIVERSITY, Dec., 1897. 





* Boehm, Reduction Partieller Differentialgleichungen, Leipzig, 1890. | 
{Reduction der Potentialgleiohung, E. Haentzschel, Berlin, 1898. 


Elementary Proof of Cauchy's Theorem. 


By ARTHUR Lam Barra. 





Denote the sides of a right triangle (Argand Diagram) by z, iy, g., Mul .. 
- tiply each of these by the complex number w (plane vector) giving wz= we 
+ wiy. Hence the proposition: If on the three sides of a right triangle, similar 
. and similarly placed triangles be constructed, then the sum of the corresponding sides 
(considered as vectors) of. the leg Mio is ind to the dis ssp eide s us 
. hypothenuse triangle. 

. At the limit this becomes 

dW = waz = = we + idly =w (de Hid): 


Hence the change 4n ‘the function W is the same. whether 2 follows the dins 
- paths de, idy, or the resultant of these, de 


Hence W — f^ dW, the sum of all these changes in w due to changes in z, 


A 


will be the same whether 2 follows the elemental ` paths Xdz, Xidy or resultants 


of thése, so long as in the deformation of the path of z into Zd« and ied we do ' 
not pass over any point in which w = œ, s 
Hence: W always attains, the same value p de same "M " £, whatever the paih 
of a, provided no point-where w = œ is enclosed between the paths.. 
Since we can take the end of the path of z as near the beginning a as we 


choose, or coincident with it, we can say: — — 
(Cauchy! 8 Theorem) W= fa dW = =f vods. taken around a closed curve enclos- 
ing no point whére w = œ is zero. i n Vr i 
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Invariants of the General Linear Differential Equation 


Chapter 1. 


sl. 
g2. 


$3. 
$4. 


and their Relation to the Theory of 
Continuous Groups: l ; 


By Ris L. Bovrox. 


Cockle’ Work... eese i spes MN E 
The “ Criticoidg." l l 
Differential Covariants. i 

In $81, 2.the dependent variable only is changed. 
An invariant for change of independent variable. ; 
Resumé, i 


Chapter 2. Codes renda by Lies methods ibi T m 


85. 


89. 


General formule for extending the group. 


$86, 7, 8. Cockle's quadri-, cubi-, and quede 


Criticoid of the k “degree.” 


8810, 11. The Covariants. 


812, 


The Invariant of $3. 


Chapter 3.. Invariants of the Gineral Linear Differential ON di in two. variables, for 


813. 
814. 
815. 


816. 


8817,18. An infinite series of absolute — derived by differentiation boh l 


819. . 
4 


Transformation of both Variables... 6. se. eese POET ! 


The general transformation to be used. 
The finite transformation. ^ `- . 
An invariant is isobaric of weight zero, iid homogeneous of degree zero in 
the derivatives of the dependent variable. 
Form of the factot by which a relative invariant is multiplied. 
Method of deriving an absolute invariant from three known relative inva- 
riants. ; 


two known relative invariants, or from a single absolute invariant. ` 
Differentiation process of deriving new invariants for a certain subgroup. 


35 


26 
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iu 'The infinitesimal transformations. 


© 8821-25. The formation of the extended transformation. 


$26.. The partial differential equations whose solutions are the invariants and 
covariants. | 


"8827-31. Discussion of the equations of pn. 
$32. Tampile, 


Chapter 4.. Consideration of a Subgroup. cese rne meda 66 


$33. Form of the infinitesimal a when the eh term of the given 
equation is absent. 

$34. Extension of the subgroup. 

$35. Partial differential equations whose solutions are the invariants sand cova-" 
^ riants. . : 

$36. Discussion of the equations of $35. 

§§37-40. The relative invariants. 

$41. An example. 


- 


Chapter 5. Differential Equation in Canonical Form «eese hee TB 


$42. * Derivation of the group, and its extension. 

$43. Partial differential equations giving the invariants.. 

$44. Discussion of the equations òf $43. 3 

8845—49. Complete solution in explicit form of the problem of al all the oova- 
riants and invariants of the equation in its canonical form. 


` 8846—48. Forsyth’s “identical covariants.” 


$49. The invariants proper. 
$50. Summary of the results of the chapter. 
$61. The differential parameter. 


-In the course of the last three decades Lie has created a general invariant 


theory for all continuous transformation groups which can be defined by differ- 
- ential equations. This far-reaching theory had many precursors, and -among 
these Cayley's invariant theory has played a particularly important role in the ` 
mathematical: development of our century. The deformation theory of surfaces, - 
founded by Gauss and Minding, may also, as Lie has shown, be regarded as the 


- invariant theory of a group, of an infinite group. On the other hand the theory. 
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of curvature of Euler and Monge is the invariant theory of the finite group of 
motions. 
In the years 1870-72 Lie founded an invariant theory of the general group 


of all Contact Transformations, and at the same time, of certain infinite groups  . 


which he termed “Funktionengruppen.” A development of these general 
investigations was his Theory of Transformation Groups (1874), and his General ` 
Inváriant Theory of all Transformation Groups, the latter published i in the qm 

1882-1884. 1 

Laguerre and Brioschi in 1879 gave certain methods of finding invariants of. : 
linear differential equations ; and Halphen, in his prize essay of 1882, gave a 
general method for finding such invariants, and applied it in-the simpler cases. 
None of these mathematicians, however, refer to the work of an earlier writer: 
on this subject, Cockle, who, as early as 1862, had found invariants of the.. 
general equation. The idea that all of these researches may be treated by the .. 
invariant theory of infinite groups belongs to Lie.  ' 

It is proposed to give in the following paper the derivation, according to 
Lie’s method of continuous groups, of the invariants of the EHE linear differ- - 
ential equation of the n™ order. 

The first mention of invariants of the linear differential ipai seems to 
have been by Oockle in 1862. For the next fifteen or twenty years Cockle 
wrote at intervals on this subject. An account of his work will be found in 
Chapter 1. It may be thought that this review is rather more detailed than the 
importance of his results warrants, especially : when compared with the amount 
of space given to the work of other writers. This has been done for two 
reasons. Cockle's investigations were given in a considerable number of com- . 
-paratively short papers, and are therefore much more inaccessible than those of 
other writers on this subject; who gave their résults in one or two memoirs. It 
therefore seemed desirable to bring the methods and results of this first writer 
togetlier in one place. A second reason was that Cockle's examples, involving 
as- they do both invariants and covariants for transformation of one variable at a 
time, seemed to be particularly well suited for illustrating the application of 
Lie’s methods in the simpler cases, before taking up the general case. Cockle 
seems to have used only finite transformations, and to have actually found inva- 
riants for transformation of only one of the variables at a time. Then Laguerre* 


* Comptes Rendus, t. 88 (1879), pp. 116-119; pp. 994-397. * 
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" and Brioschi* ih 1879 found certain invariants for transformation of both vari- 
. ables. Laguerre's method: of finding “semi-invariants” for transformation of 

the dependent variable alone, is identical with the method given by Cockle nine 
years earlier. Laguerre:made use of his invariants to remove the two terms of 
order next to the highest from the equation. Halphen in 1882} and 1883] 
carried the theory still further, and made most important applications of it. In 
. 1884 Lie|| called attention to the fact. that these invariants may all be found by 
his "methods as the invariants of a certain infinite group. Forsyth§ in 1888 
gave all the invariants and covariants.of the equation in & normal form, together 
with a method of finding them for a form of the equation in which the term of 
order next to the highest is removed. For this latter form of the equation he gives 
the first five relative invariants. Forsyth’s method is one which makes use of 
infinitesimal transformations, and the formule he deduces for the increments of 
the quantities involved are exactly the same as those which must be used in the * 
method of continuous groups. Compare, for example, - Forsyth's formule (12) — 
and (13) (L c., pp. 395, 397), with the formula (36) of this paper. In the latter 
part of his memoir Forsyth deduces partial differential equations of which his 
invariants are solutions. All of these equations (excepting those which have to 
do with the variables of the adjoined equation, which is not here considered). 
"may be derived from the equations to bé given later, but'it has not been thought 

worth while to point out the identity in each case. - - 

In the following article, after reviewing Cockle's methods and restilts in 
Chapter 1, Lie's methods are used in Chapter. 2 to find all of Cockle’s results, and 
to verify some of the statements which he made without proof. Then in Chap- - 
ters. 3, 4, 5 the linear . partial differential. equations, of which the invariants are 
solutions, are deduced by Lie's methods. This is done for three cases, viz. for - 

. 1. The non-specialized equation. EXE LE 

2. The case in which the second term of the equation is removed. 

3. Forsyth’s normal form. - 
The transformations used in each case are the most general which leave the 
chosen form of equation unchanged. For the first two cases the general equa- 


à 





* Bull. Soc. Math. de France, t7 (1819), pp. 105-108. 

t Mémoires des Savantes Etrangeres, t. 28, 2. Pere 800 pp. 
¡Acta Math., t. 3 (1888), pp. 826—880. : 

i Math. Anal, Bd. 24 (1884), p. 578. 

¿ Phil. Trans., 1888, I, pp. 877-489. 
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tions have been solved for a few special cases of the constants involved. For 
case 3 the complete solition in explicit form is given, it Lm then 'compara- : 
tively easy to integrate the equations. 

It is believed that the linear differential equations of cases 1 ini 3, namely, 
the equations numbered (30) and (40), are here given for the first time. 


SS 


- CHAPTER 1. 





Coches Work. 
gl. The cito! notice-which 1 have been able to find of the fact that iss 
are functions of the coefficients i, da Of the AS linear differential. 
equation ` l D 
1 € E - 
PY ina TERTE 1) ipie. ^ uy 
(where ay, ... i a, are functions of x alone), which remain invariant for changes 


of the variables which do not change the form or order of the equation, is in an 
article by Sir James Cockle orí “The Correlations of Analysis," dated Novem- 
ber, 1862.* Cockle there shows that when, in the general equation . (1). y is 
subjected to the transformation, dies t ue): where v is the new dependent ` 
‘variable, that : 

— a + and 2af — 9a + as — 


are absolute invariants. "The method of proof was to express the new coeff- 
cients A;,...., A, in terms of a,,...., Ap, 4, and the derivatives of u, and 
then to eliminate u and its derivatives between the resulting equations. In 
18704 Cockle calls such invariant functions as the above crificoide, these. two 
‘being respectively the quadricriticoid and cubicriticoid. The method of elimina- 
tion may be used in obtaining eriticoids of higher degree, but this method 
has its disadvantages, namely, “want of directness and generality, and a failure 
of proof of the existence of criticoids other than those actually obtained or dedu- 
cible from them by combination ” (l. c., p. 202). Then, on pp. 209—210 of this 
same memoir, Cockle gives the method which he regards as the most satisfactory 
and final, for he seems to have .given no other methods. This method * gives 
by a direct process resulta perfectly general, and makes manifest the existence 


* Phil. Mag., IV Series, vol. 24, p. 589, §2. -> - . tPhil. Mag., vol. 89, p. 203. 
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of criticoids of all degrees." The process consists in eliminating the second term 
- of the differential equation (1) by the substitution y =ve"/2:*, The coefficients 
of the transformed equation divided by their respective binomial coefficients, viz. 
Bs, Bz, ...., By, aré then n —1 primary criticoids of degree 2 to n respec- 
veo The quarticriticoid is . 


— 4ay a, — 303 + 122a, — bai — q". 
The following is then Cockle's final method for finding criticoids, carried as 
far as finding the first three: In (1) substituto y= vs% ®, Then we bave 
Tp - EC owl d' (e [Ae 9j] dy 
= (m=) * da? da~’ 


and we find that the transformed equation ii 





d^v 4 R(n—1)p S Dn p a tee 
mee a e a+ a dA pem. 09 
where i Sa 
l B, = a — a — aj, B4 — 0$ — 30,0, + 20 — af, 

B, = a, — 4a, a, + 62,0] — 6a5a4 — 3aj + Bajaj + 3aj — aj", 
or B, = a, — 4a40, + 12a,aj — 8a} — 6aj — aj aj + 3B}. 


These functions B, of the coefficients of the equation (1) are then invariant for 
any transformation of the dependent variable y, of the form y =v . u (x), where 
uis an arbitrary function of a. Cockle calls these functions B, the primary 
criticoids.* 

It is-easy to show that we have in general (although Cockle nowhere epli: 
citly mentions tbis), 


à; de ae “fate 
5 aH a] 7t : 


‘In a paper on «Hypordistributives ” + Cockle proves that, if we write | 


6, (a ni 








* Phil. Mag., vol. 89 (1870), p. 210, “On Oriticoids.” tPhil. Mag., vol. 48 (1879), p. 800. 
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and if after the ciieronmation we write 


1 da 
~~ 337 Hay 


a de. 


and call the resulting function 6, (a4, Ag, ... . , Am), then 
—1 
ly aa) — ort 
is the entire criticoidal function of the m*^ order. 

In another paper* it is stated that the derivative of a criticoid with ias 
to the independent variable » is & criticoid. 

On page. 203 of the article in volume 39, Cockle states that he did not 
attempt to employ-an operative symbol. By ''operative symbol” he means a 
differential operator which, when applied to the criticoid, reduces it to zero. The 
operative symbol is of the nature of a partial differential equation, which the 
function it reduces to zero satisfies. An example of such a symbol, taken from 
one of Cockle’s earlier papers, will be given later. 


§2. After having found in 1862 the two ‘differential invariants mentioned 
above, Cockle, in 1864,+ gave a differential covariant for the equation of the 
third order, 


PY + 3a. Y 4 3a, V+ ayy = 0. 
It is shown by direct CO AOR that 
an [28,0 — B,— — By + [Bia — (B + B) a] y, 


where B, and B, have the values already given, is a relative differential covariant 
for the substitution y — v.u(x). The new function is equal to the old mul- 
. tiplied by w. Cockle calls this covariant the “differential Hessian,” from its 
resemblance to a Hessian of an algebraic form. He seems to have found it by 
trial, for he says (p. 228): “I first deduced the differential Hessian by seeking 
an expression for which the coefficients of transformation and of substitution 








* Phil. Mag., vol. 27 (1864), p. 227. . 1 Phil. Mag., vol. 27, pp. 295-298. ` 
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should be the same, and I afterward found that an pperaton to wit A, reduced 
it to zero.” This operative symbol Ais . 


1 da, 


or as it is given in a later paper,* 
; 2 43. op, d. ar, d 
ami [sie] tp] [nl] 


where a, is a coefficient multiplied into oy to make the given differential equa- 


tion homogeneous ina. Here ò is defined by means of the equation 


; E 
A=$— 2% y d 
1 7* da, 





The symbols in the brackets are supposed to be commutative with 4 , 80 that 


we have, for example, 


d NL d d 
[ag f) = [a 7 4=0 [0 t] $2 = a a ^ 


`- It will be useful, in view of comparisons to be made later, to express this 
. symbol A in terms of partial differential coefficients.. Since 


|a; TAL las Jas aj? ,, 


and 
[niae] rm m ar [ass GaP m m tet 
we have 7 $ Í 
d : ; 
- [4 35] =% ajo. z T (à — 1, 2, 3) 
(i 0 i 
and E Eod "M 
in E 


Hence the symbol A is equivalent to 
m- ; 9 
pas O zp- D: ap? a ae T 


* Phil. Mag. vol. 28 (1864), pp. 205-206: 
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' The upper limits in the different. summations are to be chosen large enough so 
- that a farther increase would yield only zero when the operator is applied-to the 
function in question, For the covariant under consideration these develop- . 
ments need only be carried as far as follows :- 


E e O 3 -9 5 
apt E E a Oy E aa Bay 


We readily verify that this ee reduces the covariant. to zero. 
The foregoing differential covariant is not the simplest, as Cockle showed 
ina paper of August, 1865.* . Using ihe notation 





«Dess 4 MD aE a 1 + Bd RS, 


and designating thé differential covariants as covaroids, he there states, without 
proof, that “the functions Yor Yms and PEE are covaroids for all values of 
m, n, p, and q, uid consequently any functions of Ba, B, and the higher criti- 
coids, and also of any number of values of y, and of. d i are covaroids, and vice : 


versa. Accordingly the covaroid which I have E ihe differential A 

may, after a slight modification, be put under the form Bay, — (B, + BJ) yi, 

and is only one'of an infinite number of.quadricovaroida.” This is '& very impor- - 
` tant statement, especially the vice versa, as that indicates that Cockle had found, 

` or thought he had found, the complete solution of the problem of finding all the 

covariants (and hence all the invariants) of a homogeneous linear differential 

equation of the n** ordér, for a transformation of the dependent variable of the 

form y — v.u(x). This was in 1865. As no proof of this statement is given, 

we must here togara it ás an es and examine its truth later. 


$3. In 18154 Cockle gave a relative invariant of the general alce (1) 
for change of the independent variable. The first four pages of the article are 
devoted to finding the formule for.change of the independent variable, and the 
method used, although ingenious, appears very artificial and cumbrous. ` Having 
this formula, the work of E the ranan or ipren. eriticoid, is com- 


* Phil. Mag., vol. 80, pp. 847-848. i E : a Y EN - + Phil. Mag., vol. "50, p. 440, 


34 Bouton: Invariants of the General Linear. Differential, Equation 


paratively short. The result is that if in (1) the independent variable be 
- changed from æ to t, where t = (a), so that (1) becomes 


TY + na Y ER P —— 





where 4,, .... , A, are functions of ¢ alone, that then 


3n —1 _ pda, 9n —1 y n —1 
WU ac a peel ae eqn Pees 
n> 2, i 


‘and either side is a differential criticoid which we may term a differential 
quadricriticoid.’ Since y remains unchanged, this amounts to saying that 


I 8n—1 , 3(n— 1) 
ee cee ces) a] > es 
is an absolute covariant for the transformation i= $(x). “The differential - 


varies from the ordinary criticoid in this, that the corresponding coefficients of 
the former contain n, the order of the differential equation, while those of the 
latter are free from n." 

I cannot find that Cockle has published any other invariant for transforma- 
tion of the independent variable, nor any for the simultaneous transformation 
of both dependent and independent variables. Harley* mentions, however, that 
Cockle had in a letter suggested the possibility of the existence of such inva- 
riants. i 


$4. Resumé of Cockle's Results. 


In 1862 Cockle gave in explicit form two invariants of the general equa- 
tion (1) for transformation of the dependent variable alone. In 1870 he gave a 
method of finding a system of invariants, for change of the dependent variable, _ 
from which all others may be derived by differentiation, although he does not — 
prove this gystem to be complete, merely mentioning that other invariants may 
be obtained by differentiating those already found. In 1864 he gave a cova- 
riant for the equation of the third order, and in 1865 he stated how all the 
covariants of the general equation may be found for transformation of the depen- 
dent variable alone. In 1875 Cockle gave a single invariant of the general 


— 





* Royal Soc. Proc., vol. 88 (1884), p. 57. 
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equation for transformation of the independent. variable alone. In all of his 
articles he uses only jinife transformations, and in the main’ his methods seem to- 
have been elimination. methods, although it is not always clear how he first 
obtained his results. : 


| CHAPTER 2. 
Cochis Results obtained by. Lie's Methods. 


$5. tt will now be shown how Cockle's results would be obtained by Lie’s 
method of continuous groups. - The outline of the method as applied to this par- - 
ticular problem was given by Lie in 1884.*' The following derivation follows - 
that outline, and is made rather more general than is necessary to obtain the 
few invariants actually found by Cockle, so that the truth of. some of his state- 
. ments may be examined: 

Take first the case in which the ia variable dousi is transformed. il 
The variables x and y are to be transformed by means of ' 

ame, y=y+(0), 
where x,, y, are the transformed variables, and 4j is an arbitrary analytic func- 
tion of z alone, All of these transformations evidently form an infinite contin- 
uous group defined by differential equations. 

We get the infinitesimal transformation by writing duis = 1 + $ (2). à 
‘then da=0, dy = yo (2). dt, and the symbol of the infinitesimal transforma- 
tion is ` 

x 


o@)y 3 

We are to subject the equation ee y 
y” 4 "at + "RD, ae +. Oy = 0 ` f (2) ; 

io this anta and find dunstions of the coefficients 4,, ...., a, and 


their derivatives which are invariant. To this end we must compute the incre- 
ments of a,,...., a,, and of the various derivatives, and form the extended 


* Math. Annal., Band 24, p. 578, 
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- transformation. We have 





yh uod. r-n NF ywn 
i x cu Mam au | 
d E , a 

=e =., eaae (Sy), E: 


8y9 = d [$ (2) y] x w=% lans ] (3) 


by Euler's theorem for the differentiation of a o Let us take the varia- 
tion of (2): 


id qa Myr + 1001) 2, sje Tola by | 
+n -Dm > see 1) ya „+ My bay + yda, = =0. 


On substituting the values of dy"—” as given by. (3), this bedie: zd 
n po T a s nl 2-2 3 
SOT Y "eam ij^ 53. 
D S (n — k)! mim MIO 
(n — sene (M—k —m)im UU 
Here and in what follows we must understand. a, = 1. . Making use of (2) the 


first sum vanishes. Then changing the letters and order of summation in the 
e double sum, the preceding equation becomes 


Sem E "Des (mmi nis um zi 


This equation must subáist identically for all values of j^—-?,: and hence we 
must have 


Ed inya EE 
$a, = — e (b —m)imi pe ma i= — P= D [ a! 1 ay Pe ôt. » (4) » 
Es ` (E=1 A aji x E u 
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We s not ob the meenen of a,,.. i ,G,, but also the increment of 


(a= Se, for k=1, 2, ..,^, and all values of s. We have, as in dedu- ` 








cing (3), --—— | ; 
jap => (YE "esee 
whence i - 
tal = Sb ran de (EI ©) 


We have further 


s+k—m a! qt tr-a ig 


E (o*na) )-X wy zi e «3 pem == OER a 





and consequently, 


k—1 54 kw 


kl s! "m post 


| Gap E 2 MEET DNE 


E irm. Lla! aftra p 3t 
dep 2i (k— m)! ml (s + m —2)! (¿—m)!" 


(b — 1, 2, 2.50; 8=0, 1, 2, +++) 


(6) 


These formule include (4) as a special case. ` 


86. Before considering the general case, let us investigate whether there 
are any invariants involving only d and a, and their derivatives, and if so, how 
many. (6) gives: l 


da = — 9 òt, Pe nd da, = — (20,9 +9") 9t, 
a = i o — 1)! af aT 
Md uem DI Gaon =m" TP n] or, 
Honge the extended transformation is 


Q c pt Q E a 1 E TET 3 
a Ar ap XXe Zz 1 4 LEM . 


Any invariant must be a solution of the partial differential equation obtained 
by equating this transformation to zero, and that whatever the function $ may 
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bes. This condition is isee équivalent to the flowing set of equations ` 
- obtained by equating the coefficients of the separe derivatives of $ to zero: 


pu doe 
~ Oy 
‘ a ^ of LUN TA a 
= mat ba 2 + at Vs 
of 


ges ga rede taies 





X Qf | | Dni lu 
o= o t dt Syn oa al ^ Sao 
2cmuun C TOR. sss [edil ao 3f 
CR ene ci rus E p —4)l 3l a AE ad 
9j à 
0= KA E LAN 
Q ə 
0= e + E 


Now, according to Lie’s theory,* this system of sapations must be a da 
system, of which the solutions are the invariants sought. It is also easy to. 
verify directly by combining these equations that they form a complete system. 
Neglecting the first equation, which shows only that the invariant cannot 
involve y, the number of the variables is c -F 14-6 — 2c --.1. The number of 
equations is o + 1, and hence there are exactly (2e 4- 1) — (c + 1) =o indepen- 
dent solutions, since the equations are obviously linearly independent. One 


Bolution is found to be 


L=a-—ai— a.” 


This i is Cockle’ 8 quadrieriticoid. Since c is not transformed, dh 2 must be i inva- 


da 
riant, for if u and v are any two invariants of the linear differential equation, l 


du 


then dv i is also invariant. Hence the c solutions of the do dia may 
‘be chosen as j l 


dl, PL. eh. 
Tit ue 1? 








D * Math. ‘Annal, Band 24: M. 
t As a proof of this, for the general os case is given T & apeoial: proof is not given here. Seo 216, 
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for these invariants are linearly independent of one another, and involve only 
the variables of the system. We may say then that there is only one essential 
invariant involving only a, and az and their derivatives to any order, as all 
others may be derived from. this one by successive differentiation with regard 
to «. (Compare Cockle’s statement that “the differentials of critical functions ` 
with regard to the independent variable are critical.”) 


$7. Next consider the invariants involving only a,, dy, a, and their deriva- 
tives. We have, in addition to the values already given, 


da, = — (3a,9' + 34,9" + 9") dt, 
s—2) — — 2) 3—2— 1 
e BEC 


+ Y a ae eger | òt. 


Forming now the extended: transformation as before, and writing the first 
three of the resulting xa we have 











à s—1 8—2 l 
o= oF + oe 2L + ga, f DE e as ; 
_ af af af . ox "E | 
°= Gop t cm SUA Dd ELS 
+X [e—a 4 af- Va 
e Be A e ll, 


po oa »],2 ra A 


The remaining c — 2 equations involve differential coefficients.of f with regard to 
Mor. a s al, eee, af 79; and al, ...., ag? only, and are therefore 
identically satisfied by any function of a,, al, aj, ag, a3, dq. There are altogether 
o+1 equations, which form a complete system in (c 4-1) -- c + (c — 1) 
variables, and hence there are 2c — 1 solutions. Writing only those terms of 
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this system, viol involve. differential coefficient with. regard to à, a, al, ay 
and az, we have. . 





un f o cer SUA 
Td ea A 


ay 
mas. xe Pe ; of of 
a da + (wt Jar” 
dy ee YX of —-— _ of 
MT ee Se . 1987 


These three equations. in five variables form a complete system, with the two 


solutions, 
hydda and =i — 3m0 + 2af — af 


1, is Cockle's cubieritieoid. Then = 
dl, dL o- dem dh @h. deL, 


de^ dB) deii das dà citt dam 
are the remaining T of the complete system, 2c — 3 in , number. There. 
are thus: two, and only two, essential invariants involving only Ay, a a, and their 
derivatives, l 


$8. Proceeding in the same manner, we find that theré are three, and only 
_ three, essential invariants involving only a,....,a, and their derivatives. 
They are the three solutions of the following complete system: 


de LEE PES I eas P o 





da, da 
Que w RE. es of 
| 0= 2a, + 34,2 + oa Seah l 
0 = l Tb e + a, y cT x. 
ES a 7 a puer of 
das NN (0 a ^ niega ie 


iL and A are solutions. Call the third solution J. ‘Neglecting the terms in 
aj and ay in the second and third equations respectively, we find that we have 
. ` still a complete: system of equations with one solution, which must be L, since 
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it contains neither af nor a’. We have therefore to solve the equations 








0= ff + im. 3a, A. + say, 

o= AL + nE + 64, 

0= Of + sa, 3 l 
The ordinary method of solving such a system gives as the one solution of this 


system, ; 
T,=. — 44941 — 307 + 120,07 — 6aj — aj". 
This is Cockle's quarticriticoid. 


89. By exactly similar reasoning we see that the “criticoid” of the A^ 
“ degree" is the one solution of the following complete system: 











of of of 4: of - i of 
da ga a TOP Tar Meng 
af af DO. 8f - k(k—1). af 
qo MA Pe E M | O A Os "E 
T E E of | 
Als EN (7) 
of of 
Ba, I Bay’ 
af y Y 
da, ' dat" 


From (4) we see that the 7 (r=1, 2, 2. , k— 1) equation of this system, 
being the coefficient of 9"! in the extended transformation, has the form 





k 
LN i! of: cu 
0 -2 (— 7) rl Qi. da, , (a= 1) (8) 
The solution, J, of this system (7) will not be the same as the B, given earlier, 
for this solution contains only a,,...., a, a^", while B, involves in addition 


6 


bU 
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_ to these all the derivatives al, ..., at 7P. The mo sets.of invariants B,,..., By 
and G,...., & are of course Aint equivalent. ran 
‘If we assign to a, the weight k and to .af) the weight (E + 8), then lis. 
isobarie of weight 2, d isobaric of weight 3, and J, isobaric of weight 4. We ` 
might therefore from analogy assume that £ is an integral rational function, 
isobaric of weight E; thus: ` 


L= ay, — af- ? + enti — E (eed + eats) a,- 2 
+ (ena + out + ut) ta TEE 


On sabatui this value in the (b — 1) equatión of the system (7) we 
find that 1 — — k. Then the (i — 2) equation gives "o= k(k— 1), 


2 1) , the. (k — 3% equation will give 6n; Cas, Css, and BO On, the 


- first e finally giving the coefficient of di. In the series assumed for J, 
no parenthesis is to contain, a’s-of subscript. greater than the. subscript of the 
factor into which it is multiplied, otherwise terms will be repeated. We see 
. thus that if 7, be assumed of this form, that values of c can. be determined. so 
that it is a solution of all of the equations. Therefore J, is really isobaric of 
weight &, and its value may be found in this way by pi operations, that 
is; without tegens i 


$10. Having now the increments of y% and af) (see (3) atid (6)), the work — 
_ of finding the covariants is short. For the equation of the third order, we have 
from (3) and (6), (the factor dt being omitted) : 


by = ey, By — y toy), by d'y + Wy + oy", | 

da, = 9, a= — ¢!', dat! =—9", ôa, = TEE (9 + 2a, $), 

bay = — (9 + 20,9" + 2a/p), 0a, =—(9" + 309" + 349"), 
Forming the extended transformation, and, as before; equating me coefficients l 
of the different derivatives of @ to zero, we get 


ay y Lay o 
a Eo PTUS 


T2 
e af 9f i af | 
P» dar + eu Qa, ' 
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This complete system of four equations in nine variables has five solutions, for: 
the equations are evidently indepéndent. Three of these solutions are l,, I, 


and dea and are free from y. The remaining two involve y or its ie) derivatives, 


. and are. absolute covariants. Thoy : are: l 

y + ay and y" t 2ay' + ay c 
- These agree with the relative covariants given by Cockle; for since y is a rela- 
tive covariant, the numerators of both of these absolute covariants must be rela- 
tive covariants. Comparing Cockle's operative symbol, A, with the above. 
equations, we see that it is equivalent to the second of them. For the relative 
invariants the zero in the left-hand member of the first of the above equations 


must be replaced by f (see 839). Cockle therefore had: found only one of the 
four partial differentia] equations which his covariant satisfies. 


$11. For the covariants of the general d quan of the n^ order, we have, 
from (3) and (8), as the extended transformation, 


w 


- "e 
ees marr oe 


"5 w--k 


k sti 3 al Bl gmat n) . af 
oí “BRAS acp Ol Ber 





where w>n‘is an integer, and the transformation is so far extended that terms . 
of weight not greater than w eriter. ‘On changing the order of summation, this 
becomes 


Lan - el blagti- 


-$ 9» x do —4) a! NT wn ap 


.1 1 
0 





In this expression, when two upper limits are sition the saillet is chosen, and 
when two lower limits are written the larger one. is to be used. Equating to 
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Zero thie coefficient of $”, we | bleus the PRONE complete i of partial 
differential equations : z 


w of 
= (k) 

TAY dy ) | = 
Za Bla OF 2 oa FO cq 
o e 2E IEEE TS 


zal g! a ti-9 


-$ 3 Saco il (e Fi— m)! (m—1 xm 


rq i^o 


x, ia) 





These w + 1 equations are linearly independent, for the first' datar of the 
matrix of the coefficients has the value ye +! + 0. The number of variables is 


A AN ced 


so that the number of solutions is mw — i (n*— n). Consider in particular the 

- the case w=n. The number of absolute covariants is then 4 n (n + 1). Among 

. this number we have the invariants Z, l, ...., In, and their derivatives up 
to those of iic n. The total number of em solutions i is: 


(m—)+m—)+. se 21S 40 n D) 


There are consequently exactly i n di + 1)— ¿n (n —1)—n other solutions, 
and these are 


y tay V dal tay, OEA A Y 


y © Y 





We see that these quantities are solutions as follows :- Let ùs use Cocklé's ' 
notation i 


= ay" a Lua = : rl- r-). (a= ; 
y, ag prag D + woes +=; (se 
1 y ` . 
We have so determined 3y% and Saf” that y, = O is an invariant differential | 


équation. But the expressions (3) and (6) for dy” and daf? do not involve n, 
the order of the equation, and would. be the same if determined from any other 
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equation y,=0. Therefore the equation y, = 0, (r = 1, 2,...., n) must be an 
invariant differential equation for the transformation in question. That is, 
y. pv 


when the substitution y — w.v is made. The factor p may be determined by 
- considering the highest differential coefficient 


y zzup 40... 


Hence : Yr po, = UD,» 
Yr Vr 
yr se 
and B Cs 1, 2,...., n) are absolute covariants. 


This same fact may also be easily proved by direct substitution i in (9). When 
we substitute - 


y! 
=> 7 zy Q 
A GI 


in any one of the last w =n equations (9) we have only to retain in the second 
summation those terms which involve a,; that is, we may write s = 0, i= m, so 
that the equations become 


z—m) 0 - 
Mam a "Yd "£3 mit = = 
(m=1, 2,...., 4) 
We have " : 
— As "REX ð 


ey. (r— 9. 
STAA- $a  (r—k IH A 


Oy, ; gue = Pod 
Bye =O EARE T aa | 


(oXkXr) 


and 





Hence 


Ant ars [E IET BIER = gi U^ e Y mu] 
r! 


Mar ETA Css ane "a 


=0. 
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That is, y, is & solution of the last n equations, and the first equation tells us 
that a solution must be homogeneous in the y's. Therefore y,/y is a solution of 
the system (9). When w n the remaining solutions are obtained by differen- 
tiating those already found with regard to æ. ` 

Cockle had therefore in 1865 indicated the complete iom of invariants 
and covariants of a homogeneous linear differential equation of the x“ order, for 
- a transformation of the dependent variable of the form y = v „u (x). His system 
` contained more than the requisite number of solutions, for we, have just seen 


that the. solutions Uam are not needed: 


$12. Let us now take up the case in which the independent variable alone 

is transformed. Then . . 
| m=z), y=y 
where a, y, are the transformed variables, and y is an arbitrary function of x. 
These transformátions form an infinite continuous group defined by differential 
equations. We get the infinitesimal transformation by writing y = «+ £ (a) dt. 
Then 
mid dy —0, 


_ and the symbol of the transformation i is 
E (e) 2L 


The following work is ii made perfectly general, but is carried only far 7 enougti 
to get the covariant given by Cockle in 1875: 


dày dis 








by” = zs — y” - yog DELE i (y Dy, 
(sh. [yop + 2 (^70 + EA (RE) e eese Z9] 
oir WS ge p-p) = zumo h D: Y oa a P gno mp en 


k—1 


E Si = (s—m)! ml 
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kl- 

i mi == 65-0 spot becomes 
Aa == JN u | a (10). 


As in the case for change of the dependent variable, we have 
dy) na yn s . + an dy +nyo— Dba, F.. .: + yb, =0. 


~ 


On substituting the values of by àyo— E , dy"? as givon. by (10), this becomes 





— y yo e 88183 p yn7? +, m 
ansia . e ee OM 
rs RU 3 0 e ay 
eras, 


Eliminate the term involving y” by means of (2) ‘and equate the coefficients of 
y”? and y"—2 to zero. This gives 





= a) de, 
w= Cp par ane) 
= 94m - te dar aif 8 == g! — ak! — ale) t. 


— transformation is then - 





EY gy + ETS Lee) E of | | 
3: (ES gn + (n— 2) arto) ge $ 
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Equating the coefficients of the different derivatives of £ to zero, we have 


of 4 - of d 
=y a7 +a a + a RR M 





y 

_ n—1 i Qf - of 
= 2 a > % Bal? 
n—2 Qf , n—1 Of 





0— 





3 on 2 dal ' 


By the ordinary methods the one solution of this complete system of three 
equations in four variables is found to be 


[a +5 = ai E 0) n>? 





` This is Cockle's “ differential quadricriticoid.” Other invariants found by 
extending the group further are not bere given because they are simply the 
solutions of equations to be given later. We have now found all of Cockle's 
invariants by Lie's methods, and proceed to the general case. 


CHAPTER 3. 


Invariants of the General Homogeneous Linear Differential Equation in Two 
Variables, for Transformation of Both Variables. 


$13. Itis known* that the most general point transformation which trans- 
forms the equation 


Ns a ! 2 
ayy” + na, yf Menor ay ?—0, (m=1) (2) 
0 ` ; 


into an equation of the same form is, when n 7» 1, one of the form 
a —xe» w-y(m. | (11) 
These transformations (11) form an infinite continuous group defined by differ- 


ential equations. Lie's theory may therefore be used in finding all the inva- 
riants of the equation (2) for the transformations (11). 


$14. Let us consider the effect of a finite transformation before taking up 
the infinitesimal. The following treatment follows closely that for finding the 





; * P. Stáckel, Journal für Math., OXI, pp. 200-908. 
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factor by which a relative differential invariant in a, y, y^, y, . .. . is multiplied y 
when subjected to a peint transformation. It is thought best to make this 
treatment only general enough-for the purposes of this paper, and not to give 
the factor in determinant form, as might be done. We have 


"Yy = yF (2), e = x (2), 
y y 
"xt tu? 
H aa nv 
n= Y + A mici y + TS 
v n—i1 ` 
yP = eet Bus (2) . y”. : (12) 
0 " 
` When these values are substituted in 
YO nb piii Hony = 0 


we must get a multiple of (2), for (2). must be an invariant equation, and the 
substitution (12) is linear in the y?'s ; therefore 


yP + nbyf? +e Ys i: [y + na, y^ 7? + .... + ay], 


n 

í n! J p- 8) (n—8) : 
ren El = gat a (18) 
Substitution of (12) in (13) and comparison of the coefficients of ye-a gives ` 


g= yb X Se SUL mE (321,9; ve eg n). (14) 


Solving these n equations for 5, ; 2521,95 5 0 7) gives 


h— vy a T" Sine) a (—2. 24) (15) 





Diffrentinting (15) & times with dh to v gives 


bY = L af? 4- A Sasi (0) af, where $454, = 0. . (16) 
(31, 2, cou pesto end | | 


The formula (16) ineludes (15), and (16) and (12) together with (11) are the finite 
equations of the extended group. Since (12) and (16) are linear substitutions, 
7 9 
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any integral rational function in y“ and af?-will be transformed into an integral 
rational function whose degree taken in either set of variables alone, or in both 
together, will be the same as that of the original function. 


| $15. Now make the transformation ` 
: a=%w, y= Cy, 
— which is included i in (11) Then | 
P= Oy, ond I= al 
Therefore any differential invariant 


Ll, y y... y”; hija Op svar) 
must be homogeneous ing, y,....,9? of on zero, and any invariant differ- 
ential equation must be homogeneous in y, y, ...., y” 

Next make the transformation, 


. yg Y Y = Ox, 
Malhi js also included i in (11). Then — 
l ye = Oyo, a = Q- 9+ ago, 


Let us-assign to [y“) the weight uv, and to [af?]' the weight (j - E). Then 
- these equations show that any invariant must be isobaric in the j'^'s and aj?'s of 
weight zero, and that any invariant. differential equation must be isobaric in box 
ys and:af”s. Hence we have the theorem: 


Theorem I. : 
. Any absolute TRE of the linear differential equation (2) for the group 
- Of transformations (11) must be homogeneous in the ys of degree zero and 
isobaric in the y“”s and af?'s of weight zero. An invariant equation (or relative 

invariant) must be homogeneous in the y“”s and isobaric in the ys and af?'s. 
This theorem must hold for every subgroup of (1 1) which contains the two 
transformations l 
: Dum Cy, [ns s 7H 
moe , la = Op. 


$16. Let us consider an integral rational function which is.a relative inva- 
riant. Then by Theorem I it is homogeneous in the y'?'s, say of degree à; and 
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isobaric in the. y's and als, say of weight iv. Represent this 2A 
Qe 4) — =0. 


This equation is invariant. €" must be PT of individual terms, each 
of which is of degree à in the y“”s and of weight w in the ys and a¥’s. The 
formule (12) and (16) show that any such term is to be replaced by. the same 
term multiplied by P*/y'”, plus a funohon of weight. lese. than w. Then 


` Q^ W= o Qe Sue 


where O is an integral rational EA none > of whose- terms is of weight as 
great as w. . The left-hand member of this identity vanishes when we place: 
Q^: 9 — 0, for this is an invariant equation; Hence © is identically zero, for a 
funetion of weight less than w cannot vanish by means of one of weight +. 
That is, . T 
ae um. pes, ^ uw. 7 di 
This formula (17) shows how an invariant integral rational equation is trans- 
formed. The same is true if. Q^* is any root of an integral rational function, 
extensions of the definition of degree and weight to such a function being made. 
These are the only functions which arise in the present article. If an invariant 
irrational algebraic equation were given, it could be rationalized, and then (17) 
would give the factor by which the invariant is- multiplied when a transforma- 
tion (11) is made. . 
Theorem 11. — Whenever three relative invariants are known, an absolute 
- invariant may be constructed by. algebraic processes. 
Let 2% #9), QO») Qi») be the three relative invariants. ‘Then (17). 
shows that ` ei ut t 
; pas e [ae E [ae DJe . . (18) 
is an absolute invariant, if uj, uy, Us be determined from the tod 


Ait, + gps F Aslla =-0, 
tua + toa + thy = 0, 
that is, if . 
1% A 


= ' (19 
dixi M RE aah [aal ( ) 
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This formula always gives possible values. of (tet ps, except when 


Ay i Agi Ag = Wy: Wy: Wz, 


in which case it is necessary to know only two different invariant equations. 
This case occurs when two of the given relative invariants are free from y and its 


. derivatives; it is then not necessary to know a third. No one of the Q’s may 


be an absolute invariarit if (18) is to give a new absolute invariant. 
This theorem is the exact analogon of a well-known theorem of Lie concern- 


: ing invariant differential equations of curves in a plane. 


Theorem IIT.—If an absolute invariant be a rational algebraic function, both 


its numerator and denominator are relative invariants, of the same degree and 
weight. Let T= U/V be an absolute invariant, where U and V are integral 


rational functions, which by (12) and (16) transform into integral rational func- 
tions, say U; and V, respectively. ` 

U 
yA 


is an invariant en and this invariance is not destroyed if we clear of 


fractions. 
U—kV= 0 


is therefore an invariant integral rational equation, and must be homogeneous 
in the y's and isobaric (Theorem I). Say the degree in the ys is A m the . 
weight w.. Then by (17) S 


U, — v. T (URP). 


This equatioh is true for all values of k. Hence. 


M 
Theorem IV.—The total deiin with regard to c of an absolute inva- 

riant is a relative invariant of next higher order. — l 
I T be an absolute invariant, then 


P. l PNE: 
—. V. Q. E. D. 
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and this is an identity.when we make use of (11), (12) and.(16). Hence we 
may differentiate totally with regard to z. - This gives 


dE os 1: dl 
(de, xy dee” | 
which shows that at x is a relative invariant, “homogeneous of degree zero in iiio 


dz 
ys and isobaric of weight unity. Its ordar i in both y and the a’s is evidently | 
one greater than that of 7. 
Az a corollary, we see that if we have two absolute anta can and h,- 


that then 
dL |dh dí, 
dz] dx? ' di, 








is an n absolute invariant, and | : 
-dh ËL di, . 
dh qe?) dp . a 0) 


~ is an infinite series of absolute. invariants in ascending order. For transforma- 
tion of the dependent variable alone, we may write Ae This justifies the 
method used at the end of §6. Push 


$17. The T theorems enable us to derive an infinite series of abso- 
lute invariants in ascending order from two known relative invariante. We always 
" know a third relative invariant, namely, y, for we have y,— Dy. Then apply- 
-` ing Theorem II gives an absolute invariant, and IV gives a new relative inva- 
riant of next highér order. Using II again yields a second absolute invariant, 
and this alternating process may be continued, or (20) may be used, and we. 
thus get an infinite series of absolute invariants in | ascending order. 


$18. Ifa single absolut invariant, say 


A U™ e 
= ya e J 
be known, oro TI, II, IV, Meier with the foregoing remarks, show that 
i dl l 
J 1=[yhal* 3 (a1) 


is an absoluto invariant of order one greater than that of I. A repetition of 
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the ` process gives an infinite series of absoluto invariants from & Guelo absolüte 
invariant. 


tis: For subgroups of the general group ( 11) it is often possible to find an 
_ infinite series of absolute invariants by differentiation processes from & single 
relative invariant. Thus if ; 


B= Oy" 
where C is an arbitrary and v a known cotistant, we have a subgroup of (11). 
Suppose that for this subgroup we know a relative invariant U of degree A in 
the y’8 and isobaric of weight w. - Then we. have 


ane he Og "O; n= Ox" y; | 
= Oy U + O^ (aw — w) g=- y "T: Y t= O- n +: Ong hy 


. The pinnae on of X^, X^, and O between these four equations shows that 

So mea OMS oe as) 
o . U» y” , 

* js an absolute invariant for the subgroup "oes Dm Aa 

` m= yle) y= Cyg" 

j when U is a relative invariant, ‘of degree à in the y’ la, and isobaric of weight w. 


- For other subgroups other methods of deriving new invariants from known 
invariants by differentiation can be developed (cf. Forsyth's quadriderivative 


and Jacobian processes)*, but as we have.now all the methods we need, we shall > <. 


' not go into this, . (Cf. $51.) 


. $30, With these general remarks on the methods of finding new invariants 
from known invariants, we return to the.actual process of finding the invariants 
‘by the method of infinitesimal transformations. 

ne symbol: of the infinitesimal transformations of the group (11) i is 


SEC) 7 ETE 20.5, Q9). 


. *Phil. Trans., 1, 1888, pp. 407-418. 
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where £ and are in nones of > aluo This ae ee -must be 
extended by bcn into. account the variation of y% and af. . We have 
go cid EN eiae» 
= = [res 2 qim) +. + E 0] + Le ar m 
= = 34 as IIA fen d | 


Making use of. Euler's theorem for the differentiation of & produc and of the l 
formula : 





Seda [LE E) SN 


we find, in the same way that (10) was found, : 7 i 





=m St, (24) 


V rate [n + 1) "I pes - (k — a prey y 
jn. di variation of (2) gives I D 


Gear 7? da, etis 


Où substituting i in this uod the value of: ns from (24) we get 


Aggra 


cese TT 














an! a y^—P[(j —8-4- 1) 9679 = (n — j) EO an) 
=— >> y LG CR E mid E la p 
=" a, yo? pao n—j)£4- dels 
0078 . 8l (n—J)! (j —e-r 1): 
E P 5 Ih Be =D G—s+) 
Pec E LN (ener eir | be 


n 


SODIUM. (n = 1 ayy"? [o — (n q) E] bt. 
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yy" (p —nE) = 0. Hence we finally 


1 


But in consequence of (2), 3 Tuy) 
get by equating coefficients of ye, . l 


iuc {dal -X gira ene oem secs 
(J= Beem) 
$22. In extending the group of M also ngin das. 
paid e IN 
=- [dte FIM) + rer eu] Z da) 


The Bl within the ee is lie same as that encountered in cud: dy”, 
_ ay replacing y. Hence 


af? = k! ge | d. 
| Pac erg Ue qu la) 
Z Bl(k—m) — A E E E E 
Ba mW Ca EX ure e 
j-1 T l 
- Dt G= FTA gr ilye (n—J) prial: 


Combining the first two summations into one, and changing the letter of sum- 
mation, gives 


mE kl | k+1 Ta —1)] 8 —84-1 
MM b uf iU ame e+D ‘| (26) 


+ Lr soie PA [G—e Dens eee] a, 


The form (26) is useful for some purposes, but in order: to find the equations 
which give the invariants, the indicated differentiation under the.second summa- 
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, tion sign must actually be carried out, and then the PNE arranged 
according to £9? and qo: Performing the differentiation gives 








bay? _ Ge aro +0 41 + Y g Eo 
t l 7 per 1) 8; 7E 
il 5s glk! agii » q 
_ St GO [Ade aem Em 
$1 die 0 


2 Ag g pra a a 





In the double sums the order of gustos must now be changed 80 that the 
summation with regard to m comes first. 


pa 


$23, In changing the order of summation the: typical term will remain the 
same, only the limits of summation being: changed. The limits of summation 
are changed as in the following example : . 


— 


—1 k4j—s 

3 2 Shows that IST "Hence if m be first hidden, we 
im 

have for s, mo A us. 

J—mSsSk+j—m. 


8 also lies between other limits, namely: 0<s< jo 1, and sometimes one set . 
and sometimes another must be chosen. The third inequality combined with. 
the first gives - i "E 


1« mh 4 j, 
smaller 1 k+j—m 
BE 
z . 0 —s 1 up icm 


In all of the following work df 160 (or more) upper limits are written the smaller is 
to be chosen, and if two (or more) lower limits are written the larger is to be chosen. 
g 8 * ; a. E xs d - e 
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` 824. Changing the orders of summation in i ibid gives 


i y 1 = : 
Mu -N de i DE AT 1)] at a+Dg0) 





No? E B jo kl agi l i l 
2 E j— m)! m (+ 3—8e—m)! (s--m—J): 
E $—. ; 





PE j+i—m)! m! (k+}j+1—8—m) aa 
tie $ j i l , 
(L9 «nu; k=0, 1,25 ig aml 


"Formula (27) includes (25) as a special case, so that we need use only (27). 
aid (24) in forming the extended group. 


- $25. It has. been already stated that af? has the weight (k--j), and that 

y“ has the weight u. If then we consider only those extended transformations 

which involve no y of weight greater than w, and no af? of weight greater 
than w,, we have as the required extended transformation 


DN CN 


In this formula the values of YA from (24) and of E Eois (27) are to be sub- 


stituted. The result will involve double, triple and quadruple summations. . 
The order of summation must then be so changed that the summations with 
regard to E” and 9” come first. "When this is done, we get the extended trans- 
formation : l 


. 401 404 of , kl yo) k! yè- s+) CA 
m "s “da dab: ET pe yrs a!’ oy? 
Teide. 


. : iL El UFI ar 
> p” 3 e E — (Emp! Jaf da? 
js 


Gr Y a SUEDE LE S (G— apo a 
k+1—s8)! el * dar 


ue 1w,—j a, 


SN 


NEL 
n ncs asii 
jtl=m Imi (k+ +1—e8—m)! m+8—¿— 1)! 








ads. (28) 
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$26. If F g”, af?) is 36 be invalidi for thia rado then X ^»? F=0. 
This equation breaks up into a number of equations, obtained by equating the 
coefficients of 9? and £® to zero, for all possible values of s. The general case | 
will not be here. considered, but only the two special cases, w, =0, w= W, 
and-w, =w,=w. The first of these will yield what are ordinarily known as 


invariantes, that is, the invariant functions so obtained will not involve y or its " 


derivatives; the second yields, in addition to those of the first class, the so-called 
` -eovariants. In writing these equations those: coming from $? are always given 

. first, and then those from £9. The former class of equations yield the inva- 
riants for transformations of y alone, the latter the invariants for transforma- 
tions of x alone, while the common solutions of both sets of equations are the 
invariants for change of both a and y. Hither set of equations alone forms a 
complete system. We have then the following complete system of —— 


guit to be satisfied by invariants dnvoleing only aff," where k -- j € w, , Jor 
- TE of both x and y: 


in w—j hij 


0——B,f ] zy Y >> j! k! apii m 
[e a aa 


of 
(j—m)! E (k+j—s—m ] m4-s—j) dap’ 
A (o d sns 40). 


LE 


o=-47 2M Berne aoe 


ese 


n w—j ^ " l d E 
meg = pida Gay -3 i 29 
= ASE MM (k— 8)! (s +1)! q^ ag. l di 





w j—1 
: GS jl Bl (n —j) ai: 9. 
T (^ 5 i GEA (t+j—s—m)! (mre) xm 
i- 0 
bh ds (s= 1, 2,... E 


5 teed : . P : . S : oe 2 
A ara spl de P o.cAD | 


In using these anger it is to be remembered that a, = t; so that a = 0 
when k 20. : : : : 
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In the same manner we get the complete system | of 


Equations to be satisfied by invariants involving af (k + j v) and 4? (u Sw) l 
- for transformation of both variables x and y. 


E ES 2 Bin, af - 
= reU. rat r1 





Y E ES 1 u* pel aper mn 0 af 
A TEE CRM (j— == (m+8s—J)! daf ' 
j (8=1, Dc w) 


fa v—1 7 
mr A RCM "T3 | 
> ye-a . of l un (30) 
IU. Xafz E n 1)! dy® n: 


. ^ w—j: 
k! [E - j 3-6 (j — 1) » 9f 
(SONS gis. ENDO aa 
law dis PR MEE 
. Jl kl (n—3j)agti-i-» af 


i x f (j+1— m)! m! (ETT (cR) Uude gr day ' 
UT T deem, Heins i01) 


. | 
rn S n—J Of. | ; i ] - up 








j + 1 Qaj ` 
$27. Using the notation of p we may write (28) in the form 
. w+l f 
Imm [£M gO LS + uere Q1 


‘The equations y/- 0 in (30) are, of course, the same as the equations 
(9) which yield the covariants for transformation of y alone. The equations 
= X,f = 0 in (30) yield the covariants for transformation of æ alone. l 


$28. The equation 0 = — 4,7 of the system (29) shows that every solution 
of this system must be an isobaric function of the af?'s of weight zero. Every ` 
rational invariant must therefore be the quotient of two integral rational func- 
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tions, which are isobaric of the sume sims The Satin 0 = — X,fof (30), 

shows that the covariants must also be isobaric of. weight zero in the af?'s and | 

ys, and the equation Y,f=0 that they must be homogeneous of the zeroth 
degree in y, y^, ..... ,y9. (Cf Theorems I and III; ) e 


$29. The complete system of partial differential equations (29) contains 
2w + 1 equations. When w<n there are i w (w + 1) variables. Hence there 
are at least 
4 (w +1) — (20 + 1) = 4(0'—30—2) 
solutions. In order to have any solutions for this case we must have n >w>4. 
When w 7» n there are nw — $n (n. — 1) variables, and therefore 


l nw—}n(n— 1) — (2w + 1) =(n— 2)w — y (à —n — 2) 


solutions. When n= 2 this is always negative, howeyer -great w be 
chosen, which shows, if we assume the equations to -be independent, that 
. the linear differential equation of the second order has no. invariants, a fact 
which has long been known. When n= 3 there are w— 4 solutions, so that 
there is certainly a solution for w = 5, that is, involving terms of weight five. 

We shall return: to this later. Similarly we see that there is one solution 

involving only a,, dy, a; and their derivatives to. those of weight 5, whatever n 
may be. Call this invariant Z,. Hither. ite numerator or denominator involve 
terms of weight 5. Then making w = 4 in the formula + (w? — 3w — 2) for the 
number of solutions, we see that theré is one solution which must involve a. 
Call this solution Z. When w= 6 there are four solutions, one of which 
involves az, and which we shall call Z,. , And in general call that solution J}, 

which involves a, and a’s of smaller subscript, with their derivatives up to 

those of weight m. When wz m we can in this manner pick out a set of w— 2 
independent solutions, from which we may obtain the rest by. differentiation. 

These solutions which we have just. chosen will be algebraic, and in ‘all of the 
examples which follow they may be made rational by. simply raising to a power. l 


If we assume`then that 
Ue 
yer 


-= [rs] Bu 


A An Tas BRL, 00 AST Ip; (Mas, Bo. 00) 


n 2:58 
. (21) shows that 


is an invariant, and 
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is a set of  — m + 1 invariants, all independent, and none involving terms of 
weight greater than w. ‘The invariant J; is not included in this set, and can be 
differentiated only w — 5 times, since it involves terms of weight b,'not 3. It 
therefore furnishes only w — 4 solutions. By subjecting 


to this process we thus get * hide Lor Le l 
w— 4+ [(w — 3) + (w — 4) + (w— 8) +.... +2 + 1] = d (wW — 3w — 2) 
invariants which are evidently independent; that is, this process gives all the 
invariants. The system of w — 2 invariants 
dgs Leese, Lh 

is then a complete system of. invariants from "which all others may be derived. by 
differentiation. 

When w 7 n the same process applied to 
yields E Layos d ; 
w—4+[(w—3)+ (W—4) +... .+(w0—n2n+1)] = (n —2)w — $ (— n + 2) 


invariants, and we have here all the solutions. 


$30. The complete system of partial differential equations (30) contains 
2w + 2 equations. When w<Xn the number of variables is w +1 + dw (v +1), 
and hence there are at least 4 (w — 2)(w+1) independent solutions. Of these solu- 
tions $ (u? — 3w — 2) are solutions of (29), so that we have still w to find. An 
examination of (30) shows that there is one solution involving y and y' and a's 
of weight not greater than 4. The differentiation process may be applied w — 4 
times to this covariant, which gives us all but the three covariants of highest 
order. The process cannot: be applied oftener because it would then bring in 
a's of weight greater than w. We shall presently give the solution of (30) for 
w= 3. This gives two covariants involving y, y', y”, y" and a’s of weight 
not greater than 3. The application of the differentiation process to these two 
yields the whole series of covariants except the one containing only y and y, 
which must be determined by a Sep ersie integration. This látter covariant is 
also given later. 


. 881. When, in (30), w £n, there are mo — à n(n—1)+w-+1 variables, 
but they are not all independent, being bound by the given differential equation 
(2), so that y™ may always be eliminated from a covariant of order in y equal 
to or greater than n. Moreover, the covariants of order in y higher than n have 
little-interest, for they can always be found by a differentiation process. The 
oven equation (2) is an invariant equation, and, as will be shown later. 

2a, — 8a; — 60,4, + 4aj + 6a40; + a1 
is also a relative invariant. Hence by $87 


y? + nage 79 + 20 D a, y eee FY 
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is an absolute covariant (equal to zero when we use (2)) The repeated appli- 
cation of (2) to this funttion will give all the covariants of order in y greater 
thann. The quantity y” must then be eliminated from these by means of (2). 
We shall leave these covariants out of consideration; and when w, Xn, take 
w,=n—1. -These values in (28) show that these covariants are the solutions 
of the following complete system : 





0= . =v % SL 
TE ^w ki zd 
0= - md av se 
l 2 n.i»—J hi. jl "A afti-i- m) , ; 
m ne 2 (¡—m) ml (& A] ap | 
] 0 j—8 
(az Seen des) 
bii | 
n v—j |k-4-J—s j! kl ag ti—:— m) 


k l of | 
0=—Y,f => PA a 


(s=n, TIME “eee 
=-4/ =P NS era A, 


on md i H^ Ege v 
o=. Xf = =S A a . l (32) 


Iht [E —1)] as 
+ Ys EI d | 





- ji kl (a at a 
Y 2i * TESTER! m! (k--j —s—m)l (ms —j)! da)? y 


j—s 
E cae (s= 1, 2,....,n—2) 








e l - 
a ^ kl [k 8 (j — -a 3f. 
REM E sif sila a sar 


5i $ jl kl i pees s—m) 
MB ur ET aaa | (k+j— s— m)! VETE Tr 


(s=n—1, Ryo. ..,t0—1) 








M ENS n—Jj3 of 
i x Af» PT ges 1 Qap-5* 


.84 Bouton: Invariants of the General Linear Diferential Equation 


The number of solutions of these equations is 
nw — $ n (n — 3) — (20 +2)= (n— 2) 19 — (n — 3n + 4). 
Of these all but n — 1 are solutions of (29). These n — 1 are found just as for 


‘the. case w <n, and in fact are the same solutions as for w = n — 1. 


$32, As an example, let us give the solutions of (30) for-u w=3. The equa- 
tions become: 


$ — now of af T at Qf 
0= Y, f= y dy T VE m Oy d y am Ty Oy"? 
o= Xm, + gar H — 


" ts df aub F Vc Q 
. D : 2a da; a: da! Sas das : 
» M M os os OF 
IET d Bal — Das de ~ 8 Bag” 


bask: > of Ff A of 
Qs PS y a dar dal ^— Qa, ' 


0= Ks =y-L Lay a es La A | 




















l + 207 2 + 20, 2 + 205 LX: 
om ESE ¿e el Wo ; y + 4 eA 
| —(n— 2) 04 AL + 0D GE $69 T. 
ee CA TE 
—(n— 2) a, cese A, 
o= nets! AUS XU A | 


_ This complete system of 8 equations (which are independent) in 10 variables 
has two solutions. By the ordinary methods ió are touan lo be 


(n — 1) yy" — (n — 2) y" + 2ayy Du Es 
n—1 o — 2) / — 9) T =I 
LE [3a — 2m — 2) a — in mK i) da m 


y * (2a, — 307 — Baga + AAA aM 
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and 














[+ hay ya TR Dag], i 
| a d a id X | d 
| "ePi sal eset 





y^ (2a; — 3a; ne: 62,0, + da; + uu. + cu 


Both numerator and denominator. of both of these invariants are relative inva- 
-riants (Th. III), and this justifies the use of the denominator made in in When 
n= 3, the numerator of the second invariant reduces to i 


(y" + 3ay" + say + e) 
as it should. 


These are the two covariants mentioned in $80. from which all others 
` (except the one involving only y and y) may be derived by differentiation. 

The covariant involving only y and y' is the solution of the following com- 
_ plete system, which is obtained by writing (30) for w = 4 and then dropping the 
derivatives with regard toy”, y”, y: and dy. i 





pes TETEA š s 
ger oe 2a oF — 2al ii d 
o= Boe rs deeds aro 
os Gt "MP | 

Y of af 


0c vg edm + et ur P at oa 


+ af a —— 1 


= 
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AAA Loles at &h— vem 


+ [225 — (n — 3) a] Y 3 + [5 — (n — 2) at] a, 
3(n—3). Of r; 3(n—3) ,7 0 
E NICE 























—1 Q 13 — 2.2 ð 
óz— n—1 p ra ar t ta e x sles 2) a 37 
+ ofa (n—2) of] D, — (5) B. a — oos +) Y 
—1 2 Q —2 ð ð 
= — Rt ayy t EE a E 
B m 8B gana, 
_ n—i1 Of T y I of i 


The one solution of this system of equations is 


6 (y + ag) (22s — 3a] — Baya, + dal + Baral + aj) s | 
Emp Nue fauc Mad AGNI EO +6af Hal) 
E Mi Mc Con 44 + a + ay A 





CHAPTER 4. 
Consideration of a Subgroup. 


$33. Let us now turn to the consideration of à case which siis the last 
few years has received the attention of a number of writers, and which was per- 
haps: first completely treated by. Forsyth. * - Tf in the. equation. 


a o |) 


we diské the t transformation | 


_ a | 





* Philosophical Transactions, 1888, I, ' On Invariants, eto., associated with the Linear Differential 
i EE pp. 977-489. 


and their Relation to the Theory of Continuous - Groups "os WT 
the term involving 2^7? disappears, and we get P 


am eR 1) y qnom ed . F Pat = 0, (33) 


where Py, ps, +++» Dn are functions of æ alone. If in this equation z besub- 
jected to an arbitrary transformation * : 
a = x (2); 2 
we can dorada cause the term IDNOUVIBE. the we —1)* derivative to- disappear 
by a transformation. of the form . - T 
= zÝ (2). 


All gach transformations must form a subgroup of the group (i1) for d 
are included in it and leave the form of: (33) unaltered: We may then seek the 
invariants of (33). for the group of transformations of this form. The infini- 
tesimal transformations of this sübgroup are readily found, From (27) we have 


altar ye]. 


In the case ides consideration a —Ó and nd 0. Honda: we must have the 
l relation ers i 


eta | ^0 (M) 


This n may ber taken as the dening equation of the éabgroup i in Qe Inte- 
grated, it is l l l 
MESSI Ur. ux _ (0 = constant) 


$34. When the ies value of @ is Hen in (24), the result is 





E -m)! [E 


Similarly (26) "t 3 


"er yA [J rea “i gie 
SiL Bed d: E gap). i cd ; 








—e+ 1)! el 
(J= 2, Bevis n; ae ce. Py=1, p 0) " 
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This is Forsyth's a». Our. (27) becomes 


a E A EH | k41 n E a 
q pe pone 


1 
E4421 Petti "ij 





(Ela) 


E (s) 
: 2 * p cA ml ED) m+s ji)! on 





Pog =, (37) gives . . l . E M 
w- OS (e+ 1)! — om Š 
=. 2 A 5 since p = =0. 


$35. The extended Laus gorenak to (28), is 





ar e ci O 





y aiti e cd : ; 
qe os SUE ey 


aye Snes Ea 1] pæ- Ted af 





aL OF) m! d D prese ae D 


l “To PT the equations ylos solutions are the invariants we must equate the 
coefficients of E”, and also that of C, to zero. As before, the two cases w, = 0, 
w= w and w= w= w are considered. We find thus the following complete S 
systems of equations: a - 


` and their Relation to the Theory of Continuous Group. l Uu 


SUUM to in id by invariants —À in p (k +¿< w), fora the sub- 
| group, 9 x p. MT 
AS tS l i ZONE ll 
| 0c — AE EE Ro D^ 


: el SN pea nd 





— a)l (s -- 1)! 








ED V TEN cada a E+i—e— m) y (39) 
P Del om d Nd (mF) app” 





2 _'Syj-1. 2 | | S 
0 == —— vi AL Uf ^is us i, (s—0, 1) 
` Equations to be satisfied by — involving pP, (k-- Sw) and PS w), 
` for the subgroup 4! = s E. 


IE | 
= ERA gs 








As f w | ND UE : : 
0 X= M : c y: Jy- p e+ + at, 
(e1,3,, ., 0) A RN J 


In making use of (40) the vale of Al, 41 must be substituted from (39), and 
in "EIE either (39) or (40) we must remember ‘that p= =1,p,=0. 


$36. The suple system of partial differential ‘equations (39) contains 
w +1 equations, and, when w Xn, 4w(w—1) variables. It has therefore at 
least 4 (w? — 3w — 2) solutions. These are of course the } (w! — 3w — 2) solu- 
tions of (29) for aP =0, aP =p) (j>1). Similarly when w>>n there are 
(n— 2)w—4(n?—n-+ 2) solutions, which are obtained from the (n— 2)w' 
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— 4 (n —n 4 2) solutions of (29) for w m n -by writing af? = = 0, ap A | 
. Or the solutions may be chosen as indicated in $29. . 

The system (40) has w + 2 equations, and, when won, dv (10 Lg 4- +1 
variables, and therefore 4 (w + 1) (w—2) solutions, When w € n, the treatment 
is exactly the same as for the. general case ($30), but it is not thought to be. 
_ necessary to write out the equations corresponding to (32). They are obtained 
. from (40) by neglecting those terms in which e oceurs, where k<n. The 


first two equations of (40) show that every absolute invariant. must be. homo- 
` geneous of See zero in 2,27,...., 2”, and isobaric of weight: zero, as in the 
general case. l . 


The Relative ieii . , 

$37. Relative its that is, invariant equations, may. de formed Shee l 
s equating an absolute invariant to & constant, or by forming determinants of 
the matrix of the coefficients of (39) or (40), as indicated by the general theory. 
This latter process is long, and the writer has found no method of applying it to 
` the BEN cage. ; ' 


gos. We may use another method to find the relative invariants which are - 
reproduced save as to a factor of known form, and $16 shows us that the form 
of the factor is always known. Let us seek, as coin does, those relative inya- 


riants, V, for which | 
n- (Ar a E 


where v is an integer. Such rante V cannot be the absolute. SIM of l 
- any but a trivial subgroüp of (34). For pps that V were an absolute inva- 
riant. Then ` | : 


dy . 1* 
da | 
. and l E E x (9) e 1* a+ const 


As we are dealing with Ergape containing the identical Visnsfors cios this 


becomes 
dcc cónst., 
6x, = ôt, g N 
£—1, £=0, p=0, 8y=0y8t (by (34)). 
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(37) then gives dp = 0. př is therefore not transformed, and eod fiction of | 
pf? is an invariant for this transformation : 


a =0+0, 

= By. 

_ The relative invariants in question cannot, therefore, be found as the absolute 
invariants of any fubgroip of (34). 


839. They may be found, however, as the solutions of certain | partial differ- 
ential equations. Ifin (41) we write i 


> 


=g + à. E (a), 
80 as to get the infinitesimal e we find . 
P=, 
WEE = EV. = Zo P. de by: (38), 


Sow" A y VE. 


This equation. must subsist identically for every £. It therefore breaks up into 
& number of equations, which are the same as (40) with the exception of the 
equation obtained by equating the coefficient of £' to zero. This equation would 
be deis by i 


aye of 5 Na —— = 


This equation tells us that f must be an isobaric function of weight v (cf. Theo- . 
rem I) If f be isobaric of weight v, then f is isobaric of weight u, and is a 
solution of the other equations if f is. The » of the foregoing eqúation may 
therefore be replaced by añy other number, zero excepted, for instance by y =1.' 
The solutions seem to be simplest when we set v= w., We have then 

Equations to be satisfied by the relative invariants for which V, = v" V, for the 


ardor 


subgroup, $9 = 3 


: 2 ix w—j. 
w= ie ae + Bata at a 
o= ye oe af 


desir. © demde 
where Xia is given by (40). 


E (42) 


E 
ES 
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$40. If these B uio be rendered homogeneous M substituting a a relation - 


SIE O” HER | 
it is readily shown that the resulting system of equations form a complete system i 


with w +2 equations and one more variable than (40). '. It has therefore one 
more solution than (40). All but one of these solutions may be chosen free from 


l of the form 


, f. béing the solutions of (40). One solution F- must contain f, and therefore . 


there is at least one solution of the system (42). If this solution be multiplied 
by any solution of (40) we evidently get &.new solution of (42). Conversely, 
the quotient of any two solutions of (42) is & solutión of (40). These two facts 
together show that the number of solutions of (42) is exactly one greater thán 
the number of solutions of (40), and all the solutions of (40) may be expressed as 
quotients of solutions of (42). (Cf. Theorem TIL) - 


$41. The ee of solutions of (42) which are free from 2 is one greater 
than the number of solutions of (39), therefore at least $w (wù — 3). When 
w = 3 the equations obtained from (42) are. not independent Bes is one rela- 
tion between them. They are l l 


voient 
nd. 


0= — AA d — 

om ntl of 
A ux | 
n+1.0f n+1 af 
38 Op, -2 Ops" 





o=— 





“The one solution is f= fs— $p. The other solutions of (42) for w= 3 are 


n— 1) £s — (n — 2)2" + e ar]. 


O 
12(n— 1) 2 E 
Eee pet: EI an—1) ng]. 


Either of the last two solutions divided by p,— $ pi is a solution of a and of 


course may be.obtained from the solutions of (30) found in $32 by setting a = 0..- ~ 
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Differential Equation in Canonical Form, 


$42. Laguerre has shown* that the génerál nation a) may, by suitably 
choosing the functions y and Y of the transformation (11), always be transformed 
into an equation in which a, = a= 0. Let us take this, with Forsyth, as the 
canonical form of (1). We then have to find the invariants of ; 


m : nl ; (m8) — ( d 
ee ras" 3 3; DE 


The transformations which leave (43) invariant must be among those defined by 
(34), since q, — 0. Therefore we.may use (87) to compute óp,. It gives 


ip = —& [sf +E er] 


This must vanish when P = 0. Hence the T which leave (43) 
invariant are defined by 4 k 


| Poo, patmipi c 7 (44) 
or B= (ap + Boye aga), du [0+ (Nir ae udt.. 
. Our group therefore has the following infinitesimal transformations: . 


af o Ff pF Qf. 07 oy 
Oak ag M e oy penne ct i (45) 


The infinite group (11) for this case reduces to à finite group with 4 papa: 
The finite equations of this group are ` 


RED $ is. 8 s. AW 
yti’ NI TUS PIE 
Equation (35) now reduces to ` 
' ju — (e) CET a JEA (47) 
and (37) becomes | l | 


gf = {— (b +s) gf? — i (eb 2 — gf «36-1 a} BN} Ot. (48) 
GHB heen; HHO 1, e005 SO) 


* Comptes Rendus, vol. 88 (1879), p. 228 ; see also Saet, Phil. Trans., 1888, I, p. 408. 
. 10 ; 


r 
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843. We find then : . 

Equations to be satisfied by invariants of (43) involving only gf, where k +j en. 

: e uon a af | l 
0= er 2 EHI df? a5 b € so ots 
pza l (49) 

— 40) £ —— E tk —1) LX ) 

os ape y 3e y DE uo, + Sho Ll 


Takon to je satisfied by variant: of (43) involving d (k+ isu), and 


«P (LX). . l 

; y i ] 
E o= xe Sant af E IP xm (50) 
BO ai i 


E 


0= amy Š ice ven dr ! -4nr 
where Aj i is given by (49). 


$44. The number of solutions. of (49) when wSn is 4 (11 — 2)(w—1)—2 
= 4 (wW? — 3w — 2), for the ‘equations are independent. When tw >n, the num- 
ber of solutions is (n— 2) w — $ (n? —n +2). The number of solutions of (50) 
when w < n is $(w— 2)(w + 1), and when w> n is (n — 2) w — 4 (i9— 3n + 4). . 

The number of solutions of (50) which must contain w? is w or n—1 a 
according as w< n orw>n, All except tio of these solutions may be chosen _ 
free from g®. "They are therefore the same for all équations (43) of the nh ` 
order. Henoe a linear differential sun of the form (43) has two, and only two, 
characteristic covariants. — - 

.By writing out the first few terms of (50) it is s easily er that these two 
covariants may be chosen as 


m 3 14" ana [e - (61) 
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Complete Solution of the Spee (50). 


| 845. This problem may. «be divided into two parts, viz: 
1. The problem'of finding all the solutions of (49). - 
2. The problem of finding all "hoe solutions of (50) which contain 
uf? only. 
These two classes of solutions, together with the two solutions (5 1), consti- 
tute the complete solution of (50). | 


$46. Let us first find all those solutions of: (50) which contain u® only. 

These are called by Forsyth* the “identical soyariants:” They are the solu- 
tions of M. te 

= i f at ar 

of _ TT M" m 

2^ 0 LE ay O, Ben Du he n= O. s 
We can easily find all the solutions of these equations by making use of the 
. general principles given in 8818, 19. The group (46) is evidently a subgroup 
of EU for which a l 


t= 07, 
and therefore if we can find one relative invariant the rest may be found by 
using (22). The matrix of the three rd (52) i is 


uu uh 
0 wv Qu! - Su! 255 
0 (n—1)u 2(n—2)w 3(n—3)w'.... 








Equating the first. three-rowed determinant to zero gives 
= (n— 1)4u—(n— 2) u” 


as a relative invariant, and this is the only relative invariant which can be found 
. by forming determinants. Now using (22) gives - 


ela (atl aun, 
. Uj v i "n A E 2 
(n —1 uv? — 3 (n —1)(n— 3) u! u'u +2 (n —2)(n — 3) u” 











or : 
d, = 


* Phil. Trans., 1888, I, p. 428. 
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as an absolute invariant. Then by (21). 


is a second absolute invariant,-and continuing the process we find 
9, Ad, AN, .... A70, 


as all the solutions of (50) involving only u and its derivatives, the last one only 
involving w'?. These solutions are evidently independent. This method does 
not seem to readily lend itself to the computation of all the solutions in explicit 
form. We therefore proceed in the following manner: l 


$47. Let us assume at first that w<n—1. The first of the equations (52) 
tells us that f is homogeneous of degree zero in u®, and the second that f is 
isobaric of weight zero in u®. vis a solution of the second and third equations, 
- and U,—(n— 1) wu — (n — 2) u” is a solution of the third. If then we can 

find an isobaric and homogeneous solution of the third equation, we can make 
it isobaric of weight zero by dividing by a suitable power of U,, which is homo- 
geneoüs, and isobaric of weight 2. We can then make the function homogeneous 
of degree zero by multiplying by.à power of u. The result will be a solution 
of(52). (This process amounts to finding another relative invariant, and apply- 
ing (21)). We have then to find a homogeneous and isobaric solution of the 
third equation of (52). There are evidently no solutions linear in u”. There 
are, however, isobarie solutions which are homogeneous of the second degree 
in”, When 2/ X w, and we write 


Fy =5; Bus 940 de à 8, d. 
where f, is an ma constant, we have 


XPF, - (n — k) Beut- ui» S (n — 1) Bayrut- Dn 
. Í+1 


4 
pa 


: =y [e (n — E) 8, + (2 — k + 1)(n— Y + k — 1) Be: AD (UA, 


Ifnow . 





2 kd — scd 
a= "Ci : me ) 
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e a— kata = TER E 


"e 1, bad) 
then we have 


xS jai nee - . i g . 
B Uy => now +48, pus, 2. qM) 
ei Pn é 


à AD. $0 —1 = 
(j7 12... 5 or 7$ l Pa 








is a solution of Aff = 0. Uy is isobaric of weight 9j, and homogeneous of the 
second degree. , iR EN l 
i wy l - 
Py = — UZ ] ^ m dies ur (55) 


(i= 2, Breese or PE 





_ is therefore a solution of (52). Since 2E, the number of such solutions is 








+ —1 or? m E ; according as w is even or odd. There are in all w— 2 solu- 
tions involving u® alone. Hence we have still to find Y Mon = T golu- 


2 
tions of (52). 


$48. When we attempt to apply the foregoing method to find solutions óf 
X{f= 0 which are isobaric of odd weight and homogeneous ‘of the second 
degree, we find that all the coefficients are zero, and there are no such solutions. - 
The next step would be to assume as solution an isobaric function homogeneous 
of the third degree, but the work of substituting such a function in-the equation 
X{f= 0 would be long. We might make use of the Di method and choose 


solutions of the form .: 
ddy Ja, " v —i 





2 


where d has the value given in $46. This would give us a number of solutions ' 
which are evidently independent of those" already found, and exactly equal in 
number to those we still need. They would therefore ‘complete the solution. | 
If, however, we take the solutions of this form, they are unnecessarily com- 
plicated. The numerator of the fraction would be w*-* multiplied into a 
function coin of the LUE degree: and isobaric of iu 27+ 1. This 
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‘function is a solution of X; f= 0, but it is not the simplest solution which is of 
weight 2341. We shall now prove that there are suck solutions adn 
of the third degree. i 

Theorem III applied to (55) shows that T: is a e invariant. Then 
(22) shows that an absolute invariant is- `. 
(n — 1) uU], — 2(n-— Y — 1) ul Uy 

E ui o, : 

When the value of U,; from (54) is substituted here we get.a solution of (50). 
If we write 





Dusi=(n—1) 40, — => 3 55 AU. 9 (56) 
l l e - 
then Pyp = w”? Uyga (j= 19 9 us zm A or Y >) (57) 


29--1 
EI 
3 . 


is the solution of (50) which we sought. ` Uy+1 18 isobaric of dal aj +1 and A 


1 solutions accord- 





homogeneous of the third dogrgo: (57) gives + - —1c or Z 


ing as'w is even or odd, and these, together with the solutions dy, a —1or 


E. in number, are the w — 2 independent solutions which involve u® alone. 


"The treatment of the case w Sn is exactly the same as: in the general case, 
and will not be further considered. 


$49. Having now found all the solutions of (50) which RET involve 
u or its derivatives, we must next find all the solutions pf (49). The equation 
AM) f= 0 simply shows that the solution must be isobaric of weight zero in the 
qf'&. qu is a solution of the second equation. Therefore if we can find any 
other isobaric sulution of the second equation, we can make it isobaric of weight 
zero by dividing it by a suitable power of q, and thus get a solution of the system. 
Let us first deus wán. Then we may write AP f = 0 in the-form. l 


o= Anm XX [( ¿Ni Tj—1) xad) Us oggi] s p 


-Let us see whether any solutions of the first degree i in gf? and pobanc of weight 
m exist. - Assume 


m—8 ` NE : se 
On =. dian, Ges. l (4S m <w) 


0 
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. Then . 


AP On = 2 [(m—¿Xm +j- een HG + de an 4l gc 


On is E a solution of Apr 0 if 








AGUADO qq E ; 
dm m4 — — E m tnn Say 
Lad m 1 : . y o» 

= Op,» = et ha, ic (621, 2, 0... m— 3) 








=(1) -= m! (2m—e— 3)! - is 
m — 


— 1)! (m —e)! (2m — 3) aU E ae 
The last AQUA is an identity for &— 0." If we choose a o= 2, then 


m!- (m — 2)! (2m —« — 2)! o (88). 






Therefore with this value of am, , 


m — 8 i ` 
= È om og! $us (M=4yb,...., 0) (59) 
is & solution of AY f= o. Then gj mE 
(mAb, .... , to) (60) 


is a solution of (49). We have w—.3 such solutions. Direct integration of (49) l 
shows that : 
. x / n " 
I= A | - (61) 
g 
18 a solution, From these w— 2 solutions all the others, 
(^ — 3w — eS = 4 (w — bw + 3) 
in number, can be found by differentiation processes. We have simply to apply 


(21) If we define the operator 3 by 


j A E aa 
a A (62) 
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then (21) gives us as absolute invariants (and hence solutions of (49)) the follow- 


ing set : 
diss" ue odere cas gu], (m-4,5,...., E 


(63) 
T E UE A LUE 


These solutions are independent of one another, and their number is 
(w — 4) + [(w — 3) + (w—4) + (w — 5) +... +2 + 1] =4(0*— 31» — 2); 


that is, (63) gives all the independent solutions of (49) for w<n. Ifw>n, 
further differentiation of J, ... ., J, is seen to give all the solutions. 


$50. To summarize, the complete solution of (50) consists of the following 
invariants : 
6q,4 + (n — 1) qiu ud (n — 1) uu — (n— 2) LEN (51) 
qiu gi 
uM —2 [y 


y=, G=» eden (55) 
wc n i (oi: a^ eam or 22) (67) 








601! L4 ; 
I= ds Qs gs - 61 
| EX (61) 
n= 2», P (m= 4,5,....; w) (60) 
| 4 


E A 9770, 
W3, 3, UE. ad . 


In these formule the quantities Uy, Uy,,, On and > are defined by (54), (56), 
(59) and (62) respectively. These formule give the 4 (w* — 3w — 2) invariants 
and the w covariants (which involve no letter of weight greater than w<n) of 
the equation in canonical form 


[n UT .,00) (63) 


(n) Si. n! ^, ajn—8) — ; 
u 526 hari" =0 (43) 


for all transformations which leave this equation invariant, namely, for the 


4-parameter group 
ac + 


= 8 = ü os 
aS ets) Get 1,9 


' known, and 2 
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Of ‘hens invariants, Uy, Uy. and Jn, are uae the same as those given 
by Forsyth. The latter, however, gives instead of the derived set (63) another 
set of invariants, which of course must be functionally ee to (60), (61) 
and (63). 


The Differential Parameter. . 


§51. In conclusion we shall show that all the different methods of which we 
^ have made use in deriving new invariants from known invariants by differentia- 
tion, are only specia] cases of what Lie calls the “ Differential Parameter.’ 
Consider first the case of. Theorem IV, where two invariants, I and J, are 
al, |d1, . 


las is shown to be invariant. The differential parameter isa 


function 
Den Va credi dey d Pe) 


such that when 7, and a are invariants, Q also is invariant. We have 


40-00 EPI. Bare E a mp LE 
to + or pe. 


if we make use of the M of a TA we - 


Med od gp jd — ILE Bt, since 8I, = 0. 


Since Q is to be invariant Shen I and J, are, we have 00 — 0 when 5=0, 
61, — 0, and this for all values of $ and £. Hence, on substituting the values 
‘of ôl; and ò}, using (30) and a and Squad the coefficients of. $9? and E“ i 
Zero, we get 
Qm EO. o p id 
0 — X,4,0, a (8=1,2....,w) - 


0=—XÓ+1 E 4,4529 





OL; 
This is a complete system of equations giving Q. The ovate has all the solu- 





* Lie, “ Continuierliche Gruppen,” herausgegeben von Scheffers, pp. 670, 680, 789. 
11 
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ois of. 30) and. two others, which. are the differential parameters, One. is ` 


; evidently A -— 
T. 1 
T" a= $= 2/8. 


which is the result given in the corollary to Theorem IV. The other solution is - . 
Q, = (2a, — 304 — 62,2, + 4a + barai + aj) M: 

No use has been made of this second solution in the earlier part of n foregoing ` 

- paper, but.in Chapter 5 it is used in formüla (62). mi 

i Next take the case of §18, wherè two relative invariants, U and V, are 

` known, each of degree A and weight : w. The ratio I= U/V is then a known 

"invariant. As before, let . "LE AS 

: ECN Pee GULL) 5 2 


X 


be the differential parameter. “Then 


30— Xp. + Davy ari 90 py 929 apo 


on 
Considerations similar to those of 839 show that U and V are solutions of — 
l np e co Ud 2,...., 0) 
—X l (sc € sss, 0) 
m Ff, 
uf=—Lf, 


c. U= XU. b= (@Y,0+ EXU) dt = (29 — wll) U.de, 
SV = (ap — wE) V.Àt. ; 


As before à = — P. . Then ô= 0, 61 = 0 gives 


i ^ 3 tj 90 
| US P Xena Seat | werd erit) -eri ore 
This ‘breska up into . 
o= XO, — : E (= 1, 2,...., w) 


0=2%40; E A 00) 
oQ E 


eae A m 


SE eror 
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These and have ties more solutions than (80). One of them i is U/ V, the 
second is Q, given earlier, and the third is the desired differential parameter, viz. 


"s ESZA 


This is the same as (21). -It should be noticed that no use has been made of ‘the 
fact that I= U/ V, so that in the last formula 7 may be ixi invariant whatever 
and Vany relative invariant of degree 4 and weight w. 

Lastly, consider the case of $19, and suppose that we know a single suiit 
invariant, U, of degree 2 and weight w. For this cage b= y + 3E, where y is 
an arbitrary constant. The transformation becomes . . | 


xem ¿L Ly ae $ (Y Xy) go. 


Let us see whether there is a differential parameter of the form. 


Q(z, 0... y e: U, U)- 
We ages as before, - l 


ôU = (Ap — ub!) U= [ay + Ow — u) E] Us, 
,— d , dda 
ôU' = TU U d 
B — w) EU 8t + [ay + ei E] U'.ôt. 
Substituting the values of of! and àU', and equating the coefficients of y 


4 


and a to zero gives l B" 


20 
o= oee tam 20 | 


= ¥,0— wt 5 = (041) Ua a 


ae arene od sE 
0=»Y, 04 XQ. - O (6= 8, 4,....,0 +1) 
Expanding by using (30) g gives | nS 
» Q 
ES AU AC aU 224. 
oQ. a0. 


apte 


oar y + Uy + (w +1) U’ 





0=vy ap (Ay. — OD dum 
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where the dots indicate terms which do not involve, derivatives with regard to 
y, y, Uor U'. Neglecting Mieres terms we get a | complete system with the one 
. solution ; l : "rus 
m = Pou) U'y—vUy 
4 wà _ wil 
A y"Uwv 
This is the same as (23). In computing the first two differential M Q, 
and Q,, no. use whatever was made. of the finite transformations of the group. ` 
. For the last two, however, use was made of the faot that: the factor of (17) is 
: known: 





"^ On Systems of Multiform Functions belonging to a 
Ws - Group of Linear Substitutions with | 
Uniform Coefficients. 


Bx E. J . WILOZYNSKI. x 


INTRODUCTION. 


The integrals of a linear differential equation, with uniform coefficients have 
the characteristic property of being uniform and continuous éverywhere except 
in the vicinity of the singular points of the equation, where they undergo, in 
general, linear substitutions with constant coefficients. 

While Fuchs takes the differential equation to be given, and the essential 
problem for him is the determination of the substitution group belonging to its 
integrals, Riemann takes up the converse problem. He supposes the branch- 
points and the fundamental substitutions to be given arbitrarily. The question 
then arises as to the existence of a system of functions having the given substi- 
tutions and branch-points. In the cases treated by him, Riemann proves the 
existence theorem by passing to the differential equation and finding the arith- : 
metical expressions for the functions. A direct proof similar to that furnished 
by Schwarz and Neumann as basis for Riemann's theory of Abelian Functions, 
has been given by Klein for a very special case only.* 

It will therefore not be surprising that we encounter still greater difficulties 
if we attempt to prove the existence of the general functions, studied in this - 
paper, as I believe, for the first time. -Nothing like a general and direct exist-. 
ence theorem is therefore to be found in it. But the existence of a large and 
important class of these functions is demonstrated by an indirect method, which 
consists essentially in. DEL the hypergeometric functions in 8 proper 
manner. 








* Klein in Bitter's memoir, Math. Ann., Bd. 41. 
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The first part of the paper troatá of the theory of the functions, so fs as 
concerns their behavior in the vicinity of any: singular point. This suffices to" 
establish the existence theorem in some very simple special cases. The latter 
-part of the paper deals with the generalized hypergeometric functions. l 


SL — Formulation of the Problem. 


Let (y, Ya» +. -> NS be a system of n functions of æ, which are uniform 
_ every where except in the vicinity of m points, called branch-points, a, dg, < ++ de. 
. Suppose moreover that when c makes a circuit around a, in the positive dise 
tion, the system (Yis Ya, «+++» Yn) undergoes a linear substitution with variable 
coefficients. It is terei supposed that the coeffiċients of the substitutions are 
themselves functions of æ, and, as we shall mostly assume, uniform functions. 
But we shall also to some extent consider the case that these coefficients are 
multiform with a finite number of branches. 

We will assume that the n functions (yj;...., Ya) are danai signify- 
ing cdd that no relation of the form 


din Eds A = 0 


can be identically verified, where 44, Ya, .... , Y, are uniform functions of œ in 
the vicinity of the singular points a;. 


Let , l af, ad, ....y af? 


AL—| e am e m (iss scar en) 


be the substitution which Ww +++, Ya) undergoes when x describes & positive 
circuit around a. - . 
Obviously the relation must hold 


PY e LT | i (8) 


if 1 denotes identity. This suffices to show that no such systems of functions, - 
which for briefness we will call A functions, are possible with only one branch- 
_ point. -If there are two dd cd me two substitutions are inverses of each 
. other. 

It is the purpose of this S to develop the general properties of the-A 
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functions, and to establish their existence in some general cases. The analogy 
to the theory of linear differential equations is striking, and most of our résults 
will be found by methods familiar to those who are interested in that theory. 


$2.— The Characteristic Equation, 


Let a be any one of the branch-points, and A the corresponding substitution. 
If we put 
2 = Magy Aa F sse E ates (3) 
Ras Ag, +++. , A, can generally be so determined as functions of x, uniform in the - 
vicinity of «=a, that after a circuit around =a, g will change into Z = wz, 
where o ts also uniform in the vicinity of o —a. — 
In order that this may be so, the equations ` 


Ay (011 — à) + Ad + - E = 0, 

^ mn + F Anana S (4) 

os d VIP US (s cap) e 0 
must be verified, since Yj, .... , y, are EAM to be independent. Thérefore, 
the case 4, = A4 = +... =A, = 0 being of course excluded, we inust have 

Qu~ a, Ag zeco oy Ong 
F(o)=|% + 0998 |o, (5) 
O15 »° An , y Any —7 @ 


which is the characteristic equation. The above theorem will then, as equations 
(3), (4), (5) show, be true if z— a is not a branch-point of the characteristic 
equation. j 

In general this equation will have n "T roots, a; If x=a ts no 
branch-point for any of them, there will be n linear homogeneous combinationa of 
(Ya, eo Yu), Which we will call (z, Levey &) such that 


A = of o- (0=1, 8, ars wy n) (6) 
denoting always by a dash over a quantity the value which it assumes after a 
positive circuit around z — a. - 


The substitution expressed by (6) is said to be in the canonical form, and the 
system (2, ..... , z,) is to be called the canonical system belonging to x = a. 


M 
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It is important to distinguish whether: Flo) i is reducible or not. If it is 
irreducible the n roots Qj, +“. Oy corresponding to each value of y are but | 
the n branches of a single monogenic function of w, so that any one root o, can 
be analytically continued into every other root a, or, as we may also say, from 
every point of the Riemann's surface: belonging to (5) there is a path to evéry 
other point of that surface. - The multipliers o, will then be permütated if x 
describes closed circuits in that Riemann’s surface. If F(a)=0 is composed of 
_ several irreducible factors, only the roots belonging to each factor are thus inter- - 
. changeable. In paseito it may happen that F(o) is a product of n linear 
factors, Then à, -...,@, are absolutely uniform functions of æ. — 

Let us now assume that-a = : a is a branch-point of the characteristic equa- 
tion, where the y roots a, (y, » +. . , @, are interchanged cyclically, so that 


0 = (My, Og = Oz, ..o.». 1@,-1=9,, O, = @,. rS 


Let us moreover denote the A's which result from (4), when o is put equal to Qir 

by As (k= 1, 2,....,m) and the corresponding z resulting from (3) by %. . Then 

óbviously if we determine zi, ...., 2, by the same equations (3), (4), (5). which hold 
- 4n the general oae, l mE 


BS Gy, Hm Oi Roa = s By = om, (7) 


and similarly for any group of roots which has «=a as a branch-point. These ' 
‘equations willin this case. be termed the canonical substitutions instead of (6). 
l fuaa is no branch-point and a, +++. , On are unequal roots of F(a) = 0, 
oye s.. Za are independent, Hof if there were a relation with coefficients: ES T 
: uniform for «=, : 
yi b yat ns ás =0, 


by ene circuits around n= a, we would find - 


OY 1% + OY . + e... TE SN = =") 
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But unless y, = y, = +... = Ya, = 0, this is impossible, because the determinant 
O Wess. Wd De 


Q1 , (s , 1 On 
n—1 n—] n—1 
Q1 > @3 ) D On 


= (0, —03) «+... (a, —on(a, —ay) « Vice ida ce ts (@,-1 — 01) 


cannot vanish for unequal values of oj, ... . , One 
Now let «=a be a branch-point. Obviously after u circuits around a, 
(21, +... ., %), the canonie functions belonging to the cycle. of roots a1, s.e., Ou 
will have changed into ofz,,...., o/z, exactly as if 0, ...., o, were uniform 
for z —a. Suppose that there are still other groups of »,p, .... roots, the 
members of each group being permutated when z describes a circuit around 
w=a. Let o be the least common multiple of u, v, p, ete. Then from a 
relation ¢ 
ya + Ys Ho... EY = 0 


would follow by making c, 20, . PU circuits 


Qj Yi Lorya dell. FO = 0, 


pt o^ ADO, & -- of P yat He eee = AN 2, =40. 

The determinant of these n equations x 
(af — oz) .... (af — oz )(o$— os) [LE (og — af) d ... (oz -i— oz) 

can only vanish if the quotient of two o's is ao root of unity. Therefore if 
a= a is a branch-point of the characteristic equation, and if the quotient of no two 
roots of this equation is a root of unity, the system of canonical junctions, which we 
hawe defined, consists of n independent members. 

The cases of equal roots, or if z— a is a branch-point of roots whose 
quotients are roots of unity, will be treated hereafter. . l 


§3.— Invariance of the Characteristic Equation. 
Before we can treat the cases mentioned at the close of the last paragraph, 


we must notice the following theorem :. 
Jf instead of (yi, Ya +++ +1 Ya) we consider the system of functions — 


MA Mat + als F d ens Det Ts 
(cd. 2,572 n) 


x 
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where ua are functions of x which are uniform in the vicinity of «= a, then 


` the characteristic’ equation belonging to the n functions fs the same as that for 


(Yas Yar eee 9) t 
To prove this we can proceed exactly as in the os of T differential 


equations. It is therefore URLS to reproduce the demonstration. 


$4.— Form of the Canonical Substitutions when the Characteristic Equation has 
Equal Roots, or Roots whose Quotient is a Root of Unity. i 
- Let x =a be no branch-point of the A roots of (y, às, «+ TON which we 
will suppose 3a be Suo Then there will be one function 2; for which l 
m E ELI pe 
. Since yi, +++.) Yn are supposéd to be independent, e d ees, Yq Will be like — 
wise. Then we will have LL i 


a= = 0141, 


= Bus Han ie Ra 


*99929928229»99»29€99» 95 .o..on» oe 


= gu + Baay + * . + rie 


where @q and o, are uniform in the vicinity of g =a. The corresponding char- 
i acteristic equation becomes : B y 


Q; — Q, Ba paa Pa 


0 , Ba —0; +... Dus =0, 


80- » that, since F(o)-0 has the root o, 4 times, according to the theorem of the: : 
invariance of the characteristic equation, the equation ; 


Pa TN erii Ba; 


has this root 4— 1 times. The following system of linear equations 
| . ee eee i 
aC = = 2, 3, "c t3 n) 


wherpior admits of solution, and if we put 


Zg = ds + gis Hn ee hes 
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. we shall find ~ ‘ 2 DE 
UR mh (Bata + Bata t neeo + Baie) | 
Ene ob Ea) p de h 
ted. MX E: V^ eie ; 
or > l E= Ont + rh, T E 


where oy is also uniform in the vicinity of z=a. If e, is absolutely uniform 
80 18 Gs. : S Aaaa 
Now z, 5, yn ere Y can be taken as independent members of a system, 
and we can continue this process so as to find the following theorem : i 

Tf à, is a root of the characteristic. equation of multiplicity A, there exists a 
group of A functions ,, la, seee, Zy which take ió values when x describes 
a positive circuit around ed: p 
2 = 1*1, NE 
m 09% + 95, à : H . m» Xd ` (8) 


By — 04% F Out +... Fa 


If à is an absolutely uniform function of x, the same is true of the quantities ag. 
Ife = a is a branch-point for the u interchanging roots o1, . +... , 0, of the 

characteristic equation, these are of course unequal. "The case of equal roots 

can then only occur if the irreducible factor f(a) of F(a), of which o; is a root, 

occurs more than once. | Therefore ` 01, Oy, ++. .,0, Will each occur the same 

number of times A if f(a)* is the highest power of f (o), which i i8 a factor of F(a). 
. Now for one circuit arounda=a - y 


7 By = Oh, Mee a 2,1 = 9,2, Z, = 35, 
and for y circuits Gu e 


If we put e —a=8 


u circuits of x around =a will correspond to one of ¢ around £— 0 and 
G1, +++», Op Will be uniform as functions. of tin the vicinity of t— 0. ` Let 
O Oj, +... OPTI for i= 1, 2,...., u bethe A roots which are equal to œ, then, 


corresponding to each of these 4 groups E a equal roots there are > functions D 
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Zi» +.» By Which after one circuit around t=0, or y circuits and 2=0, 
change into 
Za = ofta, , l 
Za = Ojjza Hofte, - (9) 


Ba olía + olde s. - + Oo, 
(=1 2, HM l 


whiten a, and the quantities of) are uniform functions of (e—a) in the Vina 
of x —a. 

Finally, we must treat the case that «=a is a branch-point, and that 
Q,, 05, + + + +, @ Only differ by factors from cj, which are o™ roots of unity ($2). 
c was the least common multiple of u, v, etc, where these integers gave the 
‘number of branches in each cycle of œs which were > permutated by a circuit 
around z — a. Since 

: (Of SOSH +... 0% 

this reduces the problem ‘to the case of equal roots for a puie circuit, as 
` solved by equations (9). 


85 Analytical J Form of the Untal Functions in the Vicinity of the Branch- 
. point .to which they belong. 


In all of the different cases mentioned, it. is possible to find analytical 
expressions for the canonical T of functions which hold in the vicinity of 
ea. 

Let us first consider the case that all of the roots of the characteristic equa- 
tion are unequal, and uniform in the vicinity of ==a. Let f(x) be uniform in 
the vicinity of x= 9, and put 

g — el log m—a) 
Then, making a positive circuit around z — a, 
PE ` gem, 
Putting therefore "E 
m f(x) = zs logo, 2= pi O (10) . 
we find | i | 3 l 
2—o, (102) 
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if log o is uniform for «=a, i. e. if «—a is neither a.zero nor an infinity of 
finite multiplicity of o. "If a is an essential singularity, the expression (10) will 
not in general verify (10a). It will however do so, as is at once seen, if in the 
vicinity of x= a, o can be expressed in the form 


ME 


for then log o is uniform. l l 
If a is a zero or infinity of o, expression (10) must be modified. Suppose 
. that it is a zero of multiplicity u, so that 
D o = (a — a)"ol, 
. where o is neither zero nor infinite for z— a. If we put 
i ES log w log {w — a) 


2 = e ; 


then, if z is the required function for which z — oz, 


2, — oz, I) gau 
| 8 = ale, G có e 
or putting n =, 
Zi ` 
n = (æ — a)n. 
. Now let 


# [log (s —a)]* 


£g = etmi 
Then 
aod - 5 = s — a) — ár EL 
a= gis POE ( a)? + ári log (2 — a) — 4x1] = z (a — ate T, 
Therefore if 2, denotes »//2,, 


D — oo uri, 
Eg = € "2, 


which shows we may put 
an a=(s—a) Y 
Therefore we find 


1 A ; 
az, log (2— a)[log w+ = log (z —a) — pri] 
Z = 04, = ex i 23o : (11) 


If «=a is an infinity of multiplicity v, u in this expression must be 
replaced by — ». 
. Now let E (o) denote either (10) or (11), as the case demands, If the roots 
of the characteristic equation are all unequal, 





2 


Lr] - Ela) 
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i.e. denoting this quotient by ĝ; (x), ¢:(x) is uniform in the vicinity of =a, 
and can therefore be developed in a series of integral powers of x— a contain- 
ing in general an infinite number of positive and negative exponents. We will - 

therefore have 
. z = E (0) d(x). (=D mn (12) 


` We need not give the detailed proof of the following theorem, asit can be 
obtained in a manner which is familiar to those interested in linear differential 
equations, 
Lf o, isa multiple root of the characteristic equation, uniform in the vicinity of 
x — a, occurring A times, the canonical functions belonging to this group of equal 
roots, whose behavior is expressed by equations (8), can be represented in the form 


z = E (a) oy (2), i 
z = E (ox) [$n (x) + da (x) log (z — ay]; ; (13) 


- 90 0.0060000000000000m00000000d.. en ne 6O..o. o. ron. .1..4.... $ 5999 9 a. ro ...os 


za = Elo) [pa (2) + Pre (x) log (1—a) + +... E Pa (2) log (c — a 71], 


where all of the @ functions are uniform for x =a. If a, is absolutely uniform, all 
of the @ functions can be expressed in homogeneous linear functions of dy, $a, +++, Par 
with absolutely uniform coefficients. The coefficients of the highest powers of the 
logarithm, in particular, differ from $y only by an absolutely uniform factor. 

Now let x=a@ be a branch-point for the u interchanging branches 
01; Oy, «+++, Q,. The canonical furictions in this case are those for which 


By = gm eee ey 241 has 2, = 01%, 
. if the quotient of no two o's is a u™ root of unity, The expressions 


gi 108 log 6 — a - t= 1, 2,. ns .; u) 

' have the same property if œ, ...., o, do- not vanish or become infinite for 

x= a, and a slight modification of (11) gives expressions which have the same 

property if à,,...., o, are zero or infinite for z— a. It is only necessary to 
multiply (11) by (a — a)*^ if à is the multiplicity of the zero or pole. 

Again calling these functions E (o;) in either case, we have 


Hon A E a Eu ET 
o lr) 
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1. e. if we put 
Fo) (0;) = =4, ula), 
al, (a), +... , Yu (£) are permutated by a circuit around 2=a. They are there- 
fore the roots of an equation of degree u whose coefficients are uniform in the vicinity 
of x=a,and 2; ...., 2, are represented. by — 
2, = E (o) Y, (x). (1213 Ben 0110) (14) 
In the vicinity of a, (x) will be developed in a series of positive and negative 


_ powers of (z — ay. If 
he) = Plis—] +P [3]. 


E H 
then y, (x) = P Le ES -a gi 1] + P, l= ee ya] s 
where a is a primitive u root of unity, namely, a 
xi 
qeu, 

Jf x = a ts a branch-point for the root o, and if this root, and of course also 
the other roots belonging to the same cycle 007, »... , 0, , occurs more than once, say % 
times, there will be 2, canonical functions corresponding to the root. o, , l 

m= E e Yn (2), RE l 


: : L 
omm (o) pes (e) + e e oen boa cae) | 


1 
where all of the Y functions are uniform gusce of t — (x — a)" in the vicinity of 


e=a. lf o, is an absolutely uniform function of ale all of the | functions 
can be expressed as homogeneous linear functions of Wy (x), .... , bu (x) with coef- 


cients which are absolutely uniform functions of (a — ay. 

A similar system exists for the A(u — 1) roots equal to 9; Os, O: 
respectively. 

If finally a, 0, .. :. , o, are roots of the characteristic equation whose quo- ` 
tients are roots of unity, there exists a system of v canonical functions of the 
same pion as (15). 
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$6.— Cogredient A functions, and functions of the same kind and olase. 


We will call two A functions (y;, ... , Yn) and (yj, ..., y4) cogredient if they 
have the same branch-points and the same group of substitutions.. This term, 
borrowed from the theory of invariants, was used in the theory of linear differ- 
ential equations.as I believe. for the first time by Klein. It is.a generalization 
of the notions of class and kind which are due to Riemann and Poincaré. 

We will say that two A functions belong to the same kind* if they have not 
only the same branch-points and substitution group, but also have those singular 
points in common in whose vicinity they are uniform, but i in ch they have no 
definite, finite or infinite value. 

If, finally, for two A functions of the same kind the poles also coincide, thoy 
are said to belong to the same class. 

We will here be principally concerned with the most general of these con- 
ceptions, which is that of cogrediency. 


TE (Yas yes yu) (Yir Yas errea yo (YETI, y... Ye?) are A 
Pens of ein A functions, obviously ilió system 
yf" = UY: $ wyi eee F ta ye, (16) 
(5251,94. os) ' 
where uUo, 4, "TU are any uniform functions, is also cogredient with 
Dig 3 £v ss 


If between A + 1 systems of cogredient A functions there is no relation of 
the form (16); they are said to be independent. Then the theorem holds that there 
can be no more than n independent cogredient systems of A functions. 


For if (Yis... ya «s (yf, ...., y") are n +1 systems of cogredient A 
functions, and we define g,,...., g, by : 
yc gt sos ny = | (17) 
HER A 
it follows at once that g,, .. ++) Jn ATG uniform functions of æ. For g,....g, are 


equal to the quotients of the determinants which are obtained from the matrix 


1 : 
yi Yi, yt? 


*s*9928229922»»2959 




















* We have translated M. Poincaró's “ espèce” by kind. 
tCalled by Fuchs ** Unbestimmtheitsstellen.”’ 
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by omitting always one vertical line. Now when æ describes a circuit around a, 
each determinant is multiplied by the determinant of the substitution A,. Their 
quotients are therefore uniform. - : 

This result is perfectly analogous to Riemann's theorem, and can be stated 
as follows: 

Any n+1 systems of cogredient A functions verify a homogeneous linear rela- 
tion with uniform coefficients. 

The same is true of n + 1 systems of the same kind or class, except that the 
uniform coefficients must then be subjected to certain conditions, as in. the fol- 
lowing theorem : a 

If the development of the canonical functions in the vicinity of every singu- 
lar point, and for all of the n + 1 systems, contains only a finite number of nega- 
tive powers, the coefficients of the linear relation are rational functions. 


§7.— Linear Differential Equations. 


When. the fundamental substitutions have constant coefficients, 


dy, dys dy, 223 
du) us oy Sp) are of the same class as Qni o Yn) and this imme- 
diately shows that (y,,...., Y») are integrals of a linear differential equation 


with uniform coefficients. 
But there are other cases in which A functions are connected with linear 
differential equations. Let S denote any substitution with uniform coefficients, 


and let us put 
y= Sm), n= S! (y). 


Let Y, be the substitution which *,,....,*, Buffer if x makes a circuit around 
x=. Then 


A, = S3LS - 1. 


-Now if all the substitutions DA have constant coefficients, Ni) ++ ++ Nn are a funda- 

mental system of integrals of a linear differential equation, and y;,,...., y, 
therefore verify a system of n linear differential equations of the n™ order. If 
therefore all of the substitutions A, can be expressed in the form 


A, = SUS”, 
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where A, has constant coefficients, and we put 
Y = B (yi); 


then ,..... ,*. constitute a fundamental system of integrals for a linear 
differential equation of the n*^ order.* 
“lt may also happen that certain linear homogeneous Caos of . 
(915, Yn) and of the derivatives of y,,...., y, up to a certain order, can be 
found sud that they are cogredient with y,,...., Yn. If those combinations 
are repeated n times, a system of linear differential equations is obtained 
which y,,...., y, must verify. 


$8.— Case that all Substitutions are Transformell into the Canonical Form by the 
same Transformation. . 


The results of $5 obviously prove the existence of A functions having only 
two branch-points by giving their complete expressión, the branch-points being 
v= a and. = æ in the formule. But instead of the latter, any other point 


may of course be taken. The functions z;,...., z, which are canonical for 
x= a, are also canonical for z = b. 

In all cases in which the functions z,. ..., 2, are canonical for all singular 
points 4, d, ...., a, at the same time, we can construct our functions without 


difficulty. Let us confine ourselves to this special case, which will he useful by 
showing in a very obvious manner certain relations which in the more general 
cases remain more or less obscure. 

Our case will be even more special than this. Let all characteristic equa- 
‘tions havé unequal, absolutely uniform roots. In addition to the m branch- 


points, di, à5,...., Am we will take «=o as branch-point (in general) with its 
substitution A, so chosen that the relation is verified : 
l A, Aj»... AL A, — 1. 


The n roots of the characteristic equation belonging to a, are to be denoted 
by 04, Om... -s Om Then yi, ...3, Yn will be homogeneous linear func- 
tions of 


a= T] B(on)%(@) (bsp Fas) 








*I have been informed that Halphen has noticed this, but I have not' been able to find the reference 


in the books at my disposal. 
1By a linear transformation. 
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with uniform coefficients. ,(x) are uniform functions. This shows that these 
.funetions as determined by their group still contain n arbitrary uniform func- 
tions. 

Since each z function is a homogeneous linear function of Yj, +++... , Yn With 
uniform coefficients, z,,...., 2, must be uniform everywhere except in the - 
vicinity of 2, %y,++...+., am, o. Now let b be a point which coincides with 
neither of these points, and let æ = b be a zero or infinity of some of the o, func- 
tions. .For briefness we will omit the subscript Æ, thus 


m Il £290. 


If o; has a, for a zero or pole (counting the latter as a negative zero), we have 
E (o) = Jim log (z— a4) [log «i + 4 #4 log (s— a) — uxi ] ; 


and this holds also if a; is no zero of o;, if then we put o; = o;, u; = 0. 
Let x = b be a zero of o; of multiplicity »,. Then 


al = (a — yat 


where «;' is neither zero nor infinite for z— 5. But then in general b will 
become a branch-point for z. g will be uniform in the vicinity of z =b only if 
the coefficient of log (x — 6) in the erponental vanishes, i. e. if 


De log (2 — ay) = 0, 


which is only possible if », — 0, i. e. the points c a, and the iS o, cannot both 
be taken arbitrarily. _ If the singular points a, are given, the multipliers must be 
so chosen that they have neither zeros nor poles which are different from these 
points. But, as is seen in the same way, a, also can neither be | a zero nor a 
pole of o, except fori = k. 

. This suffices to show that the zeros and poles of the roots of the character- 

istic equations merit especial attention. The results of this paragraph can partly 
be. generalized, but it is not our intention to push this investigation any further 
at present. l 


$9.— Generalized H ypergeometric Functions. 


It can be easily shown that the théorems of Gauss for the hypergeometric 
series F(a, B, y, æ), such as the “relationes inter functiones contigues,” the 
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development into a continued fraction, the criteria of eos the relations 
between functions having as fourth element x and 1— z* and the representation 
by definite integrals, have the character of identities and do not essentially rest 
upon the assumption that a, 8, y are independent of x. If then a, 8, y are 
taken as uniform functions of c, which is the generalization which we have in. 
mind, these theorems will remain true. The substitutions which two functions, 
for instance those defined in the vicinity of æ = 0 by 
[3 = F(a, B, y, 2), 
y= F(a +1—y, @+1—y, 2—y, "m 


undergo when œ makes circuits around z = 0, z— 1 and «= œ will then have 
the same form as when a, 8, y are constants, but their coefficients are now func- 
tions of a. Of course y, and y, are no longer solutions of a linear differential 
equation in general. 

The validity of the relations between the above functions y, and y, and 
hypergeometric series, whose fourth element is 1—.x, is especially important 
from our point of view. The proof usually adopted which depends upon the 
differential equation is of course unsuitable for the general case. But we can 
immediately apply that method of proof which starts from the definition by a 
definite integral. 

The relation 


ie (1 — ay (1 — zu)-*du 


(18) 
[v (1 — u)’ du 


Fo bB, y, o) = 2 





in which the denominator equals B (8, y — 8), remains true if a, B, y are func- 
tions of x, provided that l 


R(B)>0, R(y—8)>0, R@)<1,  . . Q9) 


i. e. for such values of x for which these inequalities hold. But if these inequali- ' 
ties are not fulfilled we will have to consider the double-loop integrals which 
have a definite sense, whatever values a, 8, y may have. 

We could essentially follow the course of reasoning given by Klein in his 
“ Vorlesung, Ueber die hypergeometrische Funktion,” Göttingen, 1894. Only 





* Called by. Fuchs '* Uebergangssubstitationen.” 


Group: of Linear Substitutions with Uniform Coefficients, 101 


some obvious points need closer consideration if we wish to determine the func- 
tion theoretic character of our functions in that way directly. 
It suffices to give the result. The double-loop integrals 


" = few 192 (e — u)-*du, 
y= fu 19797 (e — uy edu, 


the integration being on a double loop around 0 and x, and around 1 and x respec- 
tively, form the elements of a A function with the branch-points 0, 1, œ. The substi- 
tutions belonging to 0 and l are 


= gir, 0 ds. ue irum 
4 — E. (1— ert). »! A; E» t $ ¿20 ) , (21) 


(20) 


while, of course, 

A, = Av MATL . 

The points «= 0, 1, o» are not the only singular points of the A function 
: however. But these other singularities are only infinities in whose vicinity the 
function is uniform. They can be easily found from the representation in terms 
of the hypergeometric series. 

The A function (20) will not in general verify an algebraical differential 
equation with rational coefficients. For if we put y — 8 —1 = 0, y, will essen- 
tially become equal to an Eulerian integral of the first kind B (a—y +1, TORRE 
Putting further y — 1, and therefore 8 — 0, 


y 7 B(a—y-1 o (o —a+1)= O = _ mn 





sin na 
This verifies the equation 
dy N? 4 yos y 
(e) =v (14). 

whence |f dy NL y N/ da y 

00 Gr) 
Therefore y, A, ar ay can be expressed as algebraical functions of 
Bin 700, A Y Sed I .' Now if there were an algebraic relation Pa 





* For the proof when a, 8, y are constants, see Schleisinger, Hand. d. Lin. Diffgl. vol. 1L pp. 460, , 408. 
14 
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y, du. Y 

ie tt an 

relation between sin za dae gu ; Computing sin ma from this rela- 
"deos dae 


. tion, differentiating with respect to a, and eliminating sin a, an algebraical 


: nt ly 5 
relation between e podwy ai results. But we can choose a as uniform 
function of z, so that this is impossible. For instance, if we put 

o, =T (x), 


a function which, according to Mr. Hólder,* verifies no algebraical differential 
equation with rational coefficients, y will have the same property. In general, 
- then, if a, 8, y are any uniform functions, the A function will not verify a 
differential equation with rational coefficients. It is an entirely different ques- 
tion, however, whether it may verify such an equation with uniform transcen- 
dental functions. 
We will prove one general theorem. about euch differential equations in the 

next paragraph. 
l The A functions found in this paragraph can be easily generalized. The 

essential property, which must be retained in this generalization, is the represen- 
tation by definite integrals. 


$10. — Diferential Equations. 


Suppose that (y, +...., ys) is a A function, and that at least one of the 
characteristic equations belonging to some one branch-point, has absolutely 
uniform and distinct roots. Then there exist n functions 


2= Age E Aas F + ++ + F Alis (22) 
(62 1, 2, ....,m) 


" where Ay are uniform functions which, for a circuit around that branch-point a, 
undergo the substitution - 


2; = 0% E e (23) 
Now suppose that (yi, ---- , Yn) verify a system of algebraical differential equa- | 
tions with uniforin coefficients, 
Deus Yas ----3 y.) — 0. oa)” (24) 





* Holder, Math. Ann., vol. 28, or Moore, Math. Ann., Bd. 48. 
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Then substituting the values of y, found from (23), z as ...., % will also verify 
such a system with uniform coefficients 
A (21) Zer e002, 2%) =O. (bes 1,2, 8) (25) 


. But from (25) & system of n differential equations can be deduced, each of which 
contains only one HARROW: function z,.. Thesé equauibns will appear in the 
form 


du, dz, d AN 
ea h(a, tay Gey eto Some) 
where F, is an algebraic function of TET re a and of the coefficients of 


(25). These equadons can therefore be reduced to the form 
E, (%) = 0, (4=1, 2, -.-., n) (26) 
d^z, 


% with coefficients which 





where &, is a rational intégral function of zz, WIS Ps 


are uniform functions of æ. : 

Let E(z) =0 i (27), 
be any one of these equations. If æ describes a circuit around æ= a, g changes 
into oz, where o is a uniform function, while the coefficients of Æ remain unal- 
tered. We must therefore also have . 
E (a2) — 0, ZEUG = (28) 
i. e. oz must also be a solution of (27). 

Let the equation be of the n™ order and of the m' degree. We can write 
for the left member of (27), 


| Ely) =En(y) + En- LQ) +o AG) BY), |. (29) 
denoting by E, a homogeneous polynomial of degree k, 
EY) = Spa: yy ~~~. 9s | (30) 
(4, %, ----14=0,1, 2,...., n) 


where Piri... 4 &re uniform functions.* 
l In such an assemblage of terms we will call those terms the highest for 
which the sum of the indices 

4 T4 X seau ty 


ey 


# yia denotes di. as mana 
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has the greatest value. We always have y : 
44H. Sn. 500 (k=1,2,..-.,m) 


Now (29) vanishes for y =z or for y—az. Putting y —o2, we have | 
y = ox? + (5 odo + pee 


which shows that the highest terms in £, (oz) differ from those in E, (2) only by 
the factor o*. If we divide Æ (wz) by o", which is of course different from zero, 


the highest terms of E(z) and ax E (on) wil be identical. If all of the other 
terms of these two expressions are not identical we will have another differential 
equation for z, y s P 

| El) — = E(w)=0, 


. in which the highest terms of the m' degree are at least by one lower than in 
(27). We will say that this second equation has a lower type than the first. If, 
then, z does not verify a differential equation of lower type than (27), a suppo- 
sition which we can make without loss of generality, the corresponding coeffi- 


cients of E (z) and E E (wz) must be equal. 
Now suppose that py, .... 20752... , gmd is the highest term in E... (2). 

The corresponding term in E,. (02) E Bra ee oe . an an. 
Therefore 


1 
a Pita baa? 


Drk, ccoo i7 a 


which would give o= 1 if Per... did not vanish. But that would make z 
uniform in the vicinity «=a, which is contrary to our supposition. ` Therefore 
Das styl, =O. l 
And since this is the highest term of En (2), 
! Eni (2) = Eni ()— c E20, 
i. e. the differential equation reduces to 
En (2) — 0. 
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Tt is homogeneous. But according to (22) it is at once seen that if the character- 
istic equation belonging to at least one branch-point has absolutely uniform and 
distinct roots, the system of differential equations with uniform coefficients, if any 
exists, which the elements of this A function verify, consists of homogeneous equations. 
Let us give a simple example. In the generalized hypergeometric series, 
—14% =e a(a + 1)8 (B + 1) 
=14+ 5 nd 13 «0-1 +- 


let 8 — y, and let æ be any uniform function. Then 








y=1+ iD? ds e Da ms ¿== testi, 
Therefore 
1 dy _ 
y de 
de d'y 1 /dy 1 Pa 
y de + (da) = teat de ita Ta dos 0-9. 
Whence . 


da 1` dy — dapi Py 1 wy") 
dà y de daly de ' y vds 


ES gee © ear 


or 
Pa 
à E dy 1 da? da | 1- 
a (4 da! ds! de x cef "dx de Jia |! 
da da 


a as quadratic equation for y. If a is a rational function, the coeffi- 
cients are also rational The equation is a non-homogeneous linear equation for - 
log y. The most general homogeneous quadratic equation of the second order . 
which can be satisfied by A functions is such an equation, linear in log y. 


$11.— Conclusion. 


Confining ourselves to the behavior of A functions in the vicinity of any one 
branch-point, we found no diffieulty in deducing general results. But we could 
only study the functions for all values of a by limiting ourselves to such special 
cases in which we could give analytical expressions defining them. In the case 
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of constant coefficients of the obert not very much more has been done, 
the group is supposed to be given. A direct existence-theorem as required by 
. Riemann's principles has only been given by Klein for a linear differential equa- 
tion of the second order, the roots of whose determinating fundamental equation 
are real. We have not'been able to find any proof of this kind, but have been 
satisfied in verifying the existence of such functions d nx a8 definite 
. integrals. ; 
There are some lines of investigation which seem to be promising, First, 
we can investigate the A functions expressible by definite integrals. Secondly, 
. starting from the conception of cogrediency, we can attempt to formally find 
systems of combinations of (yj, «+++, Ya) and their derivatives, which are cogre- 
dient to (y;;...., Yn) and thus find differential equations which the functions 
belonging to a certain group must verify,if they exist. Finally, these equations 
will also be found by continuing the formal process used in $10. The conditions 
that the differential equations thus found are integrated by A functions can then 
be investigated, as well as the functions themselves. The inversion problems 
associated with such functions will be of especial interest and HHDOFRABGO, 
Cmoaao, Feb. 27, 1898. ` 


The Partial Differential Equations for the Hyperelliptic 
©- and ¢-Functions. 


By Osgar Borza. 


The partial differential equation satisfied by the hyperelliptic O- and 6-func- 
tions, which furnish the recursion formule for the expansion of these functions 
into power series, have been first established by Wiltheiss in a series of papers 
published in Crelle's Journal* and the Mathematische Annalen. Two steps 
can be distinguished in his deductions : l 

First he establishes a system of partial differential equations for a canonical 
system of integrals of the first and second kind or their periods, the differentia- 
tion taking place either with respect to the roots or with respect to the coeffi- 
-cients of the polynomial on whose square root the integrals depend. 

From these preliminary differential equations he derives, in a second step, 
thé final equations for the O-functions by several different methods, all of them 
indirect and rather complex. 

- The principal object of the present paper is to Cosita this part of Wiltheias’ 
work by simpler and more direct proofs. Two such proofs are given in $4 and 
$5: the first proceeds directly from Weierstrass’ definition of the most general — 
O-funetion by means of an exponential series without using any further proper- 
ties of the O-functions; the second starts from the expression of the O-functions . 
in terms of the 3-functions, and makes use of the well-known partial differential ` 
. equations of the 3-function.- In both proofs the work is vastly simplified by the 








* Bd. 99, p. 236 (1884). 
t Bd. 29, p. 272 (1886); Bd. 81, p. 184 (1887) ; Bd. 88, p. 267 (1888). 
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- use of the notations and methods of the theory of matrices* which has already 
been so successfully applied to the treatment of O-fuñctions by Baker in his 
book on Abelian functions. 

The preceding §§1 to 3 contain a simplified proof for the vara differential 
equations satisfied by the periods of the integrals of the first and second kind. 
For independent variables I have chosen the branch-points, as Wiltheiss does in 
his first paper; it seems indeed, from the simple recursion formula given by 
Brioschi} for the expansion of the even G-functions of two variables, that differ- 
entiation with respect to the branch-points will, in the end, furnish simpler 
results than the Aronhold process which Wiltheiss uses in his later publications. 

The two concluding $86 and 7 contain applications of the previous results 
to Wiltheiss' Th-functions, to that class of G-functions for which—in Klein's 
notation—u = 0, and to the VOXEIOSMOR of 8(0, 0.... 0) in terms of the branch- 
points. . 


§1.— Notations. 


I use throughout the notations of Weierstrass’ Lectures on Hyperelliptic 
. Functions of Winter 1881-82, with the same slight modifications adopted in my 
former papers “On Weierstrass’ Systems of Hyperelliptic Integrals of the First 
and Second Kind,"f and "On the First and Second Fopsrtume Derivatives of 
Hyperelliptic 6-functiong."$ 

Accordingly the Ayperelliptic curve is denoted by 


Bp +2 


y= R(x) = Sur 7) Lat ‘= AT] 6—0), (1) 


120 
AC E 
na fett a=1,2....,p 


are a system of p linearly independent integra ls of the first kind. 





* Cayley, '* A Memoir on the Theory of Matrices," Phil Trans., vol. 148. See also Taber, On the 
Theory of Matrices,” American Journal, vol. XIL; Weyr, “ Zur Theorie der bllinearen Formen, Monats- 
hefte für Mathematik u. Physik, Bd. 1, and Baker, * Abel’s Theorem and the Allied Theory," Art. 189- 
191, 405-410. 

1 Göttinger Nachrichten, 1890, p. 238. 

i Papers read at the International Mathematical Congress, 1898, p. 1. 

$ American Journal of Mathematics, vol. XVII, p. 11. 
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F(x, £) is an integral function of æ and £ of degree p +1 in either variable, 
satisfying the three conditions: 
F(E, 2)= Fs, E. . 
e, AE EÐ =R(E a E . (8) 
OF (x, £) = ] i 
( du = iE (E) ’ 


R' (x) denoting the derivative of R (x). 


The integral 
fe £) dæ 
a — E) yn 


—where „°= R (£)—is of the second kind; its only poles are the two conjugate 
points (£, +1), and in the vicinity of these poles an expansion of the following 


form holds: 
F(x, E) Fl 5 = 
“If a be a branch-point, the integral 


y is again of the second kind, 


has but one pole a, and admits in its vicinity the expansion 


SBR - EG eo) A 


The polynomials of degree p — 1 g. (2), together with the function F(x, E), 
determine uniquely p polynomials g, y, (w) of degree 2p at most by. means of the 
fundamental relation í 


g: Gu. ()_d F(a, E) 
a Eee- TE TE (5) 








The p integrals 


sco fta "T 


‘are of the second kind and constitute, together with the p integrals w, , a canoni- 
cal system of associated integrals of the first and second kind. 
15 : 
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In the following developments no special assumption concerning this 
canonical system is made except that we suppose the polynomials g, (x) to be inde- 
pendent of the Md id Ax. i 

The letters a, 8, r .. are always used for summation indices running 


from 1 to p; 2, means y Y. whereas the symbol Y denotes summation over 


a=] p=1 (a, 8) 


all the pei) two-combinations of the numbers di p: 


§2.— The Daehn of the Integrals.of the First Kind with Respect | to a 
Branch-point.* 


Let a be any one of the 2p + 2 branch-points a,; we propose in this $ to 
determine the partial derivative of the integral w, with respect to a. l 

Following the example of Klein and Wiltheiss, we unite the p integrals w, 
into one by introducing a parameter £ as follows: Let A, (E) , A4 (E), ... ., h, (E) 
be p polynomials in £ defined by the equation 


-97 =P o 0). (6) 


The he (É)'8 will be of degree p —1 at most, linearly independent, and indepen- 
dent of a, Hence, if the path of integration be likewise independent of a, 
: Ow ð p. 1 (x — EY" dz 
ha (E) Se = d=} ; 
L^ da J Qa y "cs (e—a)y 
This is an integral of the second kind; in order to express it in terms of the 
integrals Ww., %0,+., notice that its only pole isa and the expansion in the 


vicinity of a: 
x Ey a ay} ane 
y '( "9^ 


Hence, according to (4), the integral 


aer?  (a—Ey-! F(a,a 
SU Ix -i PD Beals : 


is of the first kind; the expression in the bracket [ ] is therefore a polynomial 


M 


* Compare for this § also Schroeder, “Ueber den Zusammonhang hyperelliptischer c- und 9- Funo- 
tionen," Diss. ee 1890, 89. 











for the sae ad O- and G-Functions. 111 


in x of degree p — 1 at most, and the same is true with respect to £. We may 
therefore write 


T I ee F(s, a) Sy 6 (x 
i =a) -2 «ag. (2) hy (E), (7) 


(x— a 


the x,,'s being independent of x and £. 
The integral of the second kind, 


: F(x, a) dx 
: Joc : 


is at once expressible in terms of the integrals w,,, by means of (5), viz 


| pese. zi 3X9 (na. 














We thus obtain 
0 x — E" de a— Ey? a — EY Flo, de 
aft = fs e-E- = —í FÉ Fea) de i 
21 4 dud (8) 





To obtain from (8) the derivatives ae it only remains to arrange, by 


means of (6) and (7), both sides according to the functions hs (£) and equate cor- 
responding coefficients. l 
If, in particular, we suppose the path of integration to be closed in the 
Riemann surface, and denote by 
20, and 2»,, 


the corresponding perioda of the integrals w, and w,,, respectively, we 
obtain the 

Theorem I: | 

The simultaneous sable 20,, 25, of the bli Was Dota satisfy the differen: 
tial equations 


oe -F RO m, 2S 


the quantities x, being defined by (6) and (7). 
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§8.—The Derivatives of ihe Integrals of the Second Kind with reped to a 
Branch-point, l 


To obtain the derivatives One we start from equation (b), in which we 


interchange x and £. Differentiating with | respect to a and Integrating with 
respect to x along a path de pa of a, we obtain l 


OF (a, E) 
XXL EIE da [eer MER ME m 


The integral on the right-hand side is of the second kind; its poles are x= a 
and. the two conjugate points (£, +7). In the vicinity of a the expansion begins 


with the a . 
4 IS £) 3 (ar, 


which is at the same time the first term in the expansion of . 
y. F(a,f) F(x, en -i 
. ee Tf rem (z—ajy 
according to (4). 


In the vicinity of (£, + x) the first term of the expansion is. 





EL 1 
| | aa? | 
since . À ga F(z,£)-— R(E) +4 P (£(s—£) + 4/4974. y 
and therefore 
OF (v, OR (E - 0, 
Ari E) — re) +... EE e 


But this is, according to (3), at the same time the first term in the expansion of 
M 6 a, E) de 
4(£ G — 3 s— éy ` 
. Hence, if we put for shortness, - 


g — 


|. Fo, a) PE, a) 
++ 5) («— ay (E —a)' (10). 


ay 











2g u— 


^e oci 
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the integral | pato £) de 
y 


is of the first kind and consequently A(x, E) a polynomial in z of degree p —1 
at most, and since 


A (x, E) — A (E, a), (11) 
. the same is true with respect to. the variable &.. We may therefore write ` 
A (x, £) — «9. (2) 90 (E), ; (12) 
«B C 


where 2,4 is independent of z and £, and moreover 


auc. (13) 
` Equation (9) may now be written dS 


pola) fee 


F(x, E) dz Ses a) P(E 
Hf p Sep i oe ay Lay: E— ayy 


and if we express the two last integrals in terms of the integrals w,,, by means 
of (5) and let the path of integration be the same closed path as in $2, we obtain 


y n. — X a (E F(£, a B a 
SN ol 


From (2) it follows that the expression 


EE 133 a) ga (a) 
O O 
remains finite in É =a, and is therefore an integral function of £ of degree p —1. 


In order to arrange it according to the functions g, (£), multiply by A¿(t) and 
sum from B= 1 to 8 — p: j 


prono 6255 -Ere 69 Y os 
according to (6) and (). Hence follows ` 


ae (E) =D, x 9. (E). o Q4 
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Thus we obtain the 


Theorem II. ` 

The simultaneous periods 2o., 2», of the anida Way Wp 4a satisfy also the 
differential equations 

Om. 
Aue 2 Aap Op e Xap Tig f (B) 

the quantities Xaa ANG Ags being MTM by (7) qus (1 2). 

Let now 

Bend (15) 
^ 29: ea 


be a canonical system of periods of the integrals w, and w, , , respectively. The 
differential equations satisfied by these periods, according to (A) and (B), may 
be written in an abbreviated form by the use of the notations of the theory of 
matrices, Write in a general way 


M= (Mag), 
the first index always referring to the row, the second to the column; let fur- 


ther M denote, as usual, the matrix derived from M by interchanging the rows 
with the columns (‘transverse of M"). And write finally 


HM | Ste) om, 


^n __ (29, (a) gs (a 
r= (ato 


With these notations and with Oayley’s agreements concerning multiplication ' 
and addition of matrices, the 4p? differential equations obtained by applying 
(A) and (B). successively to the 2p period- paths, may be combined into the fol- 
lowing four matrix equations: 


SQ = cm e (A) 
Saw  KQ'— TH, ; l 
ôH ER (B) 
ôH! = — AQ! — KH'. 
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$4. — The Partial Differential. Equation for the  O-Functions : First Proof. 
Weierstrass’ function* , 
-© (ty, Ug, eee ey Uy m, n). 
, associated with the canonical system of integrals w., w, +a and the canonical 
system of periods (15) is defined. as follows: 

Let the three matrices A, B, T be defined by the equations 
2AQ =H, Aem. 2BQ/ = T. (16) 
Sincet 
l üs-Ho, of - o, 
it follows that 
that is (27) 
Then 
© (U, Uy eee oy U5 m, n) 
l d e? (thy Mg, creer thos Fy Eann Mack gy verry Vp + mp) + sione (va Tha), (18) 


Y, Pay sese s Pp 


where 
P (Uy oe Uy, Vy one Vp) E Aag Ue Ug + ani > bag v. ug + ziv Ts V. Vg 
: a B a, B a, B 


and the indices »,, Y, «+.» , v, take independently all integer values from — œ 
to + o. ; 

The object of the present § is to express the derivative of © with ianei 
to a branch-point a in terms of O and its first and second derivatives with respect 
to the u,’s. Since a is implicitly contained in the quantities dag, bags Tas, We 
havef i . 


20 — 00 0a, | s 20 ay | 5 20 Aug 
ia, de "2i. da ah, Du 
xo 90 dra | y 00 Ar 
+ ite: x 2x m 0 








*** Lectures on Hyperelliptic Funotions,? and Schottky, "^ Abel'ache Funotionen von drei Varia- 
beln,” ¿1; Baker, ''Abel's Theorem,” ete., Art. 189. 

f These are, in matrix form, two of the well-known bilinear relatione between the periods (15) ; see: 
Baker, Art. 140. 

{t Compare for the notation end of ¿1. 
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a). The partial derivatives of © with respect to a.p, bag, Tag: By differentiating 
the series (18) on the one hand with respect to the quantities dag, 0,5, Tag, on the 
other hand, with respect to the u,’s, the following theotem is easily verified : 

Theorem III. 

Considered as a function of the quantities 


Was ad bus, Taps 
Weierstrass’ function - 
O (ty, Uy +...) 5 m, n) 


.satisfies the following partial differential equations : 
20 | 


a as Oleg 
= 20., asus + ba a 
2e = 20. [ap + 27 ates a DIE: ee 


du, du, — 
+ 25) Gag y, 22 bos B 4 27 DN b, 2 x bb os ES] 
a, B 


= M, Up- O, Bro 





(C). 


where Y indicates that in the summation the terms for which B — o are to be 

a, B : i : j ; 

The three systems of equations contained in (C) can again be written in the 
form of three matrix equations. Let 





29 Bra áo. Bra 
Jag OT, i 
mad e LIN 000 (x) 
: ` 9 —— B =a' 8 = 0 
Qa, 437. 


_( 20 ait =| 20) w_( 99 ) 
Palo), T= jute, Y-jexm2 Vla] 
and observe that M= M, N=N, U=U, W= W. With these notations the 
three matrix equations replacing (C) are : 


V= 20. UÄ + PB, 


M= 20. U, | 
W= 20.(A— 2AUA) + 2(AV + VA) + 2m BNB. 


(v) 
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In these equations O plays the part of a scalar factor; they can be immediately 
solved with respect to N and P, and in order to obtain P we have only to 
remember that for any two matrices A and B the rules hold- 


and AB = BA. 
b). The derivatives of d.g, bag, Tag with respect to a can be found by combin- . 
ing (A’) and (B^) with (16). The matrix equation 
l . |. 24Q — H, 
written non-symbolically, reads ; 
2, Aap Ogy = Nay) 
8 


X 2a, 90, — Ma 
22 Gat Om + 220 da! da’ 


hence 


and if we denote i 
— (204) yp (Abe) ap. (Ore) 
ael B= or= ae 


the last equation may be written in matrix form 
|. BA.Q + 24.80 = 6H, 
similarly ; ôB.Q + B.6Q=0, 
JQ.T+ Q.6T = 6Q/. 
Substituting for Q, åQ, 5H their values from (A^, (B/) and solving for 64, 
OB, òT, we obtain the 
Theorem IV. 
The expressions for the derivatives of the quantities a.g, bag, Tag with respect to 
a branch-point a are exhibited in the following matrix equations : 
| © A= — 4A — (KA+ AR) + 2414, 
8B = — B(K— 21A), | 
6T—  mBrB.. 


e). We now return to equation (19). Using the notations (20), we may 


write it à Acca 3 
e y, 9 e Tag 
Se IL da TEL Ba 


(D) 


16 
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This expression can be made accessible to the methods of the theory of matrices 
by the following remark: . l 

Let, for any square matrix A of p* elements, {A} denote the sum of the 
elements in the principal diagonal,* that is 


4) =Y ta. 
From this definition of the symbol {A} follow at once the following rules : 
{A} = 14], | 
{A+ Bi = {4} + {B}, 
[AB] =Y dug b, = (BA). | 
a, B 
From the last equation follows: | (21) 
{ABO} = {BOA} = {0AB} 
and = 
ae 2 ab = {4B} = | TB}. 


a, B 


Our expression for ce may therefore be written 


. Qa 
=/4M.34+ P. 8B - 4 NST. 


If we substitute for M, N, P and 84, ôB, 3T their values from (C), (0^, (D), we 
obtain 


29 — (16. UA— 0.AT--G(UAK — UKA) 


+ 29 (AUAT — UADA) + (2VTA — AVE — VAT)-- 4 Wr — VE}. 


This expression simplifies considerably, if we apply the rules (21), and remember 
that d= A, U= U,T =T: 
{UAK} = {KAU} — (KAU| = {UKA}, 
{AUAT| = { UAT A} = ITAUA], 


|o e» 
Į PTA} — {AVP} TAY] = {VAT} = | VAr}. 





* Since the above was written, I found that the operation 4 A } has been studied by Taber, in his 


paper ** On the Application to Matrices of any Order of the Quaternion Symbols S and V," Proc. London 
Math. Sooc., vol. X XI, p. 67. 
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20O 
Thus EA reduces to 
29 


={40. UA—0. AT — VE + à WT], (23) 


and returning to non-symbolical notation we have the 
Theorem. V. | 
Weierstrass’ most general O-function defined by (18) satisfies the partial difer- 
ential equation. 
20 „(a 
A E [2 ht. Up + De ( Ku Ae] 


g(a) gea) P 
ys 45H o arcu © 





the coefficients x. and A,» being defined by (7) and (12). 


$5.— The Partial Differential Equations for the O-Functions: Second Proof. 
According to Weierstrass, the function 9 (ua 2.2. U; m, n) is connected 
with the function 


T Va v» Ir: va à k . E 
$(v....0,; m,n)— > ZESC PE ei +g) (Vat mq) (24) 


PIa ee hy 
by the relation | 
O(u....u; Mm, N) =E eS, v eee, v; m, m), (28) 


where | l 
g(u .... Up) =F äs U, Up |. . (26) 
aB 


and the v,'s are determined by 
U, = > 20,5 Ug- (27) 
X : | 


The function 3 satisfies the partial differential equations 


a _,.0) PS _, as 
ELLO Rd (Ba) (38) 


Hence 
20 


— gg ee Og (ur . 
d c DE ae 


a). Since a is implicitly pained in the v,'s as well as in the c,,'s, we 


95g 
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have 





os = O3 Or, es ə 
a 2a re aa + Qv, ro 


or on account of oS c 


p 
li 





PI Otay y ay av, 
zr 


= Ov, Ov, gas e — do, da” 


The first term on the right-hand side may be Atm 


A al 
4m| ` 9v, vel S 
But from (27) follows 


(23 )_ 5 (29 ) 
| dv, dv, | = à | Ou, Qus 


Substituting this value and the value for 37 from (D), and making use of (16) 
and (21), we obtain 

1 FI Ov =f ( AS | | : 

Exi 24 50,50, da — 1? Ou. Ous (29) 


— b). On the other hand 
> Ov, A cx. 








but. RON i e 
09 av, O3 Opa .. 93) 
Xe wc Daa pesa 


hence if we substitute for $0 its value from (A”) and remember that HQ-! —24, 
we obtain 


ES às mic Es a 0.2) | (30) 
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c). Now from (25) 

2. e | 00 dy 20 9g 

(thy eot Su = — aai 
T | — Ou,Ou, Ou, Ou, Ou, Ou, 

| : e. Y dy Og 

93udu ^ o Ou, Bug 

But from the definition of g (u, . .. . u,) follows : E 

(99 dg’) _ 2VA, (0g 90). 2AÀV, 


|Ou, du, | — |ou, dual 
Pg ) (0g Og | 
lagg = ae as UA 
Further, 
93 ee) 0g 
(uy Up) — Edi 
e iai ii O © Bu,’ 

and > 0g )_ 

; ZA = 20A. 

TUN: F ineo) and (22. i 
Substituting the eas thus obtained for lou ou and Ma] in (29) and (30) 
and making use of the relations (22), we reach the result 

moe Ss RV 20, FUA — 20. AUAT — 9. AT +4WT}. (81) 
d). Finally, | 
x TEN u= (34.0), 
therefore, replacing 5.4. by its values from (D), we have . 
A s 
9.54 =0. |- &AU— KAU—AKU Y 24T AD). (32) 


Adding (31) and (32) and observing that 
{| KUAt|=AUK} =| KAU} =| UKA}={ ARV}, 
we reach the final result 


29 —|—10.AU— 60. AT — EY 4 à WT}, 


in accordance with (23). 
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§6.— The Partial Differential Equation ir Wilthetss’ Function TÀ (up... o U). 


If o denote the determinant: 
| ag | =o, 


and Adja the minor of o,, in this determinant, we have 


e ey ds s Adios = {80.. {Adj} 


But . | E EL 
therefore 
2g DEO — (40.031 24 E — rH}, 
or " 9989. (m|—saipA — | 0:8) 


To obtain the value of {E}, observe first that {A} remains invariant; if we pass 

from one set of integrals of the first kind, w,, to another, %,, ine function ` 

F(a, E) remaining the same. 
. For if* 


ga (2) =F, Cay Ja (2), 
we have at the same time, 
| ha (E) =>, ces ha (E), 
and if we Write j i 
2, sapo) ME — 2g, OKO, 


. a, B * 
we obtain 


K= OKC, p (34) 
and therefore according to the rules (21), | | 


ML | — (85) 





* The gf? (z)'8 are again supposed independent of a 
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Further, it follows from (7), if we make use of (6), that. 


x " Ja (2) ^ gp (a) F(x, a) 
x Md E a) 





or since by (5), | 
vt es = =329 v.a. c (36) 


Di Moe Ge (2) =} 7 es e) HOD Jo+e(4) 9a (2). 


And if we choose, as we may according to the above remark, g, (x) = a*-!, we - 
obtain l l 





x = 29. a) Jo+a(@) 
Ba) ^ 
therefore 
! gd l 
{Kt => Xaa — Faz gz (a) Gp (2), 
or if we put in (36) z — a: 


== hg PHS), oD 


So far the function (x, £) was only subject to the conditions (2). We now 
introduce the special assumption that F(x, £) shall be the p+ 1* polar of R(x) 
with respect to £ (Klein); then 


a BE! (a 
E Fe EN 


E (x) denoting the second derivative of R(x). 

We thus reach the 

Theorem VI. "n 

Under the assumption that F(a, E) is the p + 1% polar of R(x) with respect to 
E, the logarithmic derivative of the determinant o with respect to a is expressible as 


follows : 
dlgo___ p  R' Wi Ja (a) gs (a) a, 
da T 22. Fla) re. (E) 


By combining this result with (E) we immediately obtain 
Theorem VII. - 
Under the same assumption, Wiltheiss’ function 


Fh (ty «++» Uy) = CSS (4; .... 8) 
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satisfies the differential equation 


OTA __ E! (a 
da = sare) P) YA, 





-E Oo toss 0000. (8) 


87, — Tho Partial Differential Equations for the Functions s, i, 3 
Bonos as in the previous $, F(a, £) to be the p+ 1* polar of Hn) with 
respect to £, and let 
F(x) =9 (a). 4 (2) 


be a decomposition of R(x) into two factors of e p +1, Os, and 6,, the 
_ corresponding O- and G-functions. Then 9,,(0, 0,...., 0) 0 and 


Gay (th +... u) = oO ») ` (39) 


If in (E) we put 
] W= 0, 0,250... 0, 0, 


we obtain l 
0log O (01 ....0)__ Ja (a) gs (a) a. 2? log © y g. (a) ga (a) 
da ~ 22, E (a) 3 da, Qu, Ott, J wO (40) 


But for arbitrary parameters e, t* 


Y FBS), e O 


Qu, Qug 0 





Expand q (s) (© + 9 (t) y (8) into Clebsch-Gordan’s series, and put (— s: | 





log O e + 1) . 
p> (Tu ba), (8) ga (s) = rs (9, V» (42) 


(p, Yh denoting the second transvectant of ẹ (s) and y (s). - 
Putting 8 =a and combining (40) and (E), we obtain the 


Theorem VIII. 
The 6 function which belongs to the decomposition of R (x) i into the two factors 


of degree + l: 
: R (2) = 9 (2) (a), 


* See Bolza, American Journal of Mathematics, vol. XVI, p. 80 
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satisfies. the partial differential equation 


96, — g(p-tiy f 
Bart = — Bon Dy Pee the te — CEs) By on 


oG g. (a) ga (a 
-Xee LA du, Ra) ' (H) 


where f (x)= (p, "a = AU 

From (40) it is easy to derive Thomae "gt expression for dlog9,,(0....0) 
in terms of the branch-points. In fact, if a be a root of the factor Pla), we 
obtain from (41) by first letting e =a and then £—a: 


9? log O Z A 
ORO 00 = 4H (0 9" 0 51 +1 
, &nd combining this result with (40) and (F), we obtain 


st Ra) 


a tog 90 0) 90) _ Di vo, 
Qa log i ot ty (0. =+4 ’ (43) 
A, being the discriminant of $. 


Similarly, if 5 be a root of 4 (2), we have 
ES 9 Log ut Des =4 aOR e 
Hence d log @(0.... T MES (44) 


which ig Thomae's result. 


UNIVERSITY OF CHICAGO, September 22d, 1898. 


* Crelle's Journal, Bd. 71. p. 201; compare also Schroeder; ‘‘ Ueber den Zesammenang der Hy per- 
elliptischen G- und 2-Functionen,'' 819-515. 
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On Certain Differential Equations of the Second. Order 
Allied to Hermite’s Equation, 


En EDWARD B. VAN VLECK. 


Hermite's differential equation 
$4 = [n(n tip) +2 y 


' can be thrown by the substitution 


t 


“= p(u) or u= Y f(x) = (a — a )(a— e T— 6s 
ro) 24, dy ¿E PG) du CEEI 


into the form 
=0. 


As is well known, it admits of two solutions whose product is a polynomial in x. 
Other differential equations of the second order which have the same or an 
analogous -property have been given by Fuchs,* Brioschi,| Markoff,f Linde- 
‘mann,§ and G. W. Hill|| Markoff confines. his attention to the hypergeometric 
equation, Fuchs and Brioschi to differential equations in which the coefficient of 


SL is one-half the derivative of the coefficient of 2. Lindemann, in his dis- 


‘cussion of the “differential equation of the functions of the elliptic cylinder," 
limiting form of Hermite's equation, proves that it admits of two solutions whose 
product is a holomorphic function. Hill's equation is an extension of this equa- 
tion, and possesses the same property. 





 *Annsali di Matematica, Ser. IL, t. IX. ` t Annali di Matematica, Ber. II, t. IX, p. 11. 
{ Math. Ann., Bd. 28. $Math. Ann., Bd. 22. | Acta Mathematica, Bd. 8. 
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The object of the first section of this paper is to determine in general what : 
regular differential equations of the second order admit of two solutions whose 
product is a polynomial. It will be found that there are several distinct classes 
of such equations under which those hitherto considered are comprised as special 
cases. Incidentally we shall obtain a class of irregular equations with three 
singular points, which includes the.equations of Lindemann and of Hill. 

The properties of the two solutions and of their quotient y will be developed 
in the second section. In particular, it will be shown that the monodromic 
group of substitutions of y càn be thrown into the form 

Le a x 
| peces Bn, 

and that, conversely, if the group of any regular differential equation can be 
thus expressed, there will be two solutions whose product is a polynomial 
multiplied by certain factors which correspond to the singular points and 
‘can be removed by an elementary substitution. So far as I am aware, the 
identity of these two classes of equations has not been hitherto noted. 
The other properties developed are for the most part extensions of properties 
given by Hermite and Klein for Hermite’s equation, but to effect the generaliza- ` 
tion a new method is employed which is independent of elliptic integrals. The 
third section of the paper is devoted chiefly to an investigation of the position of 
the real roots of the polynomial product with reference to the singular points, l 
when these points are real and their number is limited-to four. Klein’s investi- 
gation* for Hermite’s equation here also paves the way, but the “Oscillation 
theorem ” upon which it is based is inadequate to the more general discussion, 
and recourse is had to the method of conformal representation. 


L | - 


$1. Any regular linear differential equation of the second order with a sin- 
ES pe: at o may be written in the form 


AMA. d 





^ $—« J dz I 
ALAZ—XAJAa! — p ag? A AM 2 
+ +( i IL(s— e) +> Gap ro [1] 


* Math. Ann., Bd. 40. 
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where | "T S(t A) HAG KA =r l. [2] - 
, The singular points e, will here be supposed to be given, but the “accessory 
parameters” a,,...., @ , and the exponents Aj, 4,’ are to be so determined 
that the product of two particular integrals shall be a polynomial P, of the 
n™ degree. The two fundamental integrals for e, have in general the form 


Pus [toa + Ba) O60— eL pg 
PY = [+ (s — ey"][i-- B(x —e) + O(a —e + ....] 


the leading coefficient in each series for convenience being taken equal to unity. 
When, however, the difference of the two exponents is an integer, one of these 
integrals must in general be modified by the introduction of a logarithmic term. 
In the first factor of each expansion a definite sign is to be attached to the bino- 
mial, but for the present it is immaterial which sign is selected. The corres- 
ponding expansions for the singular point œ are 


Pup eres] 


and. a similar series for P^ . 

The foregoing expansions hold only over a limited portion of the «-plane. 
When, however, the product of two solutions is a polynomial, the integration of 
the equation can be effected by familiar methods, and its general integral will 
be expressed in terms of two particular integrals which hold over the entire 
plane. Two cases are possible, according as the two solutions forming the poly- 
nomial product are identical or distinct. - In either case the polynomial itself 
satisfies the differential equation 


FY + ap Fy TY 4 (B+ 9e) + (wa +2 LL) =>, 


where p and q denote the coefficients of LY and of y in [1], and it is obtained by 


de 
substituting for y in this equation a polynomial of the n** degree with unknown 
coefficients. When the two solutions are identical, their common value y, is the 
- square root of the polynomial. A second integral can be obtained by means of 
the well-known relation 
í—r 
yin —YY=C LI (e — 4t — [4] 


i=1 
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which exists between any two independent integrals of the equation, This gives 
for the quotient of the two Accius 
Ode  - Um ; 
=2 =f : 5 
: ^ © A Smear 1 [5] 
In the second case, if y,, y, represent the distinct solutions, differentiating the 
equation y, y, = P, and combining with [3], we find 


- dæ 
y= 0 VP,e jum 





[6] 





— of. du 
Y= O'S Pre ' P..(z—e) NN” 


where C, C! and O" are constants. These formule hold equally well when for 
-P,, a holomorphic function can be substituted. 


$2. We proceed now to determine the conditións under which the square of 
a single solution y, can be a polynomial of the n* degree. Let y, at any singu- 
lar point in the finite plane be expressed as aP% + bP^^, Since the expansion 
of its square into a series is to begin either with a constant or with a positive 
integral power of «—e,, the exponents Aj and A/ must be restricted in value. 
If neither a nor b is zero, both exponents must be positive integers (including . 
zero) or each must be the half of an odd positive integer. If, on the other hand, 
either a or b is zero, y, is one of the fundamental integrals for e,, and only the 
single exponent which belongs to this integral is thus restricted. It is necessary, 
therefore, that at least one exponent of each singular point in the finite plane, 
say Al’, shall be equal to the half of a non-negative integer. Also, since the 
square of y, is a polynomial of the n degree, one of the two exponents for: 


infinity, say A//, must be equal to — > The proposed solution can therefore 
now be la in the form II (s — e^ Y, where Y is a polynomial whose 
degree is n! = —- 3 —3M /z——(AZ-XAPS). The substitution of this in [1] gives 
as the TERA equation for Y | 


1—2A, dY 
dir de 
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where A, is the exponent-difference 4; — Aj. This equation has been shown by ' 
. Heine* to admit of a polynomial solution of degree n’, provided the parameters 
"4, B!,.... are properly determined, and the number of such determinations for ` 
any given set of exponent-differences A; is — l 

ia l / — 

B a c cess E 
We conclude therefore that the differential equation [1] will admit of a particular 
solution whose square is a polynomial of the n^ degree only when the exponents satisfy 
the following conditions : 5 Ih 

(1). One-exponent ài! of each singular point in the finite plane must-be half of a 
non-negative integer. m 


(2). + — Ez; must be a non-negative integer n. 
(3). One exponent of the singular point at infinity must be equal to — E ; 


When any set of exponents ds given which conform to these conditions, the 
number of such equations will be (v, r —1). —— 

It will be noticed that when neither a nor b i» aro, the exponent-difference 
A; must be an integer. The logarithmic term, whieh ordinarily appears in the 
expansion of PX or PX” when this is the case, »-ast necessarily be eliminated by 
the conditions imposed upon the accessory parameters; that is, e, is an apparent 
singular point. Furthermore, since neither exponent is negative, it follows that 
e, cannot be an infinity of any solution of [1]. Hence the product of any two 
solutions will be holomorphic in the vicinity of the point. 


-$3. The simplest application of this result is to the differential equation for 
the hypergeometric series F(a, 9, y, x). The exponents for this equation are 
0 œ 1. 
1—y a y—a—8Bl!. If therefore, n is even, the sufficient condition is 
o 8 0 


that a or @ shall be equal to — = ; if n is odd, not only must a or 8 be equal 


. to —-$. but either 1— y or y—a—f must be the half of an odd positive 





* Berliner Monatsberichte, 1864, or Handbuch der Kugelfunctionen, Bd. I, s. 478. 
+f r — 2, this number is unity. 
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integer not greater than >. These results comprise four of the six cases given 


by Markoff in which the product of two solutions of the equation is a polyno- 
mial of the n™ degree. In two of these four cases he fails, however, to notice 
that the polynomial is the square of a single solution. 


$4. We have now to consider the conditions under which the product of 
two distinct solutions will be a polynomial. Let the requirement be first made 
that it shall be finite and one-valued. In the vicinity of e, it will have the form 


Yi Ys = a (PXP + b (PHY + ePRPR, 


If neither a nor b nor c is zero, it can be argued in the same manner as before, - 
that the exponents are both non-negative integers or are each the half of an odd 

positive integer, and that e, is again an apparent singular point, in the vicinity 

of which every product of two integrals is holomorphic. The same conclusion 

holds if either a or b singly is zero. If cis zero, the only condition is that the 
two exponents are each the half of a non-negative integer. Hence unless e, is 

again an apparent singular point, one exponent must be half of an odd positive 

integer and the other a non-negative integer. Finally, if a and b are both zero, 

Ai-- Aj shall be a non-negative integer. Setting aside the apparent singular - 
points, we have then some such scheme as 


e, e BL dai 
4m $+ m; At ea 
TO AME" NM LOO 


for the exponents of the singular Dus in the finite plane, the m being zero or positive 
integers. 

Such a scheme suffices to ensure at each of the points separately the exist- 
ence of a'one-valued finite product which has either the form a (PXP + b (PHF 
or cP PX”. We have next to learn under what conditions the product of two 
integrals will be one-valued when c makes a circuit around two singular points. 
Let e, and e, be two singular points whose circles of convergence overlap, and 
Suppose also their exponents to have the values written down in the above 
sone. Place 

px =aP% + Ae 


P= Y A^. [9] 
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In the vicinity of e, the product can be expressed as 

LN (PX) + b (PH) eo PS PX, 

in the vicinity of e, as ` 

(ac! + by + eap (PHP + (af? HB op Py 

+ (20108 + 3068 + ea +.0,8y) Ps Bx, [10] 


By a circuit about e, the sign of c, is changed; by one: about ez, the sign of the 
coefficient of P^; P^*. Comparing [10] with its value after both changes have 
been made, we obtain as the conditions. that the product shall remain unaltered 
by a circuit around the two points, 


PED nag hh. o = 3 on 


There is, therefore, save | for a neri factor, one produci of two integrale, and only 
one, which remains unaltered for a circuit about e, and e.* In the region common 
to the two circles of convergence this product can be written in either of the 


forms 
a, (PX) t bi (P), (qa? + S (PAY + (a9 + b, P% P: 


which shows that the PRUA ds also unaltered for a. circuit. around e, and a 


separately. 
There remain yet two other possible exponent-schemes for e, and 6 to be 


examined, namely, on + A AM ma) and (Al + A= m, 24443 =m), 


i 


but in neither case cán a nia product be obtained without a specialization 
of the accessory parameters of the differential equation. . For, assuming the first 
case, a, (P~) -- 6, (P^7* must in the vicinity of ey become equal to e P^; Pz, 
. But if e, — 0, the coefficients of (P^; and (P2 in [10] can vanish only when 

sop 

Hr 
tial equation. On the second assumption P^, P^: in the vicinity of e, can differ 
from P^, P^' only by constant factors, and this involves a two-fold speciale: 
tion of the parameters. 


— 0, and this imposés a condition upon the parameters of the differen- 





* In case the two ciroles of convergence do not overlap, the reasoning still holds good. The right- 
hand members of [9] must then be taken to represent what the left-hand members become, when con- 
tinued analytically along some definite path to the vicinity of e, . 
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The conclusions which have been reached for the singular points in the 
finite plane apply with only slight modifications to the point œ. When the 
product of two integrals is here one-valued, either (1) the point is an apparent 
singular point, and AL, A are congruent both to or both to 0, mod. 1; or (2) 
they are congruent to 4 and 0 respectively; or (3) A + A! is an integer. The 
exponents must be still further restricted if the product is a polynomial of the 


n" degree. When expanded in series for x = œ, it begins with (+). Hence 
in the first two of the three cases just specified, the exponent which is the 
smaller algebraically must be =+ and in the third case the sum of the two 


exponents must be —n. 


$5. These considerations suffice for the solution of our problem, when there 
are three singular points ¢, &, o. The differential equation then contains no 
accessory parameter. To obtain a one-valued product we are therefore limited 
to taking two pairs of exponents which differ by the half of an odd integer. To 
make this product a polynomial, the exponents must also be so chosen that the 
product shall be finite in e, and e, and have at o a pole of the n™ order. Accord- 


ingly we can take for the exponents either of the two following sets of values, 
but no others: | 


é 6 id 
o dorum — 


mi! mi! 
e es VE 
Neo 
wr) etm ntm 2 ee cin 
7 SUE 
m; 2 


the m being positive integers and n, an integer, positive or. negative, so chosen as 
to make in agreement with [2] the sum of the six exponents equal to unity. 
The first of these exponent schemes comprises those equations which can be 
reduced by elementary transformations to the hypergeometric form without 
destroying the. polynomial form of the product. For if mj =m¿=.0 and 


€; — 1, & — 0, we have at once the hypergeometric equation. When these con- 
18 EOT 
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. stants have other values, an entire linear transformation of the independent 
variable will reduce e,, e to 0, 1, and the substitution ' 


y = (z— a)" (s — «)"y. | [12] 
in which 2, 2, denote respectively the smaller of the two exponents at e,, ez will 
reduce one of the exponents at each of these points to zero. Applying, in par- 
ticular, the exponent scheme to the differential equation for F(a, B, y, x), we 


see that the product of two distinct solutions of that equation will be a polyno- 
mial, when a, 8, y have values in accordance with the following scheme : 


0 i 00 1 
1—y=4 +m — — y—a—B= ttm, |, m tm —n. 
0 zi s 


This scheme embraces the two cases distinguished in Markoff's investigation, 
which were not included under $3. 


$6. The same line of reasoning may be applied to a differential equation ` 
Py 1—A1—A/ |, 1—Ay— AN dy 
ducc Pe. 
M ar s YU) 
Ag AS A+ Ba OH. sees zs 
cci o e Jn- 


with two singular points in the finite plane and an essential singularity at o. 
The product of two solutions will be holomorphic when 


=t+m, A-—ddm, 
? Mom ^ cmt 
To this form both “the differential equation of the functions of the elliptic 
cylinder” 
d* 
dp = (4 cos! + B) y 


and also the equation 


dur = (A+B cos 2 + O 008 49 +. e) 


- which Hill uses in his calculation of the motion of the lunar perigee, “so far as 
it depends on the mean motions of the sun and moon," can be reduced by. the 
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substitution æ = cos 26. The resulting finite singular points and exponents are 
+1 e. : 
$ 4 |. 
0 0 
$7. The case in which there are four singular points can be discharged with 
almost equal rapidity. The sum of the eight exponents is 2 and the differential 


equation contains one arbitrary parameter. Consider first the following scheme 
of exponents: 


; e e E Y 
l / / Tias 

AE mti midi Pues 7$ 
mo m m i 


in which the m and n, have the same significance as before. It has been pre- 
viously demonstrated that, except for a multiplicative constant, there is one, and 
only one, product whose value is independent of a, circuit about two singular 
points, and that the same product is independent of a circuit. about either sepa- 
rately. Since a circuit about two points is at the same time a circuit around the 
other two, it follows that there is one, and only one, product which is one-valued 
over the entire plane. The exponents show that it is everywhere finite except 
at o, where it has a pole of orderm. It is therefore a polynomial of the n™ 
degree. Special interest attaches to this case, since no restriction whatever has 
been placed upon the arbitrary parameters. We shall subsequently see that this 
is impossible when the number of singular points is greater than four. 

The general differential equation given by the foregoing scheme includes 
Hermite's equation as a special case. To obtain the latter we have only to 
place mi = mi = .... =mj=0 and n =n+1. ‘As already noticed, the sub- 
. stitution «= p (u) will remove the first derivative from this equation and reduce: 


¡ib to the form 
29 = [not 1)p (u) +1] y- 


A corresponding reduction can be made in the more general equation. First, by 
a substitution similar to [12], we may reduce the differential equation to one 
which has an exponent-scheme of the form III but in which one exponent m; 
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of each finite singular point is equal to zero. When this is done, the substitu- 
tion of the new independent variable . 
dx 
u=+ - a- pled 
Sa co. .(1—e) "y (a — 6) ... (1—ez) 
which makes œ an elliptic function of w, say p,(u), will remove the second 
derivative and reduce the equation to the form 











$8. A second group of equations with four singular points can be obtained 
by combining with two such singular points as occur in III an apparent singular 
point. Since the sum of the eight exponents is 2, two exponents for the fourth . 
singular point must be chosen whose sum is an integer. According as the appa- 
rent singular point is at o» or in the finite plane, the exponents will therefore be 


No 
y [mita mita Te. 
/ Hn — P. fic 
P ; Ag + Ag = My " 
s A: C7» 
mi 
m+4 mti eos 
n AL4q4AMÉ—n 
4 if Mg : 
my My ES 


The accessory parameters in the differential equation will in either case be 
determined by the condition that the logarithmic term in the expansions for the 
apparent singular point must be made to vanish. 

With the first of these two exponent schemes a differential equation first - 
given by Brioschi* and later applied by Haentzschelf to the theory of potential 
is closely connected. Haentzschel's form of the equation is 

FY = [(m*— )p0)—2y, - 


in which m is an integer equal to Brioschi's — If we free the equation . 


from doubly periodic coefficients by the substitution s = p (u), it becomes 


(42 — ges — gu) FY + (60? —4 99) Y impe 1] y =. 


* Annali di Matematica, Serie 2, t. 9. 
t“ Studien über die Reduction der Potentialgleichung,” p. 54. 
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Both writers prove that this equation admits of two integrals whose product is a 
polynomial multiplied into //z— &. Brioschi, however, appears to leave A arbi- 
trary, an oversight which is corrected by Haentzschel. The exponent scheme for 


the equation is $ : : i + =) but by setting y = Vaz — ey it may 


bod ood ii | 
be reduced to à and thus brought under IV. Brioschi 


m-—1 
0:0 =t ces 


gives the equation as an instance in which the square of the product of two solu- 
tions is a polynomial, but the modification just made shows that the equation 
-does not differ essentially from those which we are here considering. Indeed, 
more generally, whenever the product of two solutions of a regular differential 

equation containing any number of singular points is equal to a polynomial mul- 
tiplied by a product of powers of the binomial «—e, these factors may be 
removed and the equation reduced to the form treated in this paper by an appro- 
priate substitution of the form 








y= — ang. [14] 


$9. In the general case, where r, thè number of singular points in the finite 
plane, is greater than 3, the differential equation contains r — 2 accessory: 
parameters. On these we are at liberty to impose an equal number of condi- 
tions in order to secure, if possible, a polynomial product. The consistency of 
the conditions thus imposed will have its verification in the existence of the poly- 
gons hereafter to be introduced in connection with the conformal representation 
of y, the quotient of two solutions. Consider first the case in which the expo- 
nents are 


dtm dm mo  * 


I 2 
m) mo... jm —+ 


We have seen that, irrespective of the values of the accessory parameters, there 
is one product of two integrals which is one-valued for circuits around 
e, and e. Let it be required that this product shall be one-valued for circuits 
around the remaining r— 1 singular points. If r is even, the exponent differ- 
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ence for the point o is an integer. One condition must consequently be 
imposed to remove from P** or P** the logarithmic terni which would naturally 
“appear. This leaves r— 2 singular points, all of the same character, and r — 3 
independent parameters. If ris odd, one exponent for o is an integer and the 
other is half of an odd integer. Whether then r is even or odd, the singular points 
which remain for consideration are allof the same character, and their num- 
ber exceeds by a unit the number of remaining parameters. Of these singular 
points, two may be disregarded, for it has been shown that when the sum of 
the exponents of each of the two points is the half of an.odd integer, the product 
of two integrals will be one-valued for circuits around these points, provided it is 
one-valued for circuits around every other point. The number of singular points - 
left is therefore now one less than the number of parameters. At each of these . 
points let y, y, be expressed in the form a, (P^ + b; (PF + eP* Pr", , The 
values of the coefficients here obviously depend upon the accessory parameters 
. of the differential equation. The condition that the product shall be one-valued 
over the entire plane requires that each coefficient c; shall vanish. Since this 
imposes a single condition upon the parameters for each remaining singular 
point, a one-valued product can be obtained by imposing a total number of con- 
ditions which is one less than the number of parameters. When this is effected, 
the values of the exponents ensure that the product will be a polynomial. To 
each set of exponents I there belongs therefore a differential equation containing a 
single arbitrary parameter, for which the product of two particular solutions will be 
a polynomial. 
This result may be regarded as an extension of one obtained by Brioschi 


for differential equations in which the coefficient of w is one-half of the deriva- 
tive of the coefficient of qe. Such an equation is evidently obtained by placing 
all the m of scheme I equal to 0. l 

Similar considerations apply to such exponent schemes as 


I phu 


. A! al = —n) , 
mi mi 3 er ao 


dtm... dp moa | E 
IH AL + Al! = m 
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Since, however, the introduction of a singular point whose exponent-sum is 
an integer imposes two ‘conditions upon the parameters, the total number of con- ' 
ditions will be equal to the number of accessory parameters. They will, there- 
fore, be completely determined. It follows also that a scheme with more than 
one pair of such exponents wil be in general impossible. It is, however, con- 
ceivable that in exceptional cases the conditions imposed at the several singular 
points might not all be independent. Cases may therefore arise where more 
than one such pair of exponents is present, as will indeed be. obvious later when 
the conformal representation is considered. 

This exhausts the possibilities of our problem except in so far as apparent 
singular points are introduced instead of those whose exponent-sums are the - 
halves of odd integers. This can be done, since an apparent singular point, like 
the point it replaces, imposes but a single condition upon the accessory parame- 
ters. The number of points whose PORO nea are the halves of odd ta 
must not, however, be made less than 2. 


II. 


$10. To distinguish briefly between the singular points whose exponent- 
sums are the halves of odd integers and those whose exponent-sums are integers, 
we will hereafter.refer tó them respectively as singular points of the first and 
. second kinds. When the two solutions are distinct, we can, by a suitable substi- 
tution of the form [14], reduce the exponents for a singular point of the first 


kind to $+ m, 0 and those for a singular point of the second kind to + 4 


without destroying the property that the product of the two solutions is a poly- 
nomial. In the same manner the exponents for an apparent singular point-can - 
be reduced to zero and a positive integer. It becomes then what has been 
termed a semi-singular point, in the vicinity of which all solutions can be 
expanded in an ordinary power series. For convenience we will henceforth 
assume that these reductions have been made for all the singular points. The ` 
only effect of the reductions upon the polynomial is to remove from it all the 
factors æ — 6. : 


$11. At any singular point of the first kind the two solutions can be 
expressed as follows :- 


yi Va PH V PH), p= Lr (V PI VHB Pr), 
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When œ describes a circuit around the point, these will be changed into . 
3 S 
Y=CY, A= gE IrL 


"The result of a circuit around two such points is therefore to multiply the one solu- 
tion by a constant p, the other by its reciprocal i . If now, only singular points 


of the first kind aré present, a hyperelliptic integral similar to [13] may be 
introduced as the independent variable in place of æ. Since the periods of u 
are due to circuits of x around pairs of singular points, the proposition last enun- 
ciated shows that there are two solutions of the differential equation, each of which 
is multiplied only by a constant whenever a period is added tow. This theorem is 
well known in the case of Hermite's equation, the two solutions being then ordi- 
nary doubly periodic functions of the second class. In Hill's equation* the mul- 
tiplication results upon the addition of the period -2% to the argument $. 

- When the circles of convergence of the two singular points overlap, & 
formula can be given for the computation of p. Suppose the two points to be 
6,6. Bya circuit around these points Va, Pl + ^/ — b, P"+ will be replaced 
by (Waa Fy —b, y) P) — (^ a. = /— 6,5) Prti, or, expressed in terms of 
` P}, P^** with the help of equations [9] and [11], by 


Va Ph V5, poca (ABRE ET 





We have therefore the formula RE AR 
p=2 tE E Voy: — [5]. 
a By 
A circuit around an apparent singular point is obviously without effect upon 
the two solutions. On the other hand, near a singular point of the second kind, 
each solution is, except for a constant factor, identical with one of the two funda- 
“mental intégrals, and they will therefore be multiplied, the one by e*?*^ and the 


other by e~**“, where œ describes a circuit around the point. Combining these 
results-with the preceding we obtain the following noteworthy proposition : ` 





*See either Hill's article in the 8th volume of the Acta Mathematica or one by Callandreau, ` 
Astronomische Nachrichten, No. 9547. i 
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If the two solutions, whose product is the polynomial, are selected as the bases of 
the monodromic group of substitutions of the equation, this group will take the form 


I. Y = 09, . jah, 


or Ya 


II. Y = py, jd. 


$12. The essential character of the group of a linear equation of the second 


order is more commonly exhibited by means of the quotient y =-% . For the 
š 3 
equation under discussion the substitutions of y have the form _ 


I. =, or IL 5 — ph. [16] 


In the Autographie of Klein’s lectures upon *'Linear Differential Equa- 
tions," 1894, p. 148, a list of 11 cases is given in which the substitutions are sim- 


pler than the general substitution y = ary. Most of the differential equa- 


tions which correspond to these cases are well known, as for instance the equa- 
tions belonging to the groups of the regular solids. The chief case which has 
not received a general investigation is that in which the group has the form to 
which we have just been led by the consideration of the polynomial product. 


Conversely, if for any regular differential equation the group of n = on can be 
Y 3 


expressed in the form [16], the product of the two solutions y,, y, must either be a 
polynomial or a polynomial multiplied by powers of the binomials x — e, and the 
latter case can evidently be reduced to the former by such a transformation as [14]. 

. The form of the substitutions of the group shows, in fact, that the product is 
multiplied by a constant when æ describes a loop enclosing one or more singular 
points. Such a product is expressible as a holomorphic function multiplied into 
powers of the z.— e, which correspond to the multiplicative constants and to the 
infinities of the product. Moreover, since the differential equation is supposed 
regular, the holomorphic factor must have a pole for æ = œ, and hence it is a 
polynomial. 


$13. We shall hereafter confine our attention to real differential equations, 
i.e. to those in which all parameters, whether singular points, exponents, or 
: 19 ; : 
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accessory parameters, are real. Subscripts will be assigned to singular points 
of the first and second kinds according to the order in which they occur-on the 
x-axis, the apparent singular points being, for convenience, omitted. We will 
now consider some properties of the solutions which relate to the segments into 
which the axis is thereby divided. 

Consider first the four. fundamental integrals which belong to the two 
extremities of any segment. Each integral has been defined by a power-series 
[3] which holds throughout a portion or the whole of this segment. Since the . 
differential equation is real, the coefficients of each series must be real, and the 
- signs in [3], which till now have been left arbitrary, can be so chosen that the 
integrals shall be real as long as the series converge. But any solution of the 
differential equation which is real along a finite portion of the axis, will, if con- 
tinued analytically, remain real, until the first singular point is reached where 
an ordinary power-series fails to hold. The four fundamental integrals, when 
thus continued, will therefore be real throughout the entire segment irrespective 
of the apparent singular points which it contains. If, now, in [9], whether the 
circles of convergence of e, and e, overlap or not, the right-hand members of the 
equation are taken to represent what the left-hand members become when con- 
tinued analytically from the vicinity of e, to that of ez, the constants a, 8, y and 
5 must be real. It follows that p in formula [15] is either a real quantity or a 
complex imaginary with unit modulus according as a@yd is positive or negative. 
The substitutions which result from a circuit around two consecutive singular points 
6, ., and e, of the first kind must therefore be either both hyperbolic or both elliptic. 

Following a precedent set by Klein, we shall apply the terms hyperbolic 
and elliptic not only to the substitution but to the segment e,.., e; around which 
the corresponding circuit is made. Equation [11] shows that the sign of aByó 
will be opposite to that of Es ; 
can be expressed as A?(P?)?— BAP"? and in an elliptic segment as 
A (PO 4- BH (Pn 3y, in both of which A; and B, denote real constants. The two 
-component solutions may therefore be so taken as to be real throughout a hyper- 
bolic segment; on the other hand, in an elliptic segment, they will be conjugate 
imaginaries, A segment, one or both of whose extremities are singular points 
of the second kind, will here be classed with the hyperbolic segments, since in 
this segment both solutions can be taken as real. This follows from the fact 


Hence in a hyperbolic segment the product 
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that in the vicinity of such a point the two solutions differ only by constant 
factors from the two real fundamental integrals. On the other hand, the seg- 
ments which terminate in a singular point of the first kind are the one 
elliptic and the other hyperbolic, because the sign of the second term of 
A} ( P} P+ Bi(P™ ++} will be changed when æ describes a circuit around e. The 
order of succession of the segments between any singular point of the second kind and 
the next point of the same kind is therefore a definite one. The hyperbolic and elliptic 
segments alternate with each other, beginning and ending with a hyperbolic segment. 
In agreement with this, the number of singular points of the first kind included 
between two consecutive points of the second kind must be even, as must also 
be the total number of points of the first kind. 

A difference between the two varieties of segments again appears, when the 
roots of the polynomial are considered. In an elliptic segment the polynomial 
consists of the sum of two positive terms. Both of these cannot simultaneously 
vanish at any point of the segment, for if this were, possible, two independent 
solutions of the differential equation would have at this point a common real 
root, which contradicts a well-known theorem concerning the alternation of the 
real roots. It follows therefore that the real roots of the polynomial are situated 
only in the hyperbolic segments. 


$14. The. foregoing theory can be advantageously set forth, and might, 
indeed, be independently developed, with the aid of the theory of conformal rep- 
resentation. As is well-known, the quotient y of two independent solutions of 
[1] builds the positive half of the 'w-plane conformally upon a. polygon 
E,E,.... E, E, whose sides are arcs of circles. The angles at. the vertices 
which correspond to the singular points e are successively equal to 
2470, ...., Aon. The conformity of the representation ceases not only at the 
vertices but also at the points T of the boundary which correspond to the appa- 
rent singular points. The latter points will, however, not be here classed with 
the vertices of the polygon. The angle between the two arcs which meet in 
such a point is a multiple of zx, and, because there is no logarithmic term in 
the expansion of y at an apparent singular point, the two arcs must be arcs of 
a common circle. Hence the point is to be regarded as a sort of turning-point 
(see Fig. 1) where the direction of a side is reversed one or more times.* 











: . *For a further discussion of such pointe, see my article in the 16th volume of the American 
Journal. 
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Fig. | 


The general shape of the polygon can: be determined from the following con- 
siderations connected with the substitution-group of y. If the polygon be 
reflected on any one of its sides, we shall have a new polygon which is the image 
of the negative half-plane. A reflection of the second polygon upon one of its 
sides gives a second image of the positive half-plane which is connected with the 
first by a substitution of the group of y. If we suppose that the first reflection 
is on the side E; Æ; and the second upon E, E, ,, (Fig. 2), the substitution will 
be due to a circuit around e. The invariant points of this substitution will be 
the intersections of these two sides, produced if necessary, and hence also of the 
sides E, , E, and E,E,,, of the first polygon. If e, is a singular point of the 
second kind, the substitution is of the form (16, IT), whose invariant points are 
9=0 and y= oc. The two sides E, , E, and #,H,,, are therefore parts of 
straight lines which meet at the origin [Fig. 2(a)]. If the singular point is of 
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the first kind, the substitution is of the form (16, I), whose invariant points, 
+0, are symmetrically situated with respect to the origin. Since the angle at Æ; 
is (m,-- 4) 2, the two circles of which E, Æ; and E, E;,, are arcs which cut each 
other in these points at right angles. But one of the singular pointe adjacent to 
€;, 82y 6,1, must likewise be a singular point of the first kind. It follows also 
that E, E, (see (b)-of Fig. 2) must cut a second circle at right angles and in 
two points which are symmetrically situated with respect to the origin. Evi- 
dently therefore E, E,,; is the arc of a circle whose center is at the origin and _ 
E, _, E, the segment of. a straight line which passes through the origin, or vice ` 
versa. These conclusions concerning the shape of the polygon can be summed 
up in the following statement : 

When the two solutions y,, ys are distinct, the sides of the polygon are arcs of 
concentric circles and segment of straight lines which cut the circles at right angles. 


$15. The methods by which polygons of this character are constructed will 
be diseussed in a later paragraph. In the meantime some of the conclusions 
already obtained may be easily verified by means.of the conformal representa- 
tion. Toa circuit around two consecutive singular points of the first kind cor- 
responds a series of four reflections, as indicated in Fig. 2 (b). - These result 
either in a simple revolution of the initial polygon through an angle $ or in 
increasing the distance of all its points from the origin in the ratio p:1. In 
other words, the resulting substitution is either elliptic or hyperbolic. Clearly 
- also the straight sides correspond to the hyperbolic and the circular sides to the 
elliptic segments. The theorem which has been already given concerning the 
alternation of these two kinds of segments is now immediately evident from an 
inspection of the figures. Furthermore, the roots of y, and y, are respectively 
the zeros and: the infinities of their quotient n. Hence we conclude that if a 
side E, E, |. of the polygon passes p times in all through the zero and infinity points 
of the y-plane, the polynomial has p real roots situated between e; and e; 1; tf also 
the interior of the polygon includes the zero and infinity points q times in all, q pairs 
of roots of the polynomial are imaginary. Since also only the straight sides of the 
polygon can pass through the origin or infinity, the real roots must lie exclu- 
sively in the hyperbolic segments. 


§16. The conformal representation also makes apparent the significance of 
the singular points of the second kind. Should one of the circular sides of a 
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polygon be contracted to a point situated either at the origin or at o» (Fig. 3), 





Pia 3 


the union of its extremities would evidently produce a vertex which would -cor- 
respond to a singular point of the second kind. It is also obvious, conversely, 
that any such vertex can be regarded as having been formed in this manner. 
Hence any differential equation with singular points of the second kind which satis- . 
fies the conditions of our problem can be regarded as the limit of an equation contain- 
ing only singular points of the first kind, each singular point of the second kind being 
created by the union of two points which terminate an elliptic segment. Thus, for 
example, when m, — m, — 0, the hypergeometric equations discussed at the close 
of $5 are limiting cases of Hermite's equation. It is sometimes possible, also 
without changing the angles of the polygon, to contract a circular side to a point. 
which does not coincide either with the origin or infinity (see again Fig. 3). - In such 
instances the contraction of an elliptic segment gives rise to an apparent singular 
point. The result is also the same when it is possible to shrink a hyperbolic geg- 
ment to.a point. From these instances it is clear that the various limiting forms 
of a given differential equation can be immediately inferred, when the shape of the 
. corresponding polygon is known. In this respect, as in many others, the method 
of conformal representation has a decided superiority to analytical methods. 


IH. 


$17. Our attention will now be restricted exclusively to such of our differ- 
ential equations as contain only singular points of the first kind. Ifthe number 
of these points is greater than 3, the differential equation will contain an arbi- 
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trary parameter which can be continuously varied. The polygon undergoes in 
consequence a continuous deformation, and the properties of the polynomial 
product also change. The present section will be devoted to a study of some of 
the changes in its properties which can be discovered by means of the conformal 
representation. Special attention will be paid to the changes in the distribution ' 
of the real roots of the polynomial among the segmenta of the axis of æ. 


$18. The general theory of these equations is similar to the well-known 
theory of Hermite's equation. When the parameter of the latter is continuously 
varied from — œ to + œ, for certain critical values the two solutions forming 
the polynomial product become identical. The equation then becomes a Lam?'s 
equation, and the two identical solutions, when divested of all factors (#—e,)*, 
(x— e), (z— e)", are simply Lamè polynomials. At the same time 4 
change takes place in the distribution of the roots of the polynomial product 
among the segments of the axis. We will now show that for our more 
general differential equations the changes in the distribution of the roots 
occur only when the two solutions become identical. Since the coefficients 
of the polynomial are real, a change can be supposed to take place in only two 
"ways: either (1) by the passage qf one or more roots through a singular point 
from one segment into the next, or (2) by the conversion of pairs of real roots 
into conjugate imaginary roots. In the latter case a, multiple real root must 
first be formed. But it is well-known that no solution can have a multiple root 
at a non-singular point of the plane, neither can two independent solutions have 
a common real root at such a point. It remains therefore only to examine when : 
the polynomial has a root which coincides with a singular point. This again is 
impossible when the two solutions are distinct, because then in the vicinity of 
the point the polynomial may be written in the form A? (Pj! + B*( P* **y, only 
the second term of which vanishes for æ = ej. The changes in the distribution of | 
the roots of the polynomial can therefore take place only when the two solutions 
become identical. 


$19. When this is the case, a change simultaneously occurs in the character 
of the conformal representation. To determine the shape of the polygon we 
must take as before the quotient of two independent solutions. One of these, 
Yı, may be assumed to be, as in section I, the square root of the polynomial, and 
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can accordingly be written in the form (a — e,Ja% > ---(2—en) ^. P, where each e is 
either zero or unity and P denotes & polynomial which does not vanish at any 
- singular point. Formula [5] then shows that the generating substitutions of the 
group of y will have the form 


n= ey + B=—ntB- 


One of the two invariant points of every such substitution is o, and it follows 
that every side of the polygon, produced if necessary, must pass through this 
point. When, therefore, the two solutions forming the polynomial are coincident, the 
polygon is rectilinear. l l 

The position of the roots of the polynomial product can be directly deduced 
from the polygon. For it is clear from [5] that the roots of y, are the only 
infinities of y. Hence if a side E, E,,., of the polygon passes p-times through œ, p: 
roots are situated between e, and ep1; if the interior of the polygon includes the 
point œ q times, q pairs of roots are imaginary; and lastly, if a vertex of the polygon - 
is situated at oo, the corresponding singular point is a root. It will be noticed that 
each of these roots is a double root of the polynomial product unless it coincides 
with a singular point. In this case the order of its multiplicity is 2A,. 


$20. We have shown that in every instance the distribution of the roots 
among the segments is determined by the form of the polygon. To ascertain 
the changes in their distribution which result from a variation of the parameter, 
we have need therefore only to determine the changes in the shape of the poly- 
gon, and since a change can occur only when the two solutions become identical, 
it will suffice to follow the successive transitions through a rectilinear form. 
This will presently be done in detail for the case in which there are only four 
singular points. l 


$21. Before doing so, however, it is necessary to say & few words concern- 
ing the methods by which the polygons are constructed. The term polygon is to 
be understood in the broad sense in which it is employed in the Theory of Fune- . 
tions. As has been already said, the polygon may include either in its interior 
or on its boundary the point o. It will be necessary, therefore, in our diagrams 
to indicate upon which side of its boundary the polygon lies. . This will be done 
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by shading the diagrams. The polygon may also contain overlapping portions 
or leaves somewhat after the manner of a Riemann's surface. To facilitate the 
construction of the more complex polygons of this character, we shall have 
recourse to Klein's processes of attachment of circles or planes to polygons of 
simpler type. A polygon is said to be “reduced” when it cannot be constructed 
by such attachment from any simpler polygon. The different modes'of attach- 
ment may be most easily illustrated by reference to Fig. 4, which represents the 
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D C PD 
eu py 


Fig.4 
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simplest type of a reduced polygon of four sides. To increase A by 27 a circle 
is taken with the same radius as one of the opposite sides, say CD, and is placed 
above (or beneath) the polygon so that its boundary shall fall upon this side. 
The circle and polygon are then cut along a common line from A to CD, and the 
two are united across the cut like the two leaves of a Riemann's surface, the por- 
tion of either of which lies on one side of the cut being connected with the oppo- 
site portion of the other. In the resulting polygon the side OD must overlap 
itself. This process is known as the polar attachment of a circle, and may be 
repeated any number of times. If the same process be applied to increase the 
angle O, which, with the surface of the polygon, lies upon the convex side of 
AB, the portion of a plane exterior to a circle having the same radius as AB is 
-to be employed. To cover such cases, the term circle, as in the Theory of Func- 
tions, will here be used to denote alike the portion of a plane within or without 


the bounding circumference. To increase two angles each by 2m, the process of 
diagonal attachment may be used. An entire plane is placed upon the polygon, 


20 
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the two are then cut along a common line between the 
vertices of the two angles (Fig. 5), and finally are con- 
c p nected in the manner before described. A third process, 
known as lateral attachment, increases each of two adja- 
cent angles by x. Along the intervening side a circle is - 
l placed which has the same radius and which continues 
the surface of the polygon across this side. The connecting side is then erased 
so that the two figures form a continuous surface. Fig. 6 gives the result of such 


Fic S 
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attachments on the sides CD and BC of Fig. 4. Two successive attachments on 
the same side are together equivalent to a single diagonal attachment of an entire 
plane between the two extremities of the side. It is to be observed that this 
attachment is not applicable to a side which overlaps itself. A fourth process, 
known as transversal attachment, adds to the polygon a circular ring, and is suffi- 
ciently explained by Fig. 7. The attachment can only be made to two sides, 
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which are arcs of non-intersecting circles, and leaves the angles of the polygon 
‘unaltered. The various attachments which have been described are not always ` 
possible, nor, when separately possible, are they always compatible one with 
another, but a glance at the polygon is usually sufficient to determine what system 
of attachments is applicable. It is therefore unnecessary to discuss the limita- 
tions upon their use further than to say that no cut can cross itself or any other 
cut. Whenever we have occasion to employ these attachments, they will be 
indicated merely by drawing the cuts and placing beside each cut a number to 
show how many attachments are to be made upon it. In the case of lateral 
attachment on any side, the number will be placed adjacent.to the side. 


$22. We may now return from our digression and take up the case of four 
singular points. The exponents in this case are 


btm, btm bm le 
n 
0 0 0 a 


and the differential equation takes the form 





dy | ($—m | $—m | mM dy 
uec “a. TII. de 
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If m, is used to designate the integral component of A. = stn, it is easy to 


prove that the sum of the four m is equal to the degree n of the polynomial. 

The polygon corresponding to this equation, whether it consist of one or 
many leaves, is in general a curvilinear quadrilateral bounded by two arcs of 
concentric circles and by two straight lines which cut the circles at right angles. 
By geometrical considerations, which will here be only briefly outlined, it can be 
shown that there are eleven types of reduced polygons of this character and no 
more. These are shown in Plate I. The apparent form of some of these types 


can -be altered by the substitution ES = P Which exchanges y, and ya, but for 
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our purpose the original and the transformed polygon are obviously equivalent. 
In the case of types 2, 4 and 6, both forms of the polygon are presented. 
The construction of these eleven types is based upon 
Fig. 8, which consists simply of two concentric circles . 
cut by two straight lines through their common center. 
The vertices of the polygon must be selected, one from 
each of the four pairs of intersections 4,, A,; B,, Bs; 
Cı, Ca; D,, D,. We will first suppose that no side of 
the reduced polygon overlaps itself. If neither of the 
rectilinear sides passes through 0 or oo, the one must 
be either B,C, or B,C, and the other D,A, or D,A,. 
The boundary of the polygon has therefore the form 
represented in type 1. To show that the polygon itself 
must lie with reference to the boundary as represented 
in our diagram, it suffices to observe that if it were on the other side of the 
boundary it would contain the whole of the circle of which AB is an arc, and 
would therefore be reducible by.a lateral detachment of this circle. These con- 
siderations, however, as yet only determine the angles to within multiples of 27. 
But any other polygon, bounded in the same manner as the first polygon of the 
plate, would contain at least two angles which would exceed the. corresponding 
angles of the latter by multiples of 27, and would therefore permit of the diago- 
nal detachment of one or more planes. Type 1 therefore represents the only 
type of reduced polygon which has no side which overlaps itself or passes through 
0 or o. In the discussion of subsequent types similar reasoning will show, after 
the boundary of the polygon has been determined and also the side of the boun- 
dary upon which the polygon lies, that there is only one reduced polygon which 
meets the requirements. This will hereafter be assumed without further remark. 
We proceed next to.determine the reduced polygons which have but a 
single side which passes through either the origin or infinity. It is immaterial 
through which point the side is assumed to pass, since the points may be 





exchanged by the substitution y = T This side may therefore be taken as 


D,o.À, or D,«A,, and we may also suppose that the adjacent surface of the 
polygon is the border shaded in Fig.8. The second rectilinear side must be 
either B,C, or B,C,. If, now, the first side terminates in 4,, this vertex must 
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be connected with B, and B, respectively by the arcs A,B, and A,B,B,, because 
otherwise the polygon would contain.the whole of the circle lying within the 
circumference A,B,B, and would consequently be reducible. Completing, finally, 
the polygon by the addition of a fourth side, we obtain types 2, 3 and 4. The 
polygon in which the fourth side is the arc C, 0,D, is excluded, because it would 
necessitate a winding point at D, and would therefore be reducible by lateral 
detachment along this side. If, on the other hand, the first rectilinear side termi- 
nates in Á, the second cannot be B,C,. For if it were, the whole of the half- 
plane adjacent to the former side would be contained in the polygon and could 
be detached laterally. We have therefore only to connect D, A, with B,C, 
and this can. be done in two ways, as shown in types 5 and 6. 

If both the rectilinear sides of. the polygon pass through the origin or 
infinity, we may distinguish the following cases: 


(1). One rectilinear side D, A, passes through œ and the other, B,B,C, or 
B,B,0,, through the origin (Types 7 (a) and 7 (b)). 

(2). Both sides pass through the origin or through o, say the origin. We 
have then to connect two such segments as D,A,A, and B,B,C, (Type 8). : 

(3). One side D, o A, passes through the origin and infinity, and the other 
only through the origin. The segment B,B,C, must be selected as the second 
_ side, since otherwise the polygon could be reduced by the lateral detachment of 
the half-plane adjacent to the former side (Type 9). l 

(4). Each side passes through the origin and infinity. With D; A, must 
be associated the segment B, œ Oy, since otherwise a half-plane could be removed 
(Type 10). l 


It remains now to consider the possible forms of a reduced polygon, one or 
more of whose sides overlap. Examples of such polygons can be obtained from 
two of the preceding types, namely, Types 4 and 7(b) by prolonging the opposite 
ares each by a semi-circumference. We shall, however, still consider the polygons 
to bé of the same type. The only other types in which the arcs can be produced 
till they overlap are the 1st and 3d, but these polygons will then be reducible 
either by transversal or by polar detachment. There are therefore no other 
reduced polygons in which the sides overlap because the polygon winds in ring- 
form between the concentric arcs. We have therefore only to consider the cases 
in which the overlapping is effected in some other way. Since the surface over- 
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laps at the same time as the side, it must wind around one or both of the vertices 


opposite'to the' side. If the side be rectilinear, it is easy to see: (compare Fig.9) .: 
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that the surface makes a complete winding around one of the two vertices. The 
: polygon can therefore be reduced by polar detachment. The same is true if a 
complete winding takes place around a vertex opposite to a circular side. There 
remains therefore only the case where there is'a partial winding around both 
vertices, so that the angles here are $z. The only reduced polygon of this 
character which can be constructed is presented i in Type 11. Our list of reduced 
'polygons is therefore now complete. 

Each reduced polygon gives rise by attashenent to a pam of cud 
Many of the polygons thus constructed can, however, be constructed from two or 
more distinct types. We will, for example, obtain the same form.of polygon by 
a lateral attachment on BC in Type 3 as by a diagonal attachment between B 
and D in Type 4; or again, by a lateral attachment on oo in Type 8 as by. a 
lateral attachment on BC i in Type 7 (a). . 


$23. We are now prepared to construct for any given values of them a 
polygon which corresponds to the differential equation [17], and to trace the suc- 
cessive changes in form, when the parameter A of the equation is continuously 


- . varied. A complete determination of the polygon depends, of course, upon the 
anharmonie ratio of the singular points as well as upon the accessory parameter. 


-A. two-fold variation in the form of the polygon is accordingly possible. Hither 
the ratio of the radii of the two concentric ares or the inclination of the twó 
rectilinear sides may be continuously altered. We shall, however, take account 
only of such changes of form as affect the type of the reduced polygon and the 
. corresponding system of attachments. With this understanding it will be first 
found that by continuous geometrical deformation a series of different forms is 


^ obtained, which succeed one another in definite order, and subsequently it will be 


t 
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shown that a variation of the. parameter A alone gives rise to the series thus 
obtained. We may start with any polygon having the angles (m; + 4)7c, for 
from it all other forms of polygons with the same angles will be subsequently 
obtained. We will first consider the case in which some one of the m, say M4, 
18 oun to or greater than the sum of all the others. 


I. m, m, + My omg. 


To bring the m to a form corresponding to the- system of attachments to be 
employed in the construction of the polygon, we shall avail ourselves of one of 
the four following arithmetical reductions, in which e, t; æ and g denote integers, 
positive or zero. 


(1) m, = 25 4- + ez (2) m, 22s -- + c -- 24-1 
m=O © ; m, =v 
my = 2% | m, 262-1 
m=z. i m=z. 

(3) m= 284-26 - mE g4-1 (4) m=2%+2%+04+2+ 2 
My = & m=x 
m, = 2t l ¢ 8 ms = 2% + 1 
fs = 2. ms =z. 


The first two reductions are to be employed when the polynomial is of even 
degree; the last two, when the polynomial is of odd degree. In all four cases 
the form of the reduction shows that after the selection of a suitable reduced 
polygon, a system of attachments may be employed consisting of ¢ diagonal 
attachments between E, and E,, a and z lateral attachments on the sides EE, 
and E,Ez respectively, and ¢ polar attachments from E, to one of the two oppo- 
site sides, say H,H,. In the first case we must select the first type of reduced 
polygon, in the remaining three cases types 7, 4 and 3 respectively, A, B, C 
and D being taken in each case as the vertices #,,, Ej, E,, Ez. 

. All possible changes in the form of the polygon for case 1 are shown in 
Plates II and III. As before pointed out, the essential features of the polygon are 
modified only by transition through a rectilinear form. It suffices therefore to 
indicate in our figures these successive transitions. The rectilinear forms are 
marked in the plates with even numbers, the intermediate stages with odd 
numbers. The passage to a rectilinear form is effected, of course, by withdraw- 
ing the center of the concentric arcs to o. With the exceptions to be hereafter 
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noted, the successive transitions can be effected only in the order in which they 
are given in the plates. : 

Thé two plates, taken ioxeihét; are divided into four sections, each of 
which illustrates a cycle of changes which is to be repeated as many times as 
possible. In the first cycle a polar attachment is transferred from E,E, to E,E,, 
as is seen by a comparison of the first and last figures of the cycle. The lateral 
and diagonal attachments remain, however, unaltered. The corresponding index 
numbers have been inserted only in the first and last polygons, it being under- 
stood that in each intermediate polygon there is an equal number of lateral, as of 
polar, attachments. The second figure may be obtained from the first by with- 
drawing the center of the circular sides to œ. The only new form which is pos- 
. sible when it reappears in the finite plane is that represented in Fig. 3 (a) 
or a similar figure in which HZ, is the inner and HH, the outer arc. These 


two figures are, however, equivalent by virtue of the substitution y = = . Figure 


3 (b) is of the same form as 3 (a), one of the s polar attachments being explicitly 
represented. If, now, in this figure the center of the concentric arcs is carried 
to the right along the side .E,E, to o» —if carried in the opposite direction, we 
return to Fig. 2—the vertices Æ, and .E, both pass to œ, but E, must remain in 
the finite plane, since otherwise the polygon would degenerate into a triangle. 
We thus arrive at Fig. 4. The passage thence to Fig. 6 requires no comment. 
The seventh and eighth polygons have been omitted, inasmuch as they can 
readily be supplied by the reader, being similar in structure to tbe fifth and 
fourth polygons respectively, but with an interchange in the roles of E, and £z. 
Omissions of like character will likewise be made in subsequent cycles. This 
cycle is to be repeated s times, that is, until all the polar attachments have been 
transferred to EjE,. It may then be applied once more, until the reduced poly- 
gon 3 (a) is reached, when it will be found impossible to proceed further. The 
polygon thus obtained is the initial figure of the second section. 
The second cycle removes a diagonal attachment and replaces it by a pair 
of polar attachments to E,E,. At the same time the number of lateral attach- 
ments on EE, is diminished and the number on E,E, increased, each by two. 
The successive changés require no particular comment, until we reach the two 
polygons 5. These (as later other pairs of polygons) are numbered alike to call 
attention to the fact that, although constructed from two different types of 
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reduced polygon, they are identical in form. On leaving this figure, two alter- 
native courses are open, either to proceed as in the plate to the ninth polygon or 
to pass from the one to the other by means of 5 (b) and 5 (c) (see adjoining Fig. 10) 





Fig. /0 den 
‘without the insertion of any rectilinear form. Hither succession of changes is geo- 
metrically possible, and a decision between them cannot here be made. Pre- 
sumably it is dependent upon the position of the singular points upon the axis. 
The cycle can be repeated until either all the diagonal attachments or all the 
lateral attachments on E..E, have been removed. The former is the case when 


E >t, that is, m> m; the latter, when m, X my. 


The third cycle is applicable only when m¿>my, and the effect of its 
‘repeated application is to remove the remaining lateral attachments. The 
'changes for the first half of the cycle are the same as in Figs. 1 to 6 of cycle 2. 
. We then insert two new figures, numbered 5 (a) and 5 (b), and thence proceed 
as in polyEons 10 to 13 of cycle 2 to the ninth and final figure of the cycle. 
Each half cycle removes a lateral attachment on H,#; and replaces it, the one 
by a polar attachment from E, to E,E,, the other by a polar attachment from 
E, to the same side. According as the number of lateral attachments to be 
removed is odd or even, the reduced polygon with which we conclude the last 
application of this cycle will have the form given in 5 or in 9. Each of these 
polygons contains part of a circular ring included between the sides E.E 

21 
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‘and Z,E,. Since all the lateral attachments have been removed from these 
sides, they can be indefinitely prolonged, thus adding an indefinite number of 
circular rings to the figure. This, as will be later shown analytically, is nee 
the final outcome of an indefinite increase of the parameter. 

When m,<m,, the prolongation of the two circular sides begins immedi- 
ately upon conclusion of the second cycle, the reduced polygon being then either 
6 or 13 of cycle 2. Owing, however, to the presence of diagonal attachments 
_ between E, and E,; this will not result at once in the addition of circular rings 
to the polygon. The last section of Plate III shows the effect of a prolongation 
of each of the circular sides for a complete circumference, a diagonal attachment 
being of necessity replaced by two polar attachments, the one from E, to the 
side H,#,, the other from Æ, to the side E „E. By a repetition of this process 
the diagonal attachments will be removed, but at any time before this has been 
accomplished another change in the form of the polygon may be made. By 
passage through a rectilinear form, the circular sides to which the polar attach- 
ments are made may be converted into the rectilinear sides. But if this is done, 
to continue the transformation of the polygon, it will be necessary to re-exchange 
the circular and rectilinear sides either by retracing our steps or by completing 
the series of changes as indicated in Fig. 11* of the text. The final outcome 
will be the same whether these changes be included or not. The diagonal 
attachments will eventually be all replaced by polar attachments, and the further 
prolongation of the circular sides J£, E, and E, Es will thereafter result in the 
addition of circular rings ad infinitum. 

We have now traced all possible: changes in the form of the polygon upon 
the hypothesis that the parameter is varied continuously in one direction. It 
remains to consider what changes the polygon will undergo when the parameter 
: is varied in the opposite direction. As already stated, the only difference be- 
tween the first polygon of cycle 2 and the first of cycle 1 is that the polar attach- 
ments are all made to X,£, in the one case and to E,E, in the other.. By a` 
change of subscripts, the subsequent cycles will therefore apply equally. 
` well to either side of the first cycle. A variation of the parameter in the 
opposite direction will also ultimately result in the addition of circular rings, 
which, however, will be included between the sides EZ, E, and E,E,. 





* The transition from 3 (a) to 8 (b) is effected by increasing in the former polygon the radius of the 
inner aro E,E; until it exceeds the radius of Ej, E,. The two rectilinear sides then overlap, as in polar 
' attachment. 
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This completes. the discussion for case 1. The second case differs.from the - 
first in no essential feature. Plate IV gives the first cycle of changes. By its 
repeated application the polar attachments, as before, are transferred from E, E, 
to E,E,. In the last application of the cycle it will be found that the seventh 
polygon is identical in structure with the fifth of cycle 2, case 1, except that 
there is no lateral attachment upon E,E.. From this point on, the discussion is 
the same as in case 1. In the subsequent figures there will be an even or an odd 
. number of attachments on this side according as the number of such attachments 
was in the former case odd or even. 

The changes for case 3 are shown in Plates V and VI and for case 4 in Plate 
‘VII. The successive cycles are in every way similar to those of the first two cases, 
and case 4* is related to case 3 precisely as case 2 to case 1. 


$24. When no one of the m is greater ihan the sum of the remaining three, 
we may, without loss of generality, assume that ; 


IL minm>m>+m, m+ When deus 


One of the four following arithmetical reductions may then be made, t, z and æ 
being non-negative integers and y a positive integer. 


(5). m =F z 4-a . (6). m= 96-24-2241 
m=x+y M=u+Yy 
ms — 2+ y m=2+y+1 
mg — z. m, = 2. 
(7). m= 9t -z-Ez-F1^ (8) m=2%+2+x0+2 
.mj ety m=xw+ y 
m = +y € m= 2t 4- y F1 
mg = z. m=z. | 


In the first two of these four cases the polynomial is of even degree ; in the last 
_ two, of odd degree. The same reduced polygons may be selected as in the cor- 
responding cases of I, namely, the first, seventh, fourth and third types, 
B, C, D and A being taken as before for the vertices E,, E,, E, and E,. The ` 





* The seventh polygon of cycle 1 of this case, after the polar attachments have all been transferred 
to E, E, is converted into one similar to 5 (b) or 9of cycle 2, case 8, by enlarging the radius of the inner 
are until it exceeds that of the other arc, 
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polygons are then completed by ¢ diagonal attachments between #, and Æ, and 
by æ, y and z lateral attachments along the sides E, E,, EE; and E,E,. The 
polygon for case 8 can. also be built up from Type 4, since the first lateral attach- 
ment on BC in Type 3 is equivalent to a diagonal attachment between B and D 
in Type 4, and the polygon will therefore differ essentially from that for case 7 
only in the selection of the vertices £,. 

The first cycle of changes for cases 5-7 is shown in Plate VIIL The changes 
in case 8 are similar to those in case 7. With each repetition of the cycle the 
- number of lateral attachments on each of two opposite sides, E,E, and EE., is 
diminished by a unit, while the number on each of the other sides is increased a 
like amount. The cycle is to be repeated until all the lateral attachments have 
been removed from one of the first two sides. This side is then free for polar 
attachment,.as was also H,#, at the outset. The cycle is therefore to be both 
preceded and followed by other cycles in exactly the same manner as was cycle 1 
in the corresponding cases of I. We may therefore limit our attention altogether 
to the present cycle of changes in the polygon, this being the only one of a new 
character. 


: $25. We have now seen for each case all possible changes in the form of the 
polygon. It remains to prove that when the parameter is continuously varied, 
the polygon will pass through the series of changes which have been described. 
For this it will evidently suffice to show that an indefinite increase or decrease of 
the parameter will result in the addition of an indefinite number of circular 
rings included in the one case between E,E, and E,E,, in the other, between 
E.E, and EE. To demonstrate this we first reduce equation [17] by the sub- 
stitution 
y= (s= GPF ee (2 — a)y 
to the form : 





Py h 
+ ( R(x = 0, . 18 
a a Trey comers CER [18] 
in which R (x) is a rational fraction that is finite except at the singular points. 
If A is then taken sufficiently large, the coefficient of y will have for any given 


. À , ve 
value of z the same sign as . For large positive values 
en 88 (z—e)(s— 4) (s — e) 2s 





of A the sign will therefore.be positive in the segments ee, and ez o», for large 
negative values in the segments oe, and ee. The coefficient can, moreover, be 
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made greater than any given positive constant a. Now it is well known that 
every real solution of the equation y”+ay=0 has an infinite number of real 
roots which cumulate in both directions in the vicinity of the point at o. But, 
by a theorem of Sturm,* if G’ and G" are two functions of x which are finite and 
continuous for any interval of the axis of x, and if G'/ is algebraically less than 
G', then between any two successive roots of a real solution of y" + G/y = 0, 
which are situated in this interval, there must lie at least one root of every real 
solution of y” -- G"y — 0. It follows that when h is indefinitely increased, any 
real solution of [17] will have an infinite number of roots in the segment e oo, and 
when h is indefinitely decreased, an infinite number of roots in the segment œe. l 
Like results must also hold for the segments ee, and e,2, respectively, since by a 
linear substitution the singular points e and o» can be interchanged and at the. 
same time the value of A is multiplied by a negative constant. [ Thus, whether 
h is indefinitely increased or diminished, every real solution will have an indefi- 
nitely large number of roots in alternate segments of the axis. Furthermore 
these segments cannot be hyperbolic segments, because in such segments the 
two factors of our polynomial product are real solutions and its degree would 
then be infinite. In the elliptic segments the two solutions will have the form 
AP? + /—1 BP" ** in which P! and P™ ++ will each have an infinite number 
of zeros, the zeros of P? alternating with those of P™++. Hence as x traverses 
either elliptic segment, the argument of y, which is equal to 2 tan”* BM a ; 
will increase without limit. It follows that when A approaches o, an indefinite 
number of complete circumferences will eventually be added to the circular 
sides of the polygon. Since the angles of the polygon remain unaltered, this 
can be done only by the successive addition of circular rings. 


$26. Our figures may now be applied to a study of the polynomial product. 
First consider cases 1 and 2 in which the product is of even degree. Upon 
examination of the rectilinear polygons it will be found either that the vertices 
all lie in the finite plane or that two of the vertices Ej, E,, E, are situated 
at o. For the critical values of the parameter the square root of the polyno- 





* Lionville, tome I, p. 185. ; 
{See my article in the Bulletin of the American Mathematical Society, June, 1898, p. 482. 
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mial product can therefore be expressed in one of the four following forms: 
(1). Pa 
(2. (arte e) +4 o 
(3). (æ — a)" +i (s — eti Pa ] 
3 Ml, 
(4). (e—a) oe) P 


$^om-m-1. P 

The polynomials P thus introduced fall into four distinct classes, and those 
which belong to the same class are solutions of differential equations with com- 
mon exponent-differences. According to Heine's formula [8] the number of 
polynomials in the several classes must be equal to 


(1). T +1, (2). + —m,— My, (8). m "ae (4). > =A il 
and the total number will be 


2n + 1— 2[m, + m, + mg] = 4e + 4t + 2e + m+ fy oar 


The number of rectilinear polygons will not, however, necessarily be so great, 
inasmuch as they correspond only to real values of the accessory parameter, that 
is, to polynomials with real coefficients. The lower limit to the number of such 
polygons can be obtained by a count of the minimum number of rectilinear poly- 
gons included between the two polygons with series of ring attachments, and it 


+ 1, case 1 
1, case 2° 


furnishes, therefore, for the cases under consideration, a supplement to Heine's 
theorem. ‘The missing polynomials belong to the first and third classes. 

An inspection of the plates also shows that the polynomials of the several classes 
recur in each cycle in a definite order. The first cycle is, however, the only one in 
. which all four classes are included. The order in which they there recur is for 
case 1 the same as that in which they were above enumerated ; in case 2 they 
recur in opposite order. 

As before explained, the changes in the acuto of the real roots of the 
polynomial product which result from a continuous change of the parameter A 
can easily be traced by comparing successively each rectilinear polygon with the 
polygons which immediately precede and follow it. In the two cases before us, 


will be found to be 4s + 2x + nit Qur geometrical investigation 
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as also in all cases to be hereafter examinéd, each passage of the polygon through 
a rectilinear form exchanges the rectilinear with the circular sides. As therefore. 
the accessory parameter passes successively through the critical values, each segment 
of the axis will be alternately elliptic and hyperbolic. 

The successive changes in the position of the roots may be advantageously 
' shown by a graphical representation such as was introduced by Klein in his dis- 
cussion of Hermite's equation. For this purpose the values of h are plotted as 
ordinates and the roots of the corresponding polynomials as abscissas. The 
resulting curve Z'(P,, A) = 0 shows at a glance the dependence of the roots upon 
the parameter 2. Specimen sections of the curve, which correspond to the first 
applications of the various cycles, are given in the first half- of Plate IX for 
case 1. Horizontal lines which represent the critical values of the parameter are 
added and numbered to correspond with the rectilinear polygons in Plates II 
and III. These, together with the vertical lines a= e,, &, eq, divide the plane 
into rectangles, in which alternately the two solutions are elliptic and hyperbolic 
To each successive repetition of cycle 1 corresponds a branch of the curve simi- 
lar to that drawn in the plate, but the number of oscillations between e, and ez 
which corresponds to the number of polar attachments on the rectilinear side 
E, Es is every time diminished by a unit, and the number of oscillations between 
e, and e, is increased by a unit. In like manner the number of oscillations 
between e, and ez is increased by two units with each successive repetition of cycle 
2 or 3. The dotted portions of the curve correspond to the series of polygons in 
cycles 2 and 4 whose presence cannot definitely be affirmed. The ovals are to 
be included in the curve only when the numbers which they enclose are odd. 
.Below the first section of the plate are to be added sections similar in structure 
to those above it, but the roles of the segments ee, and ee must be inter- 
. changed. The first section of the curve for case 2 is indicated at the foot of 
Plate IV. The second and third sections are similar to the corresponding sec-. 
tions of ease 1 but with the insertion of an oval in the lowest rectangular space | 
between œ = e, and x = eg. : . 

- The curve given by Klein for Hermite's equation is comprised under case 1, 
when the degree of the polynomial-product is even, and is the special case in 
which there is but a single cycle of changes. The curve therefore consists . 
entirely of sections similar to that given for the first cycle, but without the ovals. 
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to œ. Accordingly, for critical values of the parameter, the square root of the 
polynomial-product will have the form: 

1). Ls mp ; : 2). Les mop. , 
(1). (e—a Pai ORC eee 


m, 
(3. (x—e&)" HB, (4. Pas p 
73 ] E e| Rog 


4 = 


93 
m 


Four classes of polynomials are thereby distinguished, and their total number is 


2n — [m; + m, + m, + m] + 2 — 4t + 2w + 2y + an + [? nodis 
, case 8. 
Of these only Gy us g belonging to the ist and 3d classes can be 
imaginary. 


It is noteworthy that in all 8 cases, with the single exception of ease 6, the 
maximum number of imaginary polynomials is either 4¢ or 4(£-- 1), depending ` 
solely upon the number of diagonal attachments in the initial polygon. 


WESLEYAN UNIVERSITY, Aug. 1898. 


"Note on D¡ferential Invariants of a, System of m Points 
by Projective Transformation. 


By EDGAR OpxrL Lovzrr. 
As is well known the n*^ order differential invariants of a geometrical con- 


- figuration by an r parameter Lie group generated by the r independent infinites- 
imal transformations 


Uf Uses (1) 
are found by integrating the complete system of partial differential equations 
Upf—0, Upy—0,...., Uf 0, EC 


where the UPF are the so-called n'* extensions of the original transformations. 

In particular if we seek a differential invariant of the second order of a 
system of m points in the plane by the general projective transformation group 
of that plane we have to find a solution of the complete gystem 


m 


3 [Xtfj o0... M LU 6, (3) 


where [Xf]: represents the result of substituting xi, yc for æ, y in Xj! f, and 
AXUf, ... ., Xi/f are the second extensions of the eight independent infinitesimal 
transformations which generate the projective group 


p. qq, vp, YP, cq, yd. Vp ayg, TYP + Y (4) 
respectively, PET written for E and q in place o í 
The second extension of the infinitesimal point transformation 
és XS =E E (æ, y) p +n (E, y |. (8) 
X'f=Ep + nq + nig +'d, (6) 
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in which 
pan dd ni yty 
"TEC! ee =a Va Y ae! 
| — =% ya 
== 0 


By means of these expressions the second extensions of the original eight infini- 
tesimal projective transformations are found to be, respectively, 


pq, &p— yd —2Y Y, yp—y'q —3yy'g', «qq, ya * VE vdd) 
ap + vyg + (y —=y) gl — 3«y'g", «yp + yq + y (y —2y) q — 3xy yq". 
Then those functions o (x, Yi, yi Y, 9,99. 0: VC: Um» ds ya); which are differen- 


tial invariants of the second order of a system of m points (%,, y, «+++: Um Ym)) 
are solutions of the complete system of equations 





30%_0_3/.0 99. 09 
Dac ay Ares Ur M ar 
E 9 . 9 209 N Ur. 09 N 
z P à | 
Y (ngt +y s y 3s | (9). 
1 + ' l 
-Ffa gt tang? + (aa) air — 82 1:4 
1 ¿ 
aa a 0 do. a 
=) eoe ur + Y (Y: my) ou — Bala! st} =o. 


This simultaneous system has at least 4m — 8 independent solutions; direct inte- 
gration yields that m of these solutions are of the form 


SH fal pla... : 
2 yl Ye — Ya — yl (Er — ax) ’ P : , m. (10) 





In order to interpret these invariants geometrically, take m curves in the plane 
perfectly arbitrarily except that a curve is to pass through each. of the m points 
of the system which we are studying; let p: be the radius of curvature of the 
curve through (z;, yı) at (xı, y;); take any point (x+, y,) of the system of points 
and join it by straight lines to all the other points of the system; let 0, be the 
angle at (z,, Y+) between the normal to the curve through (z,, yz) and the line 
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joining (z,, yx) to (a, y) , and let q, be the angle between the latter line and the 
normal to the curve ad (zs; y); then the bi (10) show that the m 


forms . 
1 y, Cog? 6 . NR 
Zen ik, m ONES (11) 


are absolute invariants under the general re group. 
If, in particular, the m points lie on a straight line, these invariants reduce - 
to the simpler forms ` 


Sy P 008 Os id kh, (k=1,2...., m). (12) 


iP cos? 6,’ 


"By. means of the theorem. of Reiss, stating that Y or? cos ?0,is zero when a 


straight line cuts a curve of the m*^ degree, we have that the value of the inva- 
riant is minus unity in case the m points lie on a straight 1 line and a curve of the 
m*> degree simultaneously, and conversely. 

Let the given system of points lie on a straight T and let the curves be so 
chosen that they are normal to the straight line at the pons of the yaten The 
invariants then become l . 


SE or EE À ics (13) 
1 1 


This includes as special cases the theorem that the ratio of the radii of curvature 
at corresponding points of two parallel curves is unaltered by projective trans- : 
formation and also the theorem, given as new by Wolffing* but due.to H. J. 
Stephen Smith,} that the ratio of the radii of curvature of two tangent curves at ` 
the point of tangency, is unaltered by projective transformation; it is obvious . 
that the latter theorem appears without insisting that the curves be normal to 
the line. -~ `. à 
In view of the fact that the general projective transformation group preserves 
its form under a transformation from point coordinates to line coordinates (the 
individual transformations are not invariant, but the group as a whole), corres- 


*' Wolfüng, “Das Verhältniss der Krümmunsgsradien im Berührungspunkte zweier Curven," 
Zeitschrift für Mathematik und Physik, Bd. X XXVIII, 1898, pp. 287-249. 

t EL J. Stephen Smith, ‘‘On the Focal Properties of Homographio Figures, as London Mathe: 
matical Society, vol. II, pp. 196-248. 
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ponding theorems relative to the invariants of a system.of m lines can be imme- 
diately written down from the &bove forms. 


Consider a system of m points (2, Yr, £j, +... Tms Ym: Zm) in ordinary space. 
A differential invariant of this system by an infinitesimal point transformation 


A tren) IS 0 04 
is a solution, mM . 


ab (x1, Yis 2; Pi; gi, Tis 83, hs eso jj oseo; Lm, Ym: Zas Du: eus .) (15). 
of the partial differential equation l 


2 [Vf ],— 0, 
where Vis the ni^ extension ot Vf. 


- In order to determine the form of this extended transformation we proceed 
as follows :* Putting 


— Oz — Oz — a — z- z 
ae re, I= ay” "= $3" = dy” imd AA (16) 
the variation of the identity 
i da 55 pda + qdy (17) 
gives 
dàz = Sp. dæ + dq . dy + pdóx + qddy. | (18) 


dx, dy, dz are given functions of a, y, z from (14), namely, 

da=E (x,y, 2d, dy =n (z, y, 2)de, ð= č (x, y, 2) de, (19) 
where $e is an arbitrary infinitesimal of the first order. The identity (18) is to 
exist for all values of dx and dy, hence it breaks up into two equations for 
determining dp and dq, the variations of p and q by the infinitesimal transforma- 


tion Vf. Calling these we and xde Fespeotively, the first extension of the trans- 
formation (14) is 


r= s Y uy tates E (20) 
in which 
n= čet pl,—p (E. + p) — q (ns tre] 
x — Ey qb, — p (Ey + aby) — q (ny + qn): 


* See Lie, ** Vorlesungen über continuierliche Gruppen," bearbeitet und herausgegeben von Schef- 
fers, Leipzig, 1898, pp. 700, 710. 


(21) 
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Similarly the'variation of the identities = 
dp=rdx +8sdy, dq =sdx + tdy (22) 
yields equations for the variations ôr, ds, dt by the transformation Vf. The 
solution of these equations gives for the second extension of Vf, 
T" of Y y 9f 
+ 
| WF Vite a daa TC (23) 
in which 
p + pr, +r + any — r (Es + p£;) — 8 (n. + pu), 
O= 7t, + qt, + on, + tz, — 1 (E, + 950) — 8 (ny + qn.) -(24) 
= x, + px, + rx + 8%, — 8 (E. + ple) — t (ne + Pre), ; 
T= x + qr + 8X + tx, — 8 (E, + g£,) — t (n, + qn. 


The higher extensions are computed in the same way. We have now the 
implements in hand by which to prosecute the study of the problems in space 
corresponding to those already discussed in the plane. l 

The formulæ (21) and (24) give the following forms to the second exten- 
sions of the fifteen independent infinitesimal transformations of the general pro- 
jective group of ordinary space: 


Ff Of a xf af op of _, af 











Om ' Oy’ oo’ Os Op "or ° es” 
of ^ Qf 2s of t of ee of 
dy Iz Qs ' Ox dp’ 
of ur Y of l 
> Pa at 
3 of of of , of 
V3 2:3 —' La dt” Lu Gq’ 
io -— d 20 — mene of — (290 +90) Y (25) 


x 2£ 4 p P v3 r +s td 


— gy) -> zi 


ap * 
EO Tin PR 





i 
E pot m désir, | x 
I 


— (8ra + 204) SÉ — (200 + ty) ¿E — to Lo 
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ey ri ry oF SL + (apa a) gor + 
— (asy + ra) OF ud LA E 
m L 4 y, OF A +2 a CT UR --— d de 


En (gr + ape) y} 3 — i(gr + 2ps) x + (pt + "e 
— { 8gty + (pi + 345) «| LL 


From these forms we write directly the simultaneous system of partial differential 
equations 


$ 9$ $4, 09 — 
nd — p, 5h — m$ TOL (26) 


to be satisfied by the second order differential invariants of the system of m 
points. The complete system is one of fifteen equations in 8m variables; hence 
there are at least 8m — 15 invariant functions. By integrating the system by 
successive substitutions, m of these invariants are found to have the following 
form: ` 





xS Zi — Zr — pi (s Ly m k=1.2 9 
! zl Dy danse: (97 
8 — Tits pere EE (y — v) ' ; l id 20 


These invariants are susceptible of a geometrical a quite analogous 
to that given in the plane. Take m surfaces in space perfectly arbitrarily. 
chosen except that a surface is to pass through each of the m points of the 
system; let E; and R; be the principal radii of curvature of the surface through 
(a, Yis 2) at (£ y, 21); take any point (X+, Yz, 2) of the system of points and . 
join it by straight lines to all the other points of the system ; let 0; be the angle 
at (c, yx; %) between the normal to the surface through (zx, Yx, Z) and the line 
joining (ar, Yrs %) to (a, Y 2); and let q, be the angle between the latter line 
and the normal to the surface through (a, y;, Z); then the expressions (27) show 
28 
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that the m forms ] Es 
| SURE oo 6 | (28) 


“are absolute invariants by the general projective group. 
. When the m points lie on a straight line these m invariants reduce to the 
simpler forms 

RR; cost 6, mE 
EL Ecc. 
ick, k=1,2,....,m 


If thé m points lie on a straight line and a surface of the m deus simul- 
taneously, we have 


ix RH cos 0, a 
as a generalization for ordinary space of the theorem of Reiss for the plane. : 
| If the m pointe are collinear and the Surfaces be so chosen that they are 
normal to the line the invariants become 2i 
SRR | 
» e . (80 
ARRA sa d . Q0) 
iX, si, 9 sss vs M í 


This last result shows that to generalize the theorem of Smith relative to 
‘tangent curves and the theorem given relative to parallel curves it is only neces-. 
sary to. substitute “surfaco” for “curve” and “measure of curvature" for 
. "radius of curvature.” As a matter of fact there is nothing in the reasoning to 
forbid allowing the m points to fall together, and if we proceed to this limit from 
the case of collinearity and m surfaces normal. to this line, the form (30) obtains 
in the limit and expresses an invariant relation by projective transformation in. 
‘the curvatures of m surfaces tangent at a. common point. m 

PRINCETON, N. J., 21 April, 1898... me 


Proof of Brioschi’s Recursion Formula for the Expan- 
sion of the Even 6-Functions of Two Variables. 


Bx Oskar Borza. 


In a note published in the Goettinger Nachrichten for 1890, p. 287, Brioschi 
has given, without proof, a recursion formula for the expansion of the even 
G-functions of two variables, in which he makes use of a peculiar differential 
operator considerably easier to handle than the Aronhold process used by Wilt- 
. heiss* for the same purpose. He also gives the results of the application of this 
operator to the simultaneous concomitants of two cubics, and thus furnishes 
everything that is necessary for the actual computation of the successive terms 
of the expansion of the even 6-functions of two variables into power series. 

In the following pages I propose to give a proof of these theorems of 
Brioschi's, since, as far as 1 know, no proof of them has ever been published. 


$1. The Partial Differential Equations for the Even G-Functions of Two Variables. 
Lett l 


R(x) = a =P... cu - (2) 
be a (non-homogeneous) sextic, and 
H-(agyoiQi, i= (apf aba A-—(aBy):  . (2) 
let, further, ; ! 
, ! E=9.4Y (3) 
be one of the ten possible decompositions of E into two cubic factors, and 
3 — (>, Y), O= (0, v)s, J=(9, vb), ` (4) 


* Math. Annalen, Bd. 29, p. 272 ; Bd. 85, p. 488; Bd. 80, p. 184. 
+Since we are using non-homogeneous variables, the symbols a, fs, eto., stand for aw- as, 
pwt, oto LA 
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and write 
o= Qr’ + 39,27 + 36g + Qs, ab = di? + Baya? + 344m + bs 
S= Suit + 492 + 6332? + 49.2 + Sy. 


.' Let, further, l UN 
ere. y — R (2) (5) 
and choose 

_ fade _f dz 
w= f. QM dy j (6) 


for the two integrals of the first kind used in the formation of the G-functions. 
Tf, then, a denote one of the roots of p, the following theorem holds: 
Theorem 1. 


The G-function belonging to the decomposition (3) ia the idi differen- 
tial equation 


96 O(a) 
a EOS Y^ Ag — 35 R5 E A 
: 9% afee 


I ma: Y 


in which the summation, indices take independently the values 1,.2 and the quant 
ties Yep %, are defined by the equations 


FH! (a) (A? + 22130 + Aga) = — -4 BO — A (x—ay ] (7) 
H (a) (0,0 s xk + ty — xak) 
=; x o (Ges! + 30a + (a E) — 9v? + 89 0 + 3)(2— E) (8) 


+ $ 312,9, + 4 6,0, (a— E) c J(«— a) E— 9). 


Proof: In & previous paper, "The Partial Differential Equations of the 
Hyperelliptic ©- and G-Functions,”* I have given a proof of (A) with the pono 
ing defining equations for the x,j's and 2,,s: 


A (a, E) & t [Ago + Aas (s E) + An] 


- yea teeta m0 
Mi LM ope EGG po zos (9) 


* American Journal of Mathematios, vol. XXI, p. 107, equations. 
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and : : 
= _ (E (a—E) Fs. a) 
K (x, E) = 0 xat + X31 Kok = d z—daà R (aa — ay , (10) 
where F(x, £) = aba? is the third polar of E (x) with respect to E. 
It only. remains therefore -to show that (9) and (10) are equivalent to (7) 
and (8). 
a). The expression for A(x, £) can be transformed as follows: 
Notice first that A (x, E) is the first polar of A (a, x) with respect to £; but 
by letting = and making use of the expansion 
F(x, {) = R(z) + $ R'(z)(E— 2) + eR ()(E—2) + 
we obtain . 
_ Qf Fx. a) R (x) E (a) — E io) P (e) _ F (a) R! (a) 
R' (a) A (æ, Œ) = (7 (ay) t> , (s —ay decur 
where the zero term. R (a) R'(x) has been added for RS. 
But since 





R (x) = ala, . + abe, = cR! (x) + año, 
we have . ; A 


R (€) Pr (a) — R (a) R (9) = + (s — a) R (0) B (a) — 6 (ap) otf, 


and therefore 


R (2) (n, 2)= aaa [4 ao « Paba + ato Cro: (o) ona], 
Now observe that 
BL Rata. Bas = Qaba + 003 — (aBa — aala)’ 
and apply Clebsch-Gordon's expansion, which furnishes : 
(ap) (038 + aapa) 
= 2HiH1-- 488 (x — ay +34 (a — ay 
= 2 (ap Y (ahabi + añaB 05) 4 HEH: + 3 (x —a) — t 4 (a — ay 
= (a8) 04654 HLH (n — a) +H 82 (0 — a)! + 4A (o — a). 
"The result is equation (7). 


b) Similarly the expression for K (s, £) can be transformed as follows: ` 
By Clebsch-Gordon's expansion we have 


PB afat —4 NN (s — a) + 140,0, (s — ay — 4 J (e — ay. 
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Hence since: 
9° = 0, . 
re E = $323? — h 0,0, (x — a) -- 1J (s — a}. 
Further, 


$ aie 9 (x) y (a) — 9 (a) y (x) = 3891393 + 4J (s —a)?, 
z—a $—a 
and by making c= B 
x ast Ri (a) = 9! (a) Y (a) =3M.- 
Thus we obtain 
ROED | pss 
= 408-088 4 16,0, (02) + tI (e—alE—a), 


z—«a 





which, after performing the division by æ — a, reduces to 
R (a) K (s, E) ü 
(0 m —4323, (x — E) 44 323,3, + 150,0, (a — E) + 1J (x —a)(£ — a). 


And if we reduce the degree of the right- -hand side in a Py means of the equa- 
tion $ (a) = 0, we obtain (8). 
Thus Theorem I is proved. 


If b denote a root of 4j, the expression for 2 can be derived from (A) by 


simply writing b instead of a and interchanging $ and «+, which operation 
changes the signs of $ and J, but leaves O, ¿, A unchanged. We shall refer to 
the differential equation thus obtained as equation (A/). l 


§2,—Brioschi’s Diferential Operator and the Recursion Formula for the 
Expansion of G,, (wu, Uy) - 
Multiply equation (À) by 
3932 +d (u— ay 9009 (9, 
u being an arbitrary new variable, and sum with respect to the three roots of $ 
(notation X) Similarly, multiply (A) by 
| 8329} — pJ (u — by = 10290 
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and sum with respect to the three roots of (notation X. Add the two equa- 
tions thus obtained and finally put u = a and multiply by uf 
The left-hand side becomes* 
RENS ao — ] 26 n 06 
(39392 +4 Jud) (za c zu L + 2 (8823,9, — idee) (za 28 sb 
$93 w OG 
+ (0944108 $F —» 22). 


The right-hand side of (A) is an TN function of the second degree of a, 
say g(a), divided by Æ (a), and the right-hand side of (A’) is an integral function 
of the second degree of b, say q (b), divided by E! (b). . But 

$ (u) Y (a) Ke = io oy) = 
* u— a, (a) me d u— xi 


¿OL 9). 30 - m ES 


Hence the result of the above-described operation i is, for the right-hand side, 
qg (u) +g (u), 


dohi — did = So, 
Po be — $a ho = 233, 
$v35— Pato = 33, + $d, 


and if we observe that] 


and . 339 
E — =858—28', 
Po bo : 
where 4 © e=2a, 82D, (11) 


this reduces to 


Bil. 6 — oto $08 (uat eu So 


Oo , a6 

*ti(E. ui + 2 saga d Sa c) 
96 

HEARNE (u 26 + s 





* It is hardly necessary to say that here 9,, +, are symbols, aid that de: x + Bsus: 
1Here ?,, 9, 2, are of course coefficients of Y, 
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Transposing the last term, we obtain the 
Theorem 1I. 
_ Uf the three operators ANDO, AY, GY) 
are defined by the equations E 


a(n= :L- 4 


Ob’ | 
G (f) = Xa C rs = (12) 





GU) exec — 3 tt T tua). | 


bers (o ama, ¿=3b, 
and the operator D (f) by 


D (f) = (63381 + Jud) G,() + 2(6323,9, — Juu) Gs (f) 
+ (63235 + Jui) Gf), (23) 


the Function G,, (uu uy) satisfies the partial differential i a 
= 06 
D(6) = 6.6 302.6 — -ro (1 26 tux) 
FEN 
WOE emu ea Po (B) 
.. We have chosen the two integrals of the first kind, wj, ws, in accordance with 
Wiltheiss and Brioschi; if, instead, we had taken w, = cw,, tw, = cw, we would 
have reached a slightly different result, viz. the first and last terms on the right 
would be d into ; | 
A 3 PG 
4 
as follows from the formule* for the passage from one canonical system of inte- 
grals to another. Klein, in his paper on a c Sigmafunctiónen " 
(Math. Annalen, Bd. 27), chooses 





w= — zt, w = — J —— 
hence c = — 2. 


* Bolza, “On Weierstrass’ Systems of Hyperelliptio Integrals of the First and Second Kind, 2 
Chicago International Mathematical Congress Papers, p. 8. 
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Now let 6 (i), Up) m1 bee f n (14) 


be the expansion of 6,, according to powers of u, > = 





of the terms of dimension 2n. 
Substitute this series in (B) and equate the terms of dimension 2m on both 
sides, Remembering that 


u, 98s 


9S, 








e ET 1 
id , 88. ag E D. 
= 2 n 3 = k -— 
"d + th Uy a RS oud 2n. (2n — 1) S,, 


. we obtain z EE l 
D (S,—1) = 12 (n — 1) (2n — 3) 48, .,— # (4n — 3) 048, + S,. 
This furnishes for n = 1 MES - Ee - 


S168 | (15) 
and thus we jeu Brioschi’ s theorem : ' 
Theorem TII. 5 
The successive terms of the expansion of Gy, (14, Us) into a power series 


e Su (a HY Lt SE + tar a = 


. are determined by the recursion formula 
Sa = D (Sa) + (4n— 3) SS, — diuo ey ae (C) 
where the operator D 4s = by (18) and 
| =E (PUF pubu, d = (ab) agi. | 


Corollary: The covariant 2 is expressible in terms of. the- simultaneous 
concomitante of $ is v as follows :* 


i= yy Od $ Ay — 433, ME (16) 


in the notation of Clebsch, ' t Binaerie Formen," $61. 





* Proved by Cáporali, Sul sistema di due forme binarie cubiche, 28, Rendiconto della R. Accademia 
di Napoli, 1888. 
|. 24 
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$3. Reduction of. Biohit Operator D(f) to an Aronia Praa 


From 
sob — ——$ o 
ES => (pya + 39) 
Le — — (pua? + 8910 + 30») 
follows l oar 
of _ a, Y of — o. 
? $a ^0» ES Oo, o, | - 
of. af af af | 


Xa on nd and and 
of _. of of of 
2a a A TR RE $26; 


BENAC E 
(ovas. E, ap P) 

Hence if f be a homogeneous Amono of Po: $, Pa, Pa of SEM v ind of th, Us 

of degree m, we have 


zat 2f. a 2 es e Co mre omg and 


We are going to apply the operator D successively to S,, D, Sy, +++: +; but 
it is easily seen from (C) that S, is of degree 2n in u, uz, of degree n in the QB 
and of degree n in the ẹs. Hence we are only dealing with functions f for 
which : 

y— m |. 
acce 


and for such bo we have 


UPC ted. 


dpo $i 


Q 
xe 2 — 2 7 (^3, L T 2) - Tod 
Analogous formule hold for 


E OF xe OF. 
XP eb EU 
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and we thus obtain for G;( f) G (f), G, (f) expressions which are a 


X and linear in 
|. F Of FSF af .of F a of 

OG’ p ` dp? Oy’ Ob,’ OL' dd? OW 
For their further simplification we may therefore write symbolically : 

f — Of. _. Of — of — 

acm 0¢; — 3212 , sc E ag, 

Qf... Y of of 
== ar 3 , =3 ; — , 

od, > Vis oy, vis od, ys 
perform the reductions in the symbolical form and in the final result resubstitute 
x. etc., for the symbols. | | 

ON 
Thus Gy (f£) = — 3 [59H — ye x 
G,(f) = — 3 [apip — yos], 
G,(f)- 3 [apip —Yndi da] - 
Since the dentes v of f in the $i 8 is pappone to be the same as in the Ys, 
we have 
== y 
and G,(f) may therefore be written 
G (f) — 3 [p — Y — magia. tyr] 
=3[— s Ty]. 


2G, (f) = 3 [abe — 7191) $2 — (Yabe — yeh) 35]. l 
d = OSS + J (uz)? = eui + 205 + 09% 


D(F) = uG f) + 213G: (f) + eG (^) 
= 39% [002 + e (25s — 2:1) — 0x91] 
= 3, [onyrdo + 6s (ysha xx yoh) TT eydi] , 


hence 
Now if we put 


we may write 


or ! D(f) = 3 ($p) Papa — 3 (BJ) Oy. 
. We thus reach the 
Theorem IV. 2 oe & 
If P=6NM + Juny . (17) 
and 


3 (09) 0,03 = Mal + 3 Mido, + 32sod + Med = Mi 
— 3 (DY) 6444 = Neat + Sud + 3m + Na = NT (18) 
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then Brioschi’s operator D(f) is a to the ne Aronhold process : 
D(f)= > ML a>) xaT. (D) 


Corollary: Hence tollo the rule: 

To obtain D (f), replace in f the coefficients $; and +), by the corresponding 
coefficients $, + AM, and Y, 4- A.N; respectively and expand according to powers 
of A. D(f) will be the coefficient of A in this expansion. 

In applying this rule to a function of t4, t: 


f= fe 
D(fz) 


and in the result put x= u. This precaution is necessary, if we wish to use 
symbolical methods, since t4, Uy enter into the coefficients of M and Nas well as 
ante the function f}. . 


we first pum 


$4. Efect of the Operator D upon the Simultaneous Concomitants of $ and y. 


- We now proceed to determine the effect of the operator D upon the simul- 
taneous concomitants of y and 4j as far as they Seres in the successive terms 
Si, Sa, Ss yo...» 


1. Since 
8, = i © ’ ` 
` we need, in order to obtain |, the value of D(@).: According to the above rule 


DOD) - (9) Nh + (b, M); 


but 
(M, th= 8(bp)qU da, + 2 (DP) (oV) e, 
-— (N, 9) — — 3 (PH) (Yo)? 6,9, — 2 (P (09) e£, 
therefore 
| D (82) =— 3 D+ 2 (p) (0982 + (OY) 91]. 
But since* 
(3, $5 =+ Jo, (>, $h = —łp, 


we have : i 
e (099, = oie, — tribe); | (18) 
(DLL, = 2449, + 3%, (ua), | 


* Oàporali, Rend. della R. Aco.-di Napoli, Marzo, 1889, 88. 
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hence p TEE | 
(PDA = aJe "TM 3p,. FT 
(qb) (drift = 2J (GY) UPA + 37, . 9.9: 


Oollect. the terms, apply Clebsch-Gordan’s: expansion and. make. use of the 
 formule* 


P= 4-4) 7 5-- Ay — e | (19) 
| OTST. = Pp, 7 + Vd Par 0. > (19a) 
arly = 9.9%. bid Pe NES C (19b) 
. we obtain WU ud i , 
| D (85) = = Leper — -107% 38 — 4 J? (30), (20) 
and putting v= u: PL a e aea ME 
-D(O) = 12A — 120* + 239: sg 72 y. Se NT 


The reduction formula (C) furnishes oe for S, the value de " ERAT 
| S= 18Ay + 6J3— ALP, = "AN (22). 

: 2, To obtain & we aad D(J ), D(3) and D (Av). | x 3 

a). D(I)=(0, Na + (f, s. = 


TE E (M, 4) 3 (09) (OY (Od) = 3 (8, D): 
Butt us Say a oe oe 


(O, ©), = 6 (39)! 32 + JO = — 3» — JO 
where a MEE ML 
(Y AN. | 
Hence WIES P 
(M, Y) =— 9 — 340 . 
M (N, b= %-+3J0, 
consequently . .. E: Wa Oe 


D)z—i$—ee. .- pum | (28) 
b. DOY=@, N)-F (M, Yi = 


at NAAA e. i TN 
ind du: ERO h. AI Oa 


: * v. Gall, *Syzyganten cubischer Formen.’ us Math. Annalen, B4. 81, PO 485, and Gordan, “ Tu 
anten theorie,” I, p. 885. : T De Wu $ 
tCaporall, L o. ` AA 
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Hence putting s = u and remembering that (N, $) can n be derived from s br 


by interchanging $ and y: : 
D(X) = 4J. pẹ} — 1303. l (24) 
c). D de — AD(v) + vD(A), | 
D (Ai) = 2 (p, M), —6 (op) (DP) 5,9; + OPIO 
= 2 (99) (89) Dapa = 2 (b, A). 


Similarly, 
| D(vi)s —2(5, v). 
hence k l 
D (A73) = — 2 [4 (8; v) — vi (9, A),] 
= — 2 (Ay) 4V» 3.. (25) 
Hence, putting xz = u, ; l i 
, D (Ay) = 1273. l . (26) 


The reduction formula (C) furnishes now for S, the value : 
| S,=0 [54Ay — 54J3. + LO] + 247%) + 10843, (27) 


which agrees with Wiltheiss' result (Math. Anrialen, 29, p. 297) if we make use 
of the syzygies (233), (323), (226), (224), (336), given by v. Gall in the above- 
. named paper. 
3. For the computation of S; we need D (d«/) and D (»). 
a). Since : 
| D (p) =M, D(z) = Ni, 
we have AE 
D (9h44) = — 393.34. | 
Hence for g = u: EU 7 E 
D(oy) = — 183%. (28) 
b). D (92) = (v D (Az) + (A5 D(vi)h =2 (Ay). 9; — (Py) A; — (BA). y; . 
And making use of the relations* 
(3, A), = (A, O), — $JA, 
(3, v) = —(v,95—57v, 
we obtain for œ =u, always in Clebsch’s notation, l 
D (v) = 670 + 1213 + 2JAy. (29) 





Caporali, 1. o. 
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The result of the computation of £, is 





mE 
| s=- leu ee d or Av 28. 34. (Ag)! + 2°. 34. OF. JI —29. 34. PY 


4 2.39.11 um Mo, 3» 4- 2 $e. QU — 21.337 . ev 2. TS. (30) 


4. For the computation of S the value of D( T) is — 
T — (A, Vv) 


hence l is 
D (T) z (A5 D (v3) + (DG), vi 
= 4 (PAy(bv)(Av) 
= 24 (3A) (3Sv)(Av) 3 — 4J»i. 
But* (SA)Sy)(Av) 34 — ($, ») = — àpn—tJv, 
hence D (T) zc — 8Jy — 12pn. : (31) 


. 5. For the computation of S, the value of D(pz) is required ; this can be 
reduced to D(Ay, 0), as follows: 


If we denote Ag = r, 
we have from (19): l l 
riri =- JH + 629; — $ (90 (ay). (32) 
Hence 


(Av, 9), = (T, 9), —J(5, O) ++(00').0 


But from (19b) follows: : 
(T, O), = — 4 pr; 


further, 
($, O) e—4»—34J90, 
(09f=  T—34J? 
hence | 5 2(Ay, ©) — — pn Jv +4T0. 
Now | D(A}, 0%), = (Aivi, D (62) + (D (AV), O). 


From (20) follows : 
(Av, D (82) = 12 (Pr) Tir— 107 9r) Mr — Fri. 
“Put s =u, make use of (32), and observe that} 
Um Q3, (S, D — £T. 





' *Caáporali, 1. o. i 
tBerzolari, Rendiconto dell Aoc. di kaik Serie 2, Tor V,p. 77. Q is used with the same sign as 
_ in Berzolari's and Càporali's papers, viz. 0 = — (p.i. 
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' Thus we obtain 
(Ay, T = 03 —$0.px—$TIY; 
further,* £y (Ay, 3, = —$JAy — $89» — 4 T3, 
hence 


(A và, D(83)g-* = 1203 — 60pn + 5Jv.0 + 4 TJ9 — ATT + 8J*Ay. 
On the other hand, 
00 (DARE), OF je = 2 0505, 02) — Pa, 9) v2 (6, O), — t (b. Os. 
Observe that by definition . y 
: ; . (v , 9), =Q ; 
further 
(b, O), = — 3» — JO, (6, y), = 3pzt + 2Jy. 
Putting z = u we have therefore. ; 
(D (A3), O=" = 603 — 8? — 4 JOv — 20pn. 
And if we make use of the relationt 
25? = — 409 + 2Ay (2T — J?) — 4TO? + 40pn— JO 
we finally obtain : 
D (pn) = — 240 . pn — 1205 + 8J*. Ay + 8/50 + 16773. (34) 
6. For the computation of S; the value of D(Q) is required. Since 
Q= (9, 9) 


we have 
| D(Q) = (82, D G3) + (D (0), 12). 


The value previously obtained for D (v3) can easily be transformed into 
D (3) = 2JT2T2— 2/3231 + 370107 + 1273232 | | 
GM | + 640! — (60 — 4* — 3JT (uz 
by means of the identity l 
Aig! + yA = WT — 373232 + 20207 + 44 (ua). 
Hence follows, by using previous results, o 
(02, D(3)), = — Jpn — wP — 600. 
On the othér hand we have, on account of (20), 
(D (83), 5$), = 12 (Dv T3 — 107 (97 N — $ Py. 





* Berzolari, l. c., p. 78. 
0t. v. Gall, 1. c., the syzygies (444),, and A) on p. 426, together with Berzolari, 1. c., p. 74, (4). . 
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But | ($, m 43, . 
(H,, »), =— ved + $Jpx — $ QO; 


hence since: 3I'— 6H, +J >, 


(D, rh =4+Jpx— Qo. 
Thus we obtain POS 
l D(es, $5, = Jpn — v — 1200 


and : D(Q) = — 4J*» — 1800. : E (35) 

Since D (Q) contains no new simultaneous concomitants of p and «p, it follows 
that the terms following upon jS, contain no other concomitants but those which 
have already made their appearance in-the first six terms, and we > have thus — 
proved Wiltheiss-Brioschi's result: : 


Theorem V. 
The euccesswe terms in i expansion 


(uou) me Sh Bt esse 
are e expressible as integral Junonons the following. nine simultaneous concomitante 


of $ (u) and 4 (u): 


pi, 3 z (9, Phs 6 = (9, De 5 J= "M 
AV, yv=(V, 4), . ^ T=(A, v) 
pn, ` Q = — LP: 


and the effect of the operator D upon these forma is exhibited in the following table : 
D(Ó) =  12Ay — 120" + 373, 


D(J) =— 18v — 6J0, 

D(3) =  4J.$4 — 1808," 

D(Av)— 193, 

D (od) = — 1837, 

Div) = 610+12T3+ WAY; 

D(T) =—8Jy — 12pn, . 

D (pn) = — 240 . pn — 1203 + 8P. Ay +8)». 9-183. | 
D(Q) = —4J*, — 1800. : 


25 
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The above resulis can be compared with Wiltheiss’ results (Math Ann., Bd. 36, 
- p. 153) as follows: 
We obtain easily 
' ($9) dpi z= 30}. p — 120, e, 9,92 + 60% Pude + SAS. Y + Juv: (ou). 


Hence it follows that Brioschi’s operator D is expressible i in terms: of Wiltheise 


, operators ài, Os; 09, E à, as follows: 

= 3 [30, — 128, + 68, + 33, + NM 

Our results agree exactly with Wiltheiss’ results, whereas the values for D (I), 
D(T), D(px), D(Q) do not agree with’ Brioschi’ s results. ; i 
UNIVERSITY OF CHICAGO, October 11th, 1898. l 


Note to Professor Craig’s Memoir, ‘* Displacements 
Depending on One, Two and Three Parameters 
in a Space of Four Dimensions.” 


By E. JAHNKE. 


In volume XX of this Journal: Professor Craig, generalizing the kine- 
matical quantities p,q,r of ordinary space, has introduced six quantities 
py(t,j=1, 2, 3, 4), as follows: 


Pup D, Pis = -Sy Ta, Pa = -5% 


i i= 1, 2, 3, 4) 
dò; d gi AAA 

Pu = —Ya, T Du = — NA e. m -Yy 97 , 

and established the following system of six differential equations analogous.to 

the kinematical differential equations in the space of three dimensions: 


da e 
AE m Peb — Pisy + u$, 


d è 
a = — Pua + Pay + Poio, 


d f 
A = — puX— pap + Pa ; 
= — Pye — Pub — Puy: 


My memoir, “Ueber einen Zusammenhang zwischen den Elementen orthogo- 
naler Neuner- und Sechzehnersysteme," Crelle’s T., Bd. CXVIII, 224-233 
appeared before. I have introduced there not only the six differential quan- 
tities , . f 

IP = — (Ju dgy + Ju dgy + gudgu + Jae Fes): 
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but six other differential quantities ` 


I Va = Ja dgn + Ja ddp + Jade + Ju dgan - i, j, r,8=1, 4,2,3 
` — 2, 4, 3, 1 


23413 
where . 9 — gu + Gat gu + gu = Ju + ga + gis gu. 

I have obtained, with the aid of them, two systems of differential identities as 
follows : 


- Yu d log I- = gupd + Jir Py + Jis Dj, = — Jn Vs — gai va — Ju Vis: 





gad log Vs = Qu Pre T Jar Du + Ias Pir — Jii Ora — Jai Vn — Ju Vas 
Ja: d log "7 "7 = jyp. + Jar Pa F da Pir — Ju Vig — fus — Jz Va, 
gu d log te = Jy Pra F 9e, F de Pir = — gus — Ja Vis — Joi mn 


Professor Craig’s system is, with a little difference in notation, a special case’ 
_of the first of my systems; it is obtained when we suppose g = 1.. 
` I have employed my systems, it is true, for another purpose than Professor 
Craig’s. I have deduced from them the general form which may be given to the” 
differential equations of all problems referring to,rotation. It is to be remarked : 
that the introduction of the six differential quantities v,, is necessary for the 
complete solution of dynamical problems. (Compare C..R. CXXVI, 1014 and 
Crelle's T., Bd, CXIX, 240.) E 





Ler, 


*In my memoir is an erratum. Instead of dga. there must be read gr dlog Jg 


om 
uf 
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Determination of the Structure of allLinear Homo: 
geneous Groups -in a Galois Field which are 
. Defined by a Quadratic Invariant. 


By LEONARD Ence ‘Dioxsow: 2 a. 


- Following the study of certain classes-6f. finite linear groups defined by a- 
quadratic invariant, it seems desirable to have a complete determination of this 
^ important type of groups. . Besides the work of Jordan* on. the two. hypoabelian 
groups in the field of integers taken modulo 2,and the writer’s generalization] 
of the first hypoabelian group to the Galois field of order 2", the structures of 
the orthogonal groupf ori m indices in the Galois field of order p" (aside from 
certain low values.of m, n, p) and of. the group|| in the same field, leaving i inva- 


riant tié quadratic fom ono haye. been previously determined by the writer. 
~ $=] 


By setting up a complete set of canonical forms for quadratic forms in m vari- 
ables in every Galois field, we are able to prove that there exist but two new distinct 

- types of groups defined by a quadratic invariant, one of. these being a generali- 
zation of the second hypoabelian group of Jordan. Two new systems of simple 
groups are thus obtained [see §56]. The investigation completes and -correlates 
the resulte of the earlier papers. It has been the aim canon none: to devise 


* d'raité. deg Substitutions, pp. 190-218 ned p. 440. | CAS ; 
+**On the First Hypoabelian Group Generalized," "The @uarieny Joninal, Pp» 1-16, 1898 ; “The 
Structure of the Hyposbelian evans.” Bulletin -of the American: Mathematical Society; pp- 495-510 


. July, 1898. 


q“ Systems of Simple Groups derived from the Ortogonal Group,” Proveédings of -the California 
Academy of Sciences, vol. I, No. 4, 1898, and No. 5, 1809; also Bulletin of the Amer. Math. Boolety, 
Feb., 1898, and May, 1998, . 

1“ The Structure of Certain Linear Groups with h Quadratio Invariants; ? Proceedings ot the London 
Mathematical Society, vol. ZIX, pp. 10-98. . 
20 | ' 
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methods which require as few separations into cases and special treatments of 
lower cases as possible. The earlier methods for the orthogonal group have been 
abandoned in the main. 


1. Consider a quadratic function $ homogeneous in m variables E, PEE m 
and having as coefficients marks* of the Galois field of order p^. We restrict - 
ourselves to forms q of determinant not zero. in the GF [p^] and suppose, for the 
present, that p 7 2.. By an investigation analogous to that in Bachmann, 
Zahlentheorie, IV, pp. 409—412, we can prove that there exists & linear homo- 
geneous substitution 7 on the variables £j, ...., £, with coefficients belonging 
to the GF [p*] which transforms $ into 


ASYEMTVER, 
iml t=8+1 
v denoting any particular notsquare in the G.F[p"]. Further, we can trans- 
form f, into f,,,. Consider indeed the substitution of determinant a? + 6, 


& — a£ — BE, b= BE t ad. 


It transforms £ + £ into (a? + 6) (E +8). By the theorem quoted in. $8, 
there exist marks a, 8 in the GF[p"], p> 2, for which a’ + 6? =v, a not- 
square. Hence in the form f, we can replace £¿+ Ej by vi + vé and inversely. 
We have therefore two canonical forms, fn and f,. . 

For m odd, the form f, ..., can be transformed into 


Az TET... E). 


But the group leaving f, invariant leaves also f, = $i + .... + En invariant. 
- We may therefore state the result : i 

Theorem: Every linear homogeneous. group in the GF [p^], p> 2, defined by 
a quadratic invariant of determinant not zero, can be transformed by a linear homo- 
geneous substitution belonging to the field into one of the two groups’: 


i=l 


1°. The orthogonal group, with the invariant va. 


* The theory of Galois is used in its abstract form, as presented by Moore in the Congress Mathe- 
matical Papers, 1898. : 
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2. The group on an even number of indices with the invariant 


m—1 
DE toi. 
i=l 
2. Denote by GË „ the group leaving f, invariant. The conditions that, 


- any substitution 


8: Él =$a G=1, 2, 2205.97) 
sl leave J, invariant are as follows.: + | 
(1. + ayb... bos v (aay + ---: tay) = D SR 
(2) ayo + ---- Hayaa tY (0 gp eee a cms) = 0. 


EA m; JER) 
Tt follows that the reciprocal of S is 


&- Souk + ASES Gub 125358) 


S. ` das 


&- Pont Shah (i=s+1,....,m) 


j=8 +1 


The determinant of S~* is seen to be equal to the determinant A of S. 
Hence A*= 1, being the determinant of S^ !Szz1. Writing the relations (1) 
and (2) for the substitution S”*, we obtain the relations 


Pc ls. z 
(Oe b Teann TAE E += S3 
(2) apan t ---- + aso. + x (0.101291 T. eoe + F Umi) = 0. 
(j, 51, .... m; JER) 
These relations are together equivalent to the set (1), (2). | 
3. Lemma: The number of systems of solutions £j, -.. . bom in the GF [p"]; 
p 7 2, of the equation . 
abi + aks +. eee + Osmbim = x, 


* The conditions (2) do not occur if p—2, a case now excluded. 
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where very di, is a mark +0 of the fld, ds he fe 6 3 
| pum ap, RO) 


pr an—D + ppt ^n), M" - (x — 0) 
where v is +1 or — 1 according as (— 1)" ao . «¿Om 18 a square or a not- 


` square in the field. The number of solutions of 


: asl + asl foes ot 2 


l is pn + v/p"^, where v! is +1, —1 or.0 according as (= nroa or Asat% 
. 4s a square, not-square or zero in the GF [p*]. 

These results'follow from an immediate ‘generalization of §§197-199, 
201-212 of Jordan, “ Traité des. Substitutions, ” or of pp. 486—491 of Bachmann, 
Zahlentheorie, IV. T 


4. Lemma: Jf S denote the number of squares* in the GF [2] filed id 
. “aquaires and N the number of squares followed by not-squares, we have l 


S=4(p*— 5), N=4(p"—1),: if — 1 = square; 
Sz t(p— 3), “N=4(p* +1), if — 1 = not-square, 


Indeed, the number of sets of ied E; y in the G.F [p°] of the equation . 


=P+1 
is always es 1 (by $3). uro solutions are of three kinds: 
r. ¿=0 , n=l; 


2, ql n=0 , 
occurring when — 1 is a square; 
ES Paso, -—a-Fido, 


giving 48s sets of solutions £, y. 
Hence, if — 1 be a square, we have 


p "—1=242448, N+S+1=4(p" 1, 
If —1 be a notsquare, we havé 


P—1=2448, NXS8— ion =. 





LA The mark zero is not rockonod 88 A Square. 
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` 5. Theorem: The order of the group Gi? ,. is, for m odd, 
9 (p*"-» E Lipo) pra 1) p” (m—4) — (p zm 1) p", 


and, for m even,* 


[prem — (—ayet ge qunm — 1) emn Lis (gr — 1) p, 
where e = + 1 according as p^ is of the form 41+ 1. i l 
Let N$? denote the number of substitutions S', S", . in the group which 
leave E fixed. Let a general substitution T of the group soplos ê by 


PES Ža, +— LS aj = exe 
js 


The Ni? substitutions 7S, TS", ...., and no others, will replace £, by F. Tf, 
therefore, P2 denotes the number of distinct linear functions F, by which the 
substitutions of the group can replace £, we have for the order of the group, 


Q9, = NY PO, 


For the substitutions S, S’,...., we have 


a= 1, aj=0. g (J= 2, ....,m) 
Then by the relations (2), : 
: . an — 0. . (£—2,3,....,m) 
The substitutions S, S", . , therefore belong to the group GEP », leaving 
_ invariant 
Se + ME. 
. i=8+1 : 
Hence NP = P p» 


Repeating this argument, we find that 
AR pa = PROG? pa POPE PO 1:09 Vies 
where OO ,,, p is the order of the group leaving invariant £j or EA, +, 
according as s — m or s = m — 1, and therefore equals 2 or 2Pf? respectively. 
Hence . i 
OD. = PW- PRP. PP.2 
O pP I PE BZ 





* For m = 3; the terms at the end of the formula do not:ocour. 
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It ig proven in $$7-12 that the number PP is equal to the number of sets 
of solutions in the G.F [p"] of the equation 


EE Ba Ys- B 
íi, Paf 
which, by 83, is seen to ho as follows: 
pred = yc D. cU l (k even) 
proa 4 (— 1) "3 "E proa, (k odd) 


e denoting + 1 according as — 1 is a square or a not-square in the GF[p”]. 
Whether ¢ be even or odd, we have 


Pis. PEP = (gr 1) nm 


We derive at once the expressions for the order Of ,. as given in the theorem. 


6. Theorem: The orthogonal group GP. is PERR by the substitutions 
[only the indices altered being written], 


O;: i= —É, 
% = a£, + BE , 2 £u 
Op f: í d = 
ly —— gà +08, ei: 


with the two following exceptions : del 
for p^ — 5, m 53, we may take as the necessary adan generator. te sub- 


stitution of M two, 


b= ét + bs 
E=+ Tis 


for p^ = 8, mS 4, we may choose as the additional generator 


c= E — Ea — Es —Én, 

W: k= k k t E t Eo 
"Al i= i t+h— b+ &, 
k= i tE t E he 


u- E+ Ét 2%, 
R: E 


(W*=1) 








* These exceptions were overlooked by Jordan in his treatment of the case n — 1. 
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‘The group GS) ds ie genera by the substitutions C,, Or? (V, j «C m) together with 


Or? e = yet 9E, , 1 p= 
SS En == E T vem: gps vb 
- an additional generator being necessary if p^ — 3, m 5:3, viz. l 
: k = &h—h—t. 
Vis m: | = E—Es + En (F= 1) 
En= — bh 


Our theorem is evident if m= 2. For m3, it will follow from $5 by 
applying the results of §§7-12. 


7. Theorem: 7f &, Oy, Ag be any set of solutions in the GF [ p^] of the equation 


a+ db o= 


(where u = 1 or the not-square v), there exists a substitution S derived from the gene- 
rators of $6 which leave invariant 


HB tad, 
such that S will replace E, by aki + ab, + ashy. 


The proposition follows at once if 1— aj or 1— aj be a square (excluding 
zero) in the GF [p"]. For, if 1—a¿= 7°, then 


^ We may therefore take 


a3 


S= (EE) Oi. a 
The proposition ts true for the quantities a, ag, a3 Vf true for 
(ames ama Lay, aimo 09 + bas 


where B+ Pst. 
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We notice that 
aj + oj + a =l. ` |. (8) 
Then, if the group contains a substitution S' replacing £, by a£, + aff, + alfa, 
it will contain the product. Of: yS” which replaces £, by af, + af, + asks. 
Similarly, the proposition is true for az, a4, Uy if true for the quantities 


a = Ap — 0, Eno + o, E ag, 
where p+ro=1. 


8. Consider first the case in which — 1 is a not-square in the GF [p”]. 
There are (by $3) p” + 1 sets of solutions p, c in the field of the equation 
-pp+0*=1. Not more than two of these sets of solutions give the same 
value to l l 

a =a0 + ap. 


Indeed, by eliminating o, we obtain a quadratic for p. Hence a} takes at least 
4(p" +1) distinct values. But by $4 there are exactly 4 (p^— 3) distinct marks 
n EO for which y?— 1 is a square, i. e. for which 1—»? is a not-square. Hence 
there exist at least two values of aj for which 1 a is a square or zero. If 
it be & square, our theorem follows from the remark at the end of the last. 
paragraph. | 

It remains to consider the case al = 1. Then by (3), 


2 1 2 
up / 
ay = — — a3. 


"If u=1, we have ai = od = 0 and the theorem is evident, If u be a not-square, 
we may take u = —1. Then 


: 2 
ay = d 0$, a=1. 
- As in $7, the theorem is true- for a4, a4, az if true for the quantities 
| ^ al'&alB—aly, aff Sah, alz5— yal + Bal, 
where guy =l. 
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The p— 1 solutions of this equation are given by 
= a Ps 1 
E) 


-where v runs through the marks 30 of the GF [p”]. Hence 6 = xy may be - 
és an arbitrary value v #0 in the field. -The theorem being. evident if 
— 0, we exclude this case. Then oj E od = (By) may be made to assume an 


A value except zero, and honoo, if p >3 a value for which ral isa 
square in the field, 
It remains to consider, when p"= 3, the case in which 
: l 
a = + 0350, w= l, L=>—1. 
. . Since af, a3, az are each $ 1, we e may eriden uy. take 
i S= OF,- 


aes Cisa e formed from O, , Ca, Cs 


.9. Suppose n that —1 is the" square of a mark -I belonging to the 
GF[p"]. Ifubea notaquare, there exist p” T 1 sets of solutions in the field 
of the equation | 


(iym E x a W 
By y. the Aso 18 “ine if proven true for the values 


NC EIL b= fat Low af = —1y0q + Bus. 


There are at least. t ü p+ 1) sets of pitu of (4) for which the values of az 
are distinct; for upon eliminating B we obtain a quadratic for y. But by $4 
there exist only à (p^ — 1). marks Jf, and hence as many distinct values of £, 
for which (JE + 1 = 1 — P? is-a not-square. Hence at least one set of solutions ` 


2 | 
of (4) will make 1— a, a square or zero. If it bea square, the iheorem follows 
from $7. If it be zero, (3) gives M: 

3 


R 
ei 
*| 

R 


27 
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Since u is a not-square and ei & BRA we have | 
| Mice ang al —1, 
BO that we mcd take as the required substitution’ 
= = És, a= = En g= = És. 


10. There remains the « case in which —1 id. u are both squares, We may 


. take u — 1, so that we have 
a + og + ag = 1. 


Mx 


There are now p"—1 sols of solutions of (4). These give at least 4(p"—1) dis- l 
` tinet valier of az. Hence az must take a value for which 1— E is a square or 
zero or else be capable of taking every value for which, 14 is a not-square. . 
_ If it be a square, the theorem follows at once. If it be zero, we have 

l l 3- 3. 2 ROM 
a=1, aq +a=0. — AE. " (B) 


` ital a= 0, “thé proposition follows at once. Suppose: that as + 0. The proposi- 
tion will be true for a ; 03; as if proven for 


oy! = alp — alo, af =o, af = alo + alp, 


where do cw tol. 
We can give to af an arbitrary Jal =E0 in the GF [p]. Indeed, on elimi- 
nating c, we obtain for p the linear sduation (the weno of p* being zero), a 


“g(t dy x e*( aban. 


But by §4 there are i(p'— 5) Squares r for which 7? — 1 and hence also 1— q 
is a square. Our theorem therefore follows if p" + 5. 
There remains the case in which a, may take every one of the values for ` 





2 - . 
which 1— a; is à not-square. Repeating the same arguments for: the quantities 


a4, ay a4, we find that, ior p* #5, the only case in which the theorem is not 


proven is that in which aj’ and aj de may each: take every. one of the $(p*— 1) 
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values ô for sid: 1 — & is a not-square. . Hence if our Hori be true for one 
such set of quantities 


al! = H (VH 
à, Gg = 03, Oe, 
" : 


it is true for every set; if false for one, it is false for every set Further, we 
have EE 


WA 
al + ay uz a = af + o4-+ ah :aj + aj + aj — L. 


ens: whatever one of the (4 (p^ — 1P pairs of values we take for diis dg, We . 


ean satisfy the equation 
1 ði + 5rd um 


in two ways, viz. by 0, = + aj. This gitur has therefore 4 (p* — 1) seta of - 
solutions ô, à,, ô for. which 1 — 9 and 1 — 8 are not-squares. By virtue of the 
substitution O,, the proposition is true for ô, ôs, — ô; if it be true for 9,, ôe, +43. 
Tf therefore our theorem be not always true, it will be. false for all of the above - 
4(p*— 1) sets of values. It has been proven true for all other sets of solu- 
` tions of M. ctus l l 
af + o3 + og — 1. 
The total number of sets of solutions is (by $3) p" -- p*, — 1 being a square. 
The substitutions of the ternary orthogonal group would therefore replace 


E by 
Ry=p" +p" —4(p" —1) =4(p” + 4p? — 1)-. 


distinct linear functions. The number of substitutions leaving ^ fixed i is dois i 
2(p"—1). The order of the group would thus be 


(p T Ap —1)(p" — 1). 


This number must divide the order of the general ternary linear homogeneous 
group mabe GF [o], viz. 


ile is | 


. Hence p+ 4p^—1, which is relatively prime to p, must divide: (p —1X ph—1) 
and hence also: 


ap" (MN agen" — € "ese 
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It iiki therefore divide 4(17p" — 5). ui hence also 
20 (p™ + 4p^ — 1) — (68p* — 20) = — p" (20p* + 12. 


Hence (p* +25 must divide 304; indeed . 
` 3 (68p"— 20) + 5 (20p" + 12) = 304p*. 
Hence ` ph 1B > BOO. e Ta E 


But the only values of p*< 16 for which —1 is a square in the GF [7^] are -> 
p"=13, 9, 5. For none of these is ( p^ + sae: a divisor of 304 = 16.19. 


. 11. There remains the case p"=5 um 1, aol treated in §10 in the two | 
following sub-cases : 
For the cage in which (5) sis we have 

* - 


2, T 
a =1, a= +1, n= +i, 


the ais squares being +1. We may therefore take S-TR,T being derived 
from C,, Cs, Os and (££;). os cx 


` For the case in which 1—0 isa non w we have ` 
. » . 3, dl 
"Then wil S= O(&£) R, where O i is derived ftoi Cas Co, C, replies : by 


"Es + apts + asks. E 
' Note: R cannot be derived: from. the C, and. OF Bi indeed, the latter are of 
-the'form C;0,, or the identity, or. 


ü- án E= TÉ 


12. Theorem: Far Q3; ---- , Am be any set P in the erp of” 
af+of+. eb aks 1; 


‘there-exists a substitution S derived from the generators of $6 which leave invariant: ' 


- *—1 


Na+ uh. such that S will replace E ats 


t=1 


The proposition being true for m — E sid m= 3, we will make ; a proof by .. 


induction from. m — 1.to m Supposing m > 3. 
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Consider first the cases in which every sum of three of the terms 


Ji. OR xx aq nc 7 od, is zero. "These terms must all be equal and therefore 


mol-i, 303—0, u= square. 

Hence p = 3, while m is of the form 84+ 2 or 3E + 1. 

If m= 3k + 2, we have 1 — oi =a? T 0, so that the theorem is reduced 
by $7 to the case of m — 1 indices. 

If m= 3k +1, we must have a? =1. But the m Ot: ¿S will replace £, 
by aff, + .... +ahf,, where 

oi = aa, — Bag, da Oy = ay. (J= Seed). 
Of the 3" + 1 sets of values in the GF'[38"] satisfying 
"uu 
> i 2 

at most two give the game value to al and hence ‘at most four make aj=1. 
Hence, if n > 1, we can avoid the case of==1. For p = 3, we may take | 


S-— OW W. were Win. —1 3k 8411 


where C is dened from the C; and W is de&ned i in $6. There remains for con- 
sideration the casé in which, for example,* 


bbb Ld. 


The treatment for a case like a? + a3 + af — 0 is diit similar, cue uem. 
We have proven that, for every set of solutions of 


by, E (6) . 
there exists & substitution 3 of the group 


Haak + Bats B= akt Bete bm Eso all + B'E + y! 


*For the cage p"—5, m 5 4, p= not-square, it would appear that the generator R were necessary in 
addition to the C; and Op,P. We can, however, express R in terms of the generators 


s gus (HEE En 
E 
"leaving invariant £2--£32--....-- £2.,--B£3. Indeed, | l 
i R = Ou Os On Oimn On Os. 
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which therefore satisfies the AM (6) and the following: E Y as 
a+ B+ mt, LAE Kris dea N ete. 
If there be. a substitution S' in our group which replace & by 
E oli Eat. +3 ak T 


x ia ho m af = aa + Bay + Law 
z a = dat i B 
ah = pat + ua; 2 Y'a, 

then the group will contain xS which, replaces £, by 


S ES p > 
a : 


The proposition is therefore true for the quantities a, if true for. aj, aj, Om 


jy Ug, every ja, We may thus make our proof by induction from m—1 to m 
. by showing that it is possible to choose a, 8; y among the sets of solutions of (6) 
. in such a way that a1— 0. We may suppose that ay a 0,. since > otherwise the 


proposition is already proven. 


If o? -- o3— 0, then a, £ 0. From Laici i it follows that y is a square, o 


` gay u= 1. Then the Mes 
: ZA 
a — a , 8 


‘satisfy (8) and make a = 0. o 
If af + ag E 0, the condition (6) combines with aj = =0 to give a single'con- 


dition for B and y l 
(Etara (Pi 1) =a a}. . 
7 Multiplying ihis by ai + ai it may be iin the form 


[eee mes yp (a old Sosa. 


* 
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Sines the ET of y? is not zero, this equation. has (by $3) p^ + 1 gets of 
solutions B, y in the GF [p*]- 


13. Note: For the case p* = 3, mS4, u=—1, it is readily seen that, 
instead of the additional generator V, we may take the more erre tea substi- 
tution of Betiod six: : 


El. = £T Ert Ens 
E =G EET E, 
ü-—-tthtt. E, 
En= & t Es + En — Em 


where (X00, 0? = 1, X! oa aa 


AX: 


- Biruciure of the Group el as §§14.32.-. 


14. The substitiftions of qo a n Of. determinant unity form a subgroup’ G of 
index 2. It is extended by O, to the total group. : ; 
By $3, there are p? — e solutions a, 8i in i GF [p"] of 


a gu 


| where e= +1 or —1 suele Aon 18:8 square or a not-square in the E 


. field. Hence the substitutions Op which leave & + uf invariant and have the 
determinant. unity form a group Oy of order p—s. MORROVOR, its substitutions. 
, are couimutative; indeed 


= - a Eye ir + db) E; 
g= = (EEE a De 


is Gualiared if we as ens a with al; -B with Es We sal use a notation for 
; ihe square of such a substitution; 


Or Of: 


H= (da lacobi et 
- E iL e: 


OY 
' 


euo de 
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. The substitutions. Qr; 
. Indeed, we can have 


df and only if al = +a 
_ For our group G^ 
ift,j<morift<j= 
ifj=m=8 +1. The 
Quif $, j <m, while 

` .If Ty denote the 

i <J = m= s, but not 
m= 8, if and only if 2 


, -16, Let pic be f 
~ belong to the group Q. 


serves to extend the gr 
- Similarly, for g= 
that Of 7, does not bel 


` serves to.extend the gi 
v being a not-square. 

716. For p, | 
follows : d ANN NES 

: : H=1Q 


^. where as, B take all the 


contains half of the subs 
Indeed, every sub, 
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belong to H. Further, M, is commutative wi 
zi, 7). Also l 
My Qo EE My (Or tY Qu ^^. ORE 
= (My OREN Qui" ORE) QE = K Ma 
z to H), provided we take A, 4 =p, o when i, 7 


ut take A, u= x, « when ¿<k=m=s+1. Hene 
30 A" M, ,, where A" belongs to H. If $52, we have thi 


M,, = M, My Mi = m Ms. 
stitution of G may be given one of the two forms, h 
to H. 


ases investigated (see $830 and 49— 55, it appears that 
and hence of index two under it. 


zb, m —858, the group 

[24100, JT, ($3,553 s , m), R| 

nder G. Indeed, 2 being a notsquare modulo 5, Tys 
We readily see that 71,0, is commutative with the 


'ansforms R into C,0, R Ti Tis C203. 
= 8 >3, the group 


2:444, Ty T Gj, k= Ls 99, m), Ww} 
nder G. Here also 7;,C, is not in the group Qs ant 


3 for example, it transforms W into W*C,C,. 
m = 8 = 3, the group of order twelve 


:[1, C;C, (three), Ti T, (two), Ty T4,0,C, (six)] 


na to the group G' of order 24. 
, m=8, 5-2, the group leaving £ + £— £j inv 
at leaving £? + ¿+ & by transforming by the substitu 


O: &E-—&h—&, =a + be. 
transforms C,C,, 0,6, O, Oz, Te Tas, Tis Tog into ree 
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|. 0,0. 70,0,0,, TaOs, Y and V?= V~. . Hence O transforms the group H of 
the last paragraph into - o - 


Hz[V, V0,0,, VT,0, V'T50,0,0,]. 
(00 ($2: 0, 1, 2) P» 


SHOP p"=3, m>3, gm m—1, the group generated as follows: 
H=10,0,, TOs G j=l, sis cimd)s Was 


is of index two under G and is extended to G by the substitution T, C,. ` The 


latter transforms V, sn into 
Vi $,* 2. 


18. Theorem : When G is the odd group T i i the squares of ats ` 
substitutions generate the group H. Indeed, the squares of - 


Ori, OriTyO;,0, Ot $ Tis Tu 
are RE 


(Qui, Ob fORE, 04071. 


: dios p' b, His generated by substitutions of. ese three types 
For p^ = 5 or 3, we have respectively 


I (ROO = T, 7,0, 050,0, m= W-, 


BO that » we obtain the necessary additional generators E or W respectively. 


19. den eae homogeneous. substitution on m indices is comtiutative 
with | . 
030,04... On: jur * " de Len. m) 


of determinant (— 1)". If m be odd, O does not belong to H; If m be even 
ands =m, C belongs to H. If m be even and &— m — 1, it seems probable 
that C does not belong to. H, since it serves to extend H to G [see 3849- 53 for _ 
. the cases m — 6 and m — 4]. 
Suppose that Z has an invariant subgroup I containing a substitution 


S T H (i251, ;..., m) 


E . i i E y 
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nor O. We will prove that J coincides with H when m is 
;, m= 3 being an exception, and when m is even and > 2, 
= 4 being an exception. The method of proof consists in 
| its transformed by substitutions in H a substitution belong- 
g at most three indices. Then J will contain all such substi- 
bgroup of H affecting only three indices is simple, aside from 
t then follows that I coincides with H. 


'e substitution S be of the form 
Es = aii l (=i... em) (7) 


= 1, it is merely a product of an even number of the C/s, 
res as C, are lacking, since S is neither the identity nor 
t if S= 0,0,0,0,....,its transformed by Ty Za, belonging 
0C,C,C,.... Hence Z contains o 


S'S-1— O0; 


‘orm (7), we may assume that ayy, a5, +++», Qim are not all 
‘or its reciprocal will have at least one a, (i<j) different 
orming by Ty Tu, we have a substitution in Z replacing £, by 


auf, + ag ee 
If m > 4, the group I contains a substitution not the identity in 


u a not-square v when s = m —1 and the square unity when 
we transform* S by l 


E = al + BS + yb + Sms 
Omen b= of + B's + VE + V 
(eg p z =], eto.) 


long to H, its product by Om will belong to H, Qu, being suitably chosen. A 
3tood to apply in the succeeding paragraphs. 
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The coefficients in the resulting substitution are 
| thy ays aly = ty + Bos + yoru + È am, eto. 


- Asin $12, we can determine a, B, y, d so that ais = 0, unless perhaps in the 


cage for which 
2 


p=3, p=1, ais = ais = Au = Bin. 
In this case the transformed of S by K Wam, K being a suitable product : 
formed from Op, C3, O,, C,, will give a substitution belonging to J in which 


SR ME MNT 
ai = yy = Aim = 0. 


22. Theorem: Jf m > 4; the group I contains a substitution affecting only two 
indices or else a substitution in which a, has an arbitrary value v in the GF [p"). 

In virtue of §20, it remains to consider the case in which not every 
a (J= 2, ...., m) is zero. l 

Tf am FEO, ay =0 (72, ...., m— 1), we transform S by Op $ 1, obtain- 
ing a substitution S’ in which 


ods = aa + Bons + LE aie. 


: 7 3 
Taking y = m and a, @ such that a? + 6? + e = 1, we have in S' a substitu- 


tion belonging to J and having aj — v. À 

Ifag, Gig, s» +, %m—1 are not all zero, we may make œp = 0 by $21, and 
suppose that, for example, ay 4 0. Transforming S by Op 57, we obtain a sub- 
stitution S’ in which : l 
i a= an Q = 0012 + Gays + yau. 


To prove that there exists in the GF [p”] a set of solutions of. 
| Bay + yag, 72 v, | o3 4- 9? 4-5? — 1, 
we combine them into the single relation : 
B? (ada + ay) — 287019 + adas, = ai, T. 


For o, + ad, = 0, and T Oy +0, a set of solutions i is given by a = 0 
when r0 aad by a= 1, 8=0 when v — 0. 


Groups in a Galois Field which are Defined by a Quadratic Invariant. 213 


For a5, + a, Æ 0, there exist solutions of the equivalent equation of con- 
dition i 
18 (ais + au) — Pos}? + aai (ais + aia) = au (ais + o. — 7). 


23. Theorem: From a substitution S of I in which ag has an arbitrary value 
we can obtain one in which 1— a}, is a square, not zero, in the GF| p°]. ` 
The required substitution belonging to J is the following : 


| .8230,0,80,0, 8,0,0,, 


where S, denotes the substitution of period two, 


ml i - m~l C 
Ei = E, — 2an (> ank; + Kamba) — ag (> dak; + jan ) . 
$21 i X j=1 
($221, 2, ...., m) 
The coefficient of £, in £1 in the product S,C, O, is 
Gy =— (1— 20%, — 2a). 


Since ay is arbitrary, a, takes (p^ + 1)/2 distinct values in the field. But, by 
$4, the number of squares £? for which 1— £ is a not-square is (p^ — 1)/4 or 
(p" — 3)/4 according as — 1 is a square or not-square in the GF [p"], a result 
which follows immediately since yy? +£*=1 has p^ + 1— 2 sets of solutions 
for which the not-square vn? 20. Hence 1 — aj, takes at least one value other 
than a not-square. The theorem is therefore proven unless aj, = 1. But if we 
start from a substitution in which aj =1, we derive a substitution in which 
an = 1 + 205, and therefore 


1— aj, = — 4 (ah + 1) às; 


which, by choice of aṣ, can be made a square when p E5. Indeed, we can 
determine a4, £ 0 and o such that — 1 — ad, — o? $0; for there are p" — e sets 
of solutions in the GF [p"] of pm 
—1- aje + o”, 


e being + 1 according as — 1 is a square or a not-square. Hence there are 
q^ — 6 or p^ + 1 seta of solutions in which an 0, o #0. 


Oy = — (1 + 2— 2aja) = 0 for a4, = 2. 


24. Theorem: If m= 4, 8 = 8, the group I contains a substitution in which 
ay is an-arbitrary mark in the GF [p^], or else a substitution affecting only two 
indices. 

We have the relation kenan the coefficients of S, 


i alı + als + ads ++ — a — 1. (» — not-square) 


(1). Suppose first that aj, = 1. Transforming S by 
Ñ ; 
Or, l (+38 =1) 
we obtain a substitution replacing £, by 


abr + (ams — £ ay) Es + asks + (Gary + aayu) Es. 


If af, + a oj, is a not-square and therefore a E 0, we can make al, =0 


by taking 


From a substitution in which o3, + a= 0, B = 0, we can obtain, by 


transformation by Of ?, a substitution in which aj, has an arbitrary value v. 


Indeed, the values 
ac boh g Lo» (e — ah) 
27018 27 Ay, 


make pa 
x as = aa + É au s, el pot, 
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If o, + lI ad, is a square, we can make a, =0 by taking 


“1 ) — an 
2f 3 E n8 Mana e = uo 
a? (ab + y a aig» 8 a 


With a, = 0, we have aj, + o3; = 0. Transforming by Oj? we can, as above, 
make a, = v, an arbitrary mark Æ 0. 

The substitution S~!C,0,S0,0,, as shown in $23, has the coefficient 
Oy == 1 + 204,, since oj, — 1. Hence a, will reduce to + 1 only when al, = 0 
or —1. Since we can choose v Æ 0 such that v! + — 1, we have a substitution 
belonging to Jin which a}, Æ 1, a case next treated. 

(2). Suppose, however, that aj, + 1. Then, since 


ais + ais + PI Oe + 0, 
. we can determine a substitution Osa, as in $12, which will transform S into a sub- 


stitution having a, = 0. Ifa; — 0, we can at once make aj, — v, as in $22. 
If a E 0, we transform S by Oz £7 and make 


ai = am + Bay + Lay =", d+ e +Ë = 
These relations combine, on eliminating 8, into 
2 1 1) a a la saan Y ag. d o a 
Y dis + e Tayu t + Vag ais + wou a — Y Ug ais H- a T j, 


which has p^ + 1 sets of solutions y, a in the-GP[ p"] ; indeed, a, + oh +0. 


25. Theorem: Jf m > 4 or if m = 4, 8 = 3, the group I contains a substitu- 


tion not the identity and replacing E, by o£, + aks. 


By a repeated application of $21, we can suppose that; 
Om. 1 = Om = +... = Ag = 04 =0. 


By 8822-24, we can suppose that J contains a substitution affecting only £ 
and £,, when the theorem is proven, or a substitution in which 1 — aj = square. 
In the latter case, 


1 
ais + ats + deis 1—on 9, 
xi 
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“so that by $12 we can make ee We then have ` 


dim a, = = 1— dl = square. 


Then, as in $24 we can Ane Lin = 0, then the theorem is proven. 

- The substitution reached is neither the identity nor C,C,....0,. Indeed, 
1— aA 4-0. For the case in which S was of the form » treated i in 1 $20, the gub- 
stitution reached was 0 Or. 


. 96. Tieren If m > or if m= 4, 8 = 3, the group I contains a vibatitu. 
tion leaviny E, fixed and not the identity. 
." The substitution obtained in $26 i is- mae a prodnet ors aa. Bu where S, 
: leaves £, fixed. 
` "If S be not commutative with 4&0, E sonus 
872 6,0,80,6, = S17 oue Si? OSs * 1, 

which evidently leaves £, fixed. o - 
If S be commutative with C,0;, S, is commutative with O, and therefore 
. replaces Eg by + &. If 8, be commutative with every Qg f 6 Je ES 4v x3 m), 


v it s by $28, the form l : 
ELT E= xh ‘=k, GEE, 200, m) 


. where 2?= 1. If then Opy* be either the identity or C,Ca, S is of the form 
treated in $20. If O, , be. not of either form, its square is not the identity, so 
that |S? is-a substitution of Jnot the identity and leaving £,,...., Em fixed. If, 
however, S, be not commutativve with Qr, for example; J will contain 


S^ Qg SOs, ¿= Sp Qs, arene «El, 
which evidently leaves fixed £, and &. ` 


27. Theorem: Ifm>4 or if m= 4, 8=3, the group T contains d substitu- 
tion, not ihe iaa affecting at most three indices, 
. If s = m — 1, a repeated application of the previous theorem gives a substi- 
tution, not the identity, belonging to 7, and affecting only three indices. 
Ifs=m > 4, we obtain by the same theorem a substitution i 


ENE EM "Guil 2,8, 4) 


j=l 
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not the identity and belonging to J. By $20, we may suppose that yy € 0. 
We can make yh £1. For, if 4 — 1, we transform S by Oz 5, giving a substi- 
tution 8’ in which 


(0 YnC— ym Y= ayn + By, yr =— byn tays: Yu=Yu- 
At most two of the p" + 1 sets of solutions.of a? + 8* — 1 give the same value 
to vis. Hence, if p* > 5, there are at least 4 = 4(9 — 1) = 4 (7 + 1) values of 
à 
yi», and therefore values for which yj, is neither zero nor — 1. Then in the 


substitution 


2 2 
Yu = — (1— 21 — Ys) 
has a value different from + 1. 
For p"=3, we. have by hypothesis 53,— 1, y} = 1. The substitution 
$710,0, 80,0, will therefore have yn = 0. 

For p" = 5, the equation yh + 73, + 54, = 0 requires that one of the three 
squares be zero, another + 1 and the third — 1, since all are not zero. Trans- 
forming by a substitution of the form 7547; or 7,74, if a transformation be 
.necessary at all we may take yj, = 1, y = — 1, yu = 0. Then yy = 3. 

In every case we have in J a quaternary substitution 8’ in which y? t 1. 
It is therefore not commutative with C,. Hence, m being > 4, J contains 


8110,69 6,0, = 810, 80,2 SO E 1, 


the coefficient 


where S, denotes the substitution - 
4 
B= E — Wad yat. (G4... 4) 
j=1 á 
We may, by $12, make yy = 0, since we have 


ya yu vya=1—yi FO. 


We therefore have a substitution in J affecting only three indices and different 
from the identity. 


28. Lemma: Jf a substitution S of G be commutative with Oj $, F 1, it breaks 
up into the product of a substitution affecting E, and En only and a substitution affect- 


ing Es, «..., E, V only. 
29 
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Indeed, the conditions for the identity Or 2 Sz SOPs are: 
(a) Bay = Bau; Brigg = — Fan 


co) (#1) ay + Ban = 0, —L at (a — 1) ng = 0, 
l “ (J= 2ye... M— 1) 
() (= 1) — am=0, Ban HU 0 = 0, 


Since a? + gee B= 1 and « #1, Ot f not being the identity, we have for 
É 
the determinant of the pair of equations (b) and likewise for the pair (c), 


(+= A 2— 25 0. 


Hence must , 
Oyj — Om = Ap, = jn = 0. | (FH 2-006 m — 1) 


Hence S= Sim So... m—1, Where Si, affects only £, and En, and Sos .... m—1 affects 
only Es, +... e, &a—-1- Since S leaves invariant ~ j NE 


BEST. + Bi a, 


Sim must leave E + ui, invariant, and hence be either Ojug= or its product 

by C,.. The latter case is evidently excluded except when 05$ = 0,6,. 

Indeed, with this exception, 8 Æ 0 so that (a) gives new conditions. . 
A like result follows if S be commutative with Of where ?, j <m. 


29. Theorem: If m> 4or ïf m= 4, 8 = 8, the group I coincides with H. 

For p*> 3, the subgroup of H which affects three indices only. is by 
8830-31 a simple group. Since T contains one of the substitutions of this simple 
group, it contains all. Transforming them by the substitutions 7,75, belonging 
to H, we obtain every substitution of H affecting three indices. Hence, for 
p" > 3, I contains all the generators of H. 

For p — 3, m — 8 7» 4, I contains one of the substitutions affecting three 
indices £ , És, Es, and not the identity, which by $17 are the following eleven : 


(GO, TT ToT GCG, (i, f, k, 7; 8 — 1, 2, 3) 
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If it contain one of the last two types, 7 contains its transformed by C,C,, viz. 
` T,T,0,0, or 7,150,0,. 0,6,. 


Hence, in every case, J contains C,C,, and therefore also every product of two 
Cs. Hence J contains 


Ty Ty, = WOW, W=W-'0,0,WC,C,. 


Since the alternating LAT on m 7 4 indices is simple, I contains every 

product T,Ty. Hence [= ; : 

= Forp"=3,m>3,s=m PE the group J contains one of the substitutions, 
not the identity, of the group G4, leaving invariant & + £ — £&, which by $17 
is the transformed by O of the group G4, leaving invariant 24 2+). ` 
have just proven that any substitution of G/, can be combined with its trans- 
formed (by substitutions of Gis) so as to give C,C,. The same result holds for 
G4, since O transforms C,C, into itself. Hence J contains every C,C, (i,j « m). 
But Vii. transforms C,C, into T4,C,. . Hence J contains every 74C,, (i, j « m). 
Finally, Z contains V, y m, since 


Vid m (9010100) | Vi, 3, m (Tu 0505) = Vi, 2, nOi Cs- 


Hence in this case also 7 coincides with A. 


30. Theorem: The ternary orthogonal group H in the GF[p"], p 2, 
having the order 4 p^ ( p!" —1), is simply isomorphic to the group T in the GF [ p^] 
of lincar fractional substitutions of determinant unity on one index. 

Let ¿ be a root of the equation £= — 1, so that i belongs to the GF [ p”] 
or to the GF [p^] according as — 1 is a square or not-square in the Sur [p”]. 

Introduce in place of £,, £,, & the new indices 


m E — dh, fyb, — tks, nd tks, 
whence ‘Nits — MBB 88. 


The orthogonal substitution 
y 8 
S: ED wu. a (i — 1, 2, 3) 


j=1 
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takes the form 


n= cays $ (aa — ians ) ts — + (au + ias) s» 
Sy i (an+ ian) m+ 4 (0 — iagt iagt Ogg) n+ $ (y — 10099 — tas — 03) Yt 
n= (— oq) + 1041) mtt (asa + tags + 1095 — ags) nat 3 (ass Hids — $045 + ass) ne- 


We proceed to prove that S, can be given the form 





ad + By ay BÒ\ | | 
208 a? Ji [as —By=1] (8) 
Y p 9 MF 


where- a, B; y, 8 are complexes of the form p + ci, p and o being marks of the 
GF [p"]. The proof will follow for the general substitution S of H, if proven 


for the generators of H. Indeed, denoting the substitution (8) by b g 3H we 


verify the PE formula, 
— faa + By af! + 
A E l= ES + dy yB". + i 


. Hence the product of two substitutions of the form (8) is again of the ion (8), 
the composition being identical with that for linear fractional substitutions. 
, Expressing the orthogonal substitution Og 5 in terms of the indices m, 5, ns, we 

obtain the substitution A 


1 0 0. b A 
( a+ Bt 0 ) [(a + x =1] 
0 0 a — Bi : 


which need not be of the form (8); whereas ‘its square Qg is always o of the 
form (8). The product Of $0% $ expressed in the indices y, is 


a o BB 20488 
2 2. 





— fiat B) “Part H+ 8% |, 
— pice) e-l) Hapi 


which is of the form (8), viz. in the above notation 


petiso gd 
4 (a —.1— Bi) ¿(a + 1— fi) 
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In particular we have TT so expressed. For 7,71, we have 
tl 418 ^ 


i da 4/2 eit Il 








l i ds) i= Cun] 


For p" = 5, we have for the generator E: 


1 i1(2—4) —4(24 i) > -—T 
24-4 4.3 3(1—-2)]=[ M ph 
(—9-Fé £1428) — i8 | 


Since H can be generated from the above substitutions, it follows that every 
substitution of H can be put into the form (8). l 

If — 1 be a square, the coefficients a, 8, y, 8 belong to the GF'[ p"], so that 
His simply isomorphic to I. l 

' If — 1 be a not-square, a and ô, 8 and y are conjugate imaginaries in 7, so 

that His simply isomorphic to the imaginary form* of the group P. -ButT is 
known f to be a simple group if p" — 3. 

Corollary. For m = 3, the group H does not coincide with G. 


31. Theorem: The subgroup H, of the group G, of all linear substitutions leav- 
` ing B+ Ei + vt invariant is simple if p^ > 3. 
Since the substitution 
EN 
" (E o - 6b n 
E= Bey + al. E 


transforms B+E + vE into v(£ + 6+), it transforms G, into the ternary 
orthogonal group G. Further, O transforms C,0,, which extends H, to G,, into 
Ot 5 010z, where m 
B a 92a. 
"ape go rien 





* Moore, A doubly-infinite system of simple groups, Congress Mathematical Papers, 1893. 
+ Besides the proof by Moore, the theorem has been established by Burnside in the Proceedings of ` 
the London Mathematical Society, 1894, and by Dickson in the Annals of Mathematics, 1897. 
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The latter substitution serves to extend H to G'; indeed Of § is not in the group 


Qi, a Since 
1 + P a a? 


2 a+ v 





is a not-square, and therefere p not of the form 2 5*—1. 
It follows that H, is simply isomorphic to Z. 


Linear homogeneous group in the Galois field of order 9?" defined by a quadratic 
invariant, 8832-48. 


32. We will assume that the invariant 


i j=l...” 
f=Y aye E; 
i<j 

caunot be expressed as a quadratic function of fewer than m variables  belong- 
ing to the GF'[2"]. It will be convenient to set ay = ay. 

Theorem: We can determine a linear homogeneous substitution belonging to the — 
GF [2"] which will transform f into one of the following forme: 
(m odd) Eks + baba tee. * + bn-sEm—it Emo l i 
(mm even) Ef EE t oee + Enans t akui + BEm—ibm + yE m. 

We first prove that, if m3 3, f can be transformed into a quadratic form 
having ay = 0. Ifevery ay(i, j — 1,...., m; $ j) were zero, f would have 


the form -- " m 
SE (May; HV aio... TA astu) - i 


This being contrary to our hypothesis, we may assume that as + 0, for example. 
We may also suppose that a, $ 0, since otherwise the transformed of f by (££,) 
would have a — 0. The terms of f which involve £, may be written thus, 


deta TH Es (Orb. + asoka + dake eee + ash). 
Hence the inverse of the following substitution, 


_ Es = aak F asks + anka H oeo e Raul, 
pes (£2—1,....,m; t3), 
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will transform f into 


aba + Esto + AB) 


summed for 4, j — i 3,4,....,m; i<j. Applying the substitution 
l 5-5, BSE, ((=1,3, 4, ....,m) 


we obtain as the new coefficient of £ the function aga*+6,,, which may be 
made to vanish by determining 2. l 

We may therefore suppose that an = 0 in: our original function f. Since 
the ay are not all zero, we may assume that a 4 0. Applying to f the inverse 
of the substitution 


El — asl, + phy + +... + Ginkm, B= Ee @= 1, 3,4, 20054 m) 


we obtain the function 


j=, ee, M 


Ets +> yulie, - 


i<j 


Replacing E, + yobs + yaks + +++ ++ Yanin by Eo we get 
8,..... M 
J! = bibs +> E. 
5j 
Similarly, if m S 5, we can transform f" into 


Biim 
: Es + Esta TY. 
m 
The theorem follows by a simple induction. 


33. Theorem: For m even, the quadratic invariant can be reduced by a linear 
substitution in the GF [2^] to the form : 


IET + baby + -- ats + En—iém + MR aO AR, 


where 4, —0 or has any one of the values for which the form Es. Eg AER ai + Aim 
is irreducible in the GF [2"]. 

If a£ it 8E, ,É, + yé be reducible, the form reached in $32 can 
evidently be reduced to F,. In the contrary case, it can readily be given the 
form 


27 + obs t ee + E REEL + Sms 
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9 being such a mark that the equation 
| P+E+3=0 | (9) 
is irreducible in the GF [2"]. It follows from (9) that | 
PERO RIA Su EAT. 
Henee (9) has a root £ in the GF [2"] if jud dil if , 
: LE A T NES 


The left member being its own square in the GF [2^] and hence either 0 or 1, 
- it follows that (9) is irreducible in that field if and only if 


b Np eoo pit m, f (10) 
Applying to our quadratic form the transformation ; 
Eni = Eni AES, Ei=Es, (i21, ....,m; ¿Em-— 1) 
the constant d is replaced by 
SEs tA +2, 
which is therefore a root of (10). Giving to à all possible values in the GF [2"] , 
we obtain the 2^7! roots of (10). Indeed, if in the GF [2"], 
8 4- A 4- AZ 4-24 4-23, 


we must have 4, — 4 or 24-1. Hence all irreducible quadrátic forms in two 
variables of the GF [2] can be transformed linearly into each other. For m 
odd, we can choose the form given by = 1. Applying, ana the trans- 
formation 


Ema 00, a, "E - g= ((i—1 "Tm m— 2) 
our form becomes Fë. 


34. Changing the notation, we proceed to study the group G, of linear sub- 
stitutions belonging to the G.F[2"], 


i= Y ois pon 
S: e (md pes tag m) 


= Y (Bak + ds) 


j=l 
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which leave absolutely i invariant the function ` l 
nsi emet 


The conditions on the coefficients are seen to "ba the dollowiiig: 


| S e + oof) = 0, ^ V (pida ya) = 0, 5 

EM ei. uA COMER iR Um 11 
ry che ll CUE hs 

e niet: E=: 

(Sy :23:90 9d X T se, 

Cinema 1423 » 


It follows from the conditions (11) that: Si is an “Abelian substitution on 
2m indices in the GF'[2"] and that its reciprocal is obíained by replacing 
ay, By, Yy, dy by respectively à, Bs Yao io . By making this replacement:in the 
relations (. B and (12), we. apta an ‘equivalent set of melstions m r) and Ma 


ing [onis the indices: altered being written]: : 


AN is lo Ei dy, E= Eon, 

: Bj. int = nib xé, nj = nz Tx, d os 
Qt E UE E m= nt ana cc 
T, x i Sic E e m=. "q y 


where 4j j > 1, pr E | 
Nex x UTR E = E Hem Ar, E 


B, 5x m= hr x, 


Oh jn! EL =k, x, N 


Qi ixcm-— "mo xs 


30 


n= n xh + AXE, 


ns = + xn AXE, 
&= CAPERE) E 
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which, for A =0, fall under the above types; 
|. MER) Py). 
L: &-—nm, n= E+ An, $ 


where -P,; occurs in G only when 4 = 0. 


Qs. E — al +a(a+d)m, TE 24. §3)— 1), 
: lc EIE ioci a 1] 


36. For A=0 our group is the generalized first hypoabelian group Gh; for A—2', 
where Em + AE + A% is irreducible in the GF [27], it is the generalized second 
hypoabelian group G,,. For n=1, the structure of these groups was given by 
Jordan. * The simplifications and corrections introduced by the writer* have been 
employed in the present paper. As far as practicable we treat together the - 
groups G, and G,. We do not completely determine the structure of G,, that 
-* having been done in the paper cited and in more detail in a paper communi- 
cated N ovember 10th, 18 98, to the London Mathematical Society. 


37. Theorem: The groups G, and Gy may be generated as follows : 
G,zmM, Nu, EM, Nu Ort) 


where 1, j = 1, 2% + ..., fh, and x ts an arbitrary mark in the GF [27]. 
We note that M, transforms N, y, « into Q, i « and Qi, j x into R,,,. Further, . 
for i, J 7» 1 when A £0, we have 


P= Qiii Q, 519. iD | 
T, , Ty , = MM Py E, y, ii Ny g, y Pa uy i 


But M transforms T,,into T, i. Hence the group contains 
Toa aru T Tus 
For the case m = 2, à = 2, the group Gy contains 
M1, 3, Qus cM s. = LMM, Ty, si. c (13) 
. and therefore, since L = Ot *”, it contains every pA Ei 


** C The Structure of the es Groups,” Bulletin of the American Mathematical Society, | 
July, 1898. ; 
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To prove that every substitution S satisfying the relations (11) and (12) can 
be generated from the above substitutions, we first set up & substitution T 
derived from them which, like S, replaces £, by 


ui =2 (Ganges + Yaj): j 
where, by (12;), 


Y ams + Aaa + A = 0. | (14) 


2=1 


a). If dam =F 0, we may take as 7 the product l 


m—1l 


Taiz II Qa, 1, an Mi, Phy ym? 
t=1 


since it replaces £, by 


m—1 *»—1 


Di eons + Yagi) + amin + 052 (gg + Aaa + yh) eo 
j=1 


j=1 


which, by using (14), is seen to be f. 
b). If awn = 0, Ymm=E 0, we may take as 7’ the product 


m—1 
T TI Qi, ia LUE an MUM,. 
t=] z 


c) If am = Yy = 0 (J =m, m—1,.... , k— 1), but an and y,, not both 
zero, where > 1, we may obtain, by case (a) or (b), a substitution 7” replacing 
Es by f and derived from the above generators. We may therefore take 
TT Ps. | | 

d). If aw y, =0 (J = m, m —1,.... , 2), the proof given in (c) applies 
if à = 0, so that Pa belongs to the group. For 2,— X, this case cannot exist, 


since the equation 
Am Ya + Nah Nym = 0 


requires amı = Ym = 0 (whence fzz0) on account of the irreducibility in the 
GF [2] of the form £y + E + Ani. 
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It follows that S= TS, where £, leaves En fixed. Let S, HE Yn des 
i= (Bm E, T 3,2). 
Then by (11,) we have à, =1. Also by (12) we have . 


En Sug + A024 + AB = 0. : (15) 
Then the product 


m-—1 
P i S8 = [| 2, m, fm Qi, m, dm 
ix] 
replaces £, by £ and na by 


m —l a —1 
(Boks da) nee (Bas + dha + ABa) En 


which equals f” since the coefficient of £, is Bam by (15). 
We may therefore set S, = S'S,, where S, leaves £, and », fixed. It fol- 
lows from the relations (11,) that 
= Bin = Yin = luc 0- (¢=1,...., m—1) 


The relations holding between the dyi Bus Yu; dy (06, — 1, ---- , m— 1) are 
seen to be the relations (11) and (12) written for m — 1 in place of m. Proceed- - 
ing with S, as we did with ¡S, etc., we find ultimately the result that S = T'Z 
where 7” is derived from the above generators and X is a Rubetrtaton. of the 
group which affects £, and y, only. 


38. We next determine the number and nature of the substitutions 
2: & = ak, + yi: "i = Bk, + òr 


which leave invariant £p, + ak + 29. The conditions (11) and (12) become 
for the present case (m = 1): l . 


ab + By = 1, aß +i -F Ag* — à, y d AY) AP A. (16) 
Expressing fe same conditions for the reciprocal of 2, we get, 


3B + AF + A= a, ya + Ay! + 2a? = (17) 
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Combining (17) with the last two of (16), we find 
Bla+d)=y(a+8)=2 (a +8, | (18) 


which may be taken to replace (17) | 
a). Suppose that a + ô. Then by (18) 


B=y=2(0 +0), . - (18) 
when the conditions (16) all reduce to | 
ad + A?a? + 2909 — 1. | (19) 


If 4-0, the substitution X becomes 7, .. If, however, A=’, so that 
Elfs + AED +A£3 is irreducible, the only set of solutions in the G.F [2^] of 
ab + Aa? + AM? =0 is-.a — 0 — 0. Each one of the remaining 2” —1 sets of | 
values œ, 6, in the GF[2"] make 


ad + Pad + 229? = x! XE 0. 


Then will a,/x, 9,/x be a set of “solutions of (19) and inversely. Hence the 
number of distinct sets of solutions* of (19) is 


(2 —1)(2—1)=2 + 1. 


. b). Suppose next that a = 4, so that the conditions (18) become identities. . 
From the last two of (16) we find that . 


a(B+y=2(8 +y}. 


* 1f n be odd, we may take 4¿=1. Among the solutions occur 
(2,2 =(0,1),(1,0), (1,1). — 
For n — 1, there are no other solutions. For n — 8, we find also : 
(a, d) — (p, P), (o, pt), (0%, P), (0%, Pt), (Pt, P), Gs p?) 


where p is a definite root of the congruence p? =p + 1, irreducible modulo 2. Forn=—5,we derive 


from (18) a32 — ag31 4932 4 dao + 281 934 ydi -- 1 — Q. . 


But ó*3-] d30-- 284. 8344 91 eri -1)3(054- 834 524 d--1)2 (05 4- dt 824 d - 1)? (854 043- 824 44-1)2. 
These three quintics irreducible modulo 2 furnish 2.5.8 sets of solutions, which with the above three 
give 2°+1 sets. : 
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If 8 — y, we find from (16) 
o! gem, aß = =0. 
Hence X is either.the identity or M; = (ëm). 
If 8 y, then a = A (B + y) and all the relations (16) reduce to 


By + XB y mis 
By interchanging a with y and B with 9, the present relations take the form ' 
(18^) and (19), which lead to the substitution 2,, we will say. Hence the present 
substitution 3 is the product M,2,. The total number. of substitutions leaving 


Em + AES + An] invariant is therefore 2 (2* + 1), if the form be irreducible, 
and 2 (2^ — 1) if it be reducible in the GF [27]. 


39. We can now readily determine the order Q9), of G^, including the cases 
à= 0 and 2 = A/. The number of distinct linear functions f by. which the sub- 
stitutions of G5 can replace £, is P2, — 1, if PO, denote the number of sets of 
‘solutions in the GF'[2"] of the equation (14). For m 71, the pair of equations 


Ou) mm = T, Y Of mj T Aan + Wer =E T 


j=1 


has (2^*! — 1) P2 ,, ‘sete of solutions € v= 0and (2 — 1)(2*8"-*» 
— PL, ,) sets of solutions when v runs through the marks 4-0 of the GF[2"]. 
. Hence we have the recursion formula, 


PO, = PPO. (2 — 1)92502-9, - (20) 
For 4 — 0, Pf, = 2(2^ —1) and we find by induction that 
PP, —1=(2" — 1)( (quem + 1). 
For a= X, a, = 1, since a=y=0 is the only set of solutions in the 
GF [2] of ay + Va? + My? — 0. We prove by induction that 
(Qe — 1 m (94 126-7» — 1). 
The number of distinct linear functions /' is 2^9*—9, Indeed, since ón = 1, 


the relation (15) determines fa in terms of By, Òm (J = 1, «+e e, n — 1), which 
may be chosen arbitrarily in the GF [2"]. It follows, therefore, from $37, that 


22, = (PO, — 1) 2-909 n 
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But, by 838, we have the initial values - 
Q9, = 2 (2—1), . OM — 2 (2^ +1). 
We now readily obtain the formule 7 


| Q9, = (z*—1)[(27 9-21) an remus 1) e]...  [(2—1)2] 2, 
Of), = (ro Qnm e]. ami) P] 2. 


40. In determining the structure of G,, we shall find that there exists a 
subgroup J; characterized by the additional relation between the coefficients 


Ta, B y rna + ht BL e) mm . (21) 


We shall prove that all the wiibetitutioas of G, which satisfy ms fmi a group 
and that this group can be e as follows: 
={ MM, Nos. h =/MM,, Ms x) Or "hs 

new generators, as T. , and Qi 2. B necessary in ^h if m=2 [see note 
to $50]. 
We first prove that every substitution of the group J, m the relation . 

(21). It is evidently satisfied by the generators; for example, for Or! we find 
| I(a, By, 8)  (m— 1) + að + 2 (0 + P) m. (mod. 2).— 

To give a proof by induction, we a that a substitution Y satisfies (21) 
and prove that the products Uy, WM, N, y, 2 Oy 'Z will satisfy (21), whereas the 
product M% will not. l 

a). The coefficients ay, By» +++., of MX are as follows: 

ay—XYyg Yy= Ay, Bom y= By, (i=1,....,m) 
ca ME em A UP ERE $251... 4 
2 Og == Op, Ba = Bay l Ya = Yi bu = du h=1, .. NU m;k3-j/ . 
Hence 


i, k=l. 


I(s, B, y Duda + SroBet 2 ee Roe 


=, beri 


Hence M2 does not satisfy (21), while MME does. 
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b). The coefficients Gg, ete., of N, , 2 are as follows: 


da E dul [cm i (r,8—1,...., m) 
Yra = Yrs Or = On (r,8=1,...., m; 61,7) 
Yn 7 Ya + xo, y47— ys Xa + A rj r= 1, so? oy m) : 
$4 == a + x8, Oy = Oy + Bn + M. (r= 1,...., m) à 


Hence I(a, B, y, $) equals 


T,8ml. 


Y aad +5 Os (8 + x34) +> Ay (8, + Ba + aBa) 
8j rl 
B Aa; + Bh + (ya + xay) + Quid uL 
= > as +22 (ody + Bhs y's + Bh) + 2 (abn + aBa) 


+2 (dau + ral + 284) 


which equals Z (o, B, y, 9) since the last two sums are zero by (11) and (12). 
An analogous proof holds for the products N, ;, 2 (?, 7 7» 1). 
c). The coefficients in the product Of 'X are 


ue. Bs = Bu; Yy =E Yu Sy = by, i (i, J= pee Mm) 
= aay + A (0 +.8) ya, pun 


puer A Beet Oa ot pe) 


Using (11), (12) and (19), we may verify that 
Ka, B, y, ô) =I (a, B, y, 9). 


d). It follows ‘from the remarks at the beginning of $37 that the substitu- 
tons Quo Rupe (054 1 esee, m) and Py y, Ty. (i, J> Lif a= M) satisfy 
the relation (21) and likewise diei products by £. 

Inversely, every substitution S satisfying the relations (11), (12) and (21) 
belongs to the group J). 

For m>2, the group J, contains Q,,,, the transformed of N,,, by | 
MM, (Æi j); also Rig. and Qix the transformed of N,,, and Qui, 


4 
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respectively by MM. Then by $37, it contains Py, T, T, x (J> 1) and 
T, , T; 1, the transformed of the latter by M,M,. The product of the two gives 
T, [d ñ 

, For m= 2, 4 — X, the group Jy contains 


Q3,1,.= LN S LL, 


and therefore E y, , and Qj, a, ,, the transformed of M, a. and Q, , , respectively 
by M,M,. It thus contains 7; , by (13). | 
By the proof in 8537-38, every substitution of G, is p one of the two forms 
oo KM, where K is derived from the MM, Ni so Quo Big (JH, ++, m); 
è T n Fy G9 > 1): We may therefore state the theorem: 
The group G, contains a subgroup J, of index 2, which Mi extends to the total 
group G,. 


41. Theorem: The Group Jy may be generated by the substitutions 
L, MM, Noe (6,42 1,...., m) 


` As it does not readily appear that every Ot? cán. be expressed in- terms of the 
. above substitutions [which fact is the gist of our theorem], we give a direct 
proof of the theorem. In contrast to the method of $37, we begin here by con- 
sidering the indices £,,, which play a special rôle in our group Jy. We-shall 
obtain certain results needed in $43.. l 
. Let any given substitution JS of Jy replace E, by. 


m 


2 (ayk; + yuni), 


where by (12,) Ñ 


Y ayy + Aai + ayh = A. k (22) 


j=l 
If ay, yy ( = 2, ...., m) are all zero, Qs 1,1 91,3,1 © will replace & by 
Ki l yan + anës + (yn +F 2011) Nas 


in which ay, and yy + Aay are not both zero by (22). We may therefore confine 
ourselves to substitutions S in which not every aj, yy (J = 2, ...., m) i8 zero, 
: and in particular may assume that an FO. l 

31 : 


E 
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Lu 


‘The product N., is F eae & by. ` 


: A Gan des os Rs 


We may, by choice of x, make the coefficient of y, Zero. - Then i in S zc SIN, n S, 
.we have au — 0, dE 0. As before, the ds Ms .S'= = 8" will topis 


bby 
(Yu + uos) m+ amb + Ue 5 


l By iian u, we can make the coefficient P nt udi The sxtatitation gr H 
therefore has à ; ; D 


P 45 70, yu=1, PES ay. 


n follows, by $37, that there exists ` a substitution T derived from Pa E 
MM, Nuus T. Quse Kk? l qs eim . gi - (23) ` 


which replaces n, by > (ae; + yn) - Hence the product. 
j=2 E : 
A= MMQ, á pw 
will leave £, fixed. 


It follows that the given substitution. S= 3s where x is ‘derived. from 
L, MM, Mss . Let 5 replace i by 


l 2 (Bisks T TA ; 
where By qi r) and (12) - 5 | 0l D 
ED Sout + ath uo f uL (24) 
IC Nh E By 850 (j—2,-...,m), then B, =0 or X |. Hence S, or: 
L-!M,M,S, respectively will leave £ and y, fixed.  ., 
E Bi Æ 0, for. example, then Qa, 1, „Ñ; leaves És fixed and replaces m by. 


m+ (Bn + Br) Es + Buba + (da Hæ + 228.3) ne + 


i By choice of x we may make ihe coefficient of E, zero. Ha the resulting substi- a 
tution 8; we have . l 


j=3 


bu=0, hl $e Bato. 
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As above, there exists a substitution 7" in J, which replaces nby 


2 (Bé + dy 1) : 


without altering £, and m. Then will S,= Qe 117-18} leave £, and y, fixed. 
But, by $37, the substitution 45, affecting only £, x; (i= 2, ...., m) can be. . 
derived from the substitutions (23). de 


42. We can make a new determination of the order of Jy. The number of 
sets of solutions of (22) is 
(2 I Pron) (2 =; 1) = (27 + 1) DEED, 

where P®), zz 29D — gm 1. 2^ (—P ig the number of sets of solutions of 

Y ay d Aah + AS = 0. 

ji 
By a slight calculation we find that the number of sets of solutions of (24) is 
(2-04 1) 2*@-), Hence 

ae), — (207 + 1)(2" (m—1) + 1) Pm OO xs 


go that from the order of the first hypoabelian group we readily derive that of 
the second hypoabelian group. 


Simplicity of the Group Jy, §§48 46. 


43. Let Ibe an invariant subgroup of* J, containing a substitution S not 
the identity, l , 
= Di (ue tyn e. o 
. rs T (¢=1,....,m) 
n => (Buki + Syn), 


j=1 


8: 


"Proposition L—4 contains a substitution, not the identity, which leaves E, fixed. 


*In the following paragraphs the subscript 2 will be dropped from Jx. 
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a). If yq + 0, J contains a substitutión T which leaves EA fixed "S 
replacer m by . 


h e E "S 


Hence I contains T-38T- S; which: fepläcoi & by m. 
If S, leaves És, 75, £y, m unaltered, J-will contain its transformed by the e fol- 
. lowing substitution belonging to J: l 


. bi = by + Any a m= tabs. Ng LE 
[gc eine Neo a’ ny = AE, + m+ PE + Ax 
Es m+ Es + Am + boy n= m F As + nat Nee 


This transformed’ leaves E and m fixed: 

l In the contrary case, J contains a substitution’ T, karn & and m fixed. but 
noi commutative with S,; hence J contains ST- 18,7 #1 which leaves £, fixed. 
Indeed, comparing the values by. which S.B, 8, x , and Ra y, ¿S, replace ys, we ` 


- must have. 2 o 
4=06+06, i ra PCM Sg 


if S bo commutative with Ra s ,. Comparing the values by' which SGo, a < and 
Qs, 2,081 ep lace By. we must have ^ 


E | B Of On o 
Hence $j = af. If S,.be commutative with M,M,, we have also 13 = ans. 
Hence a’ = 1 ora=1. ` Lastly, if S; be commutative with Py, we must have 


b= Es, LIUM 


A There remains the case m= 2.- Ifn > 1, there exists in the GF [7] a 

mark x31, +0. If S'be not commutative with Ta ,, then ST 28,7, is a 
substitution’ belonging to I, leaving £ fixed and different from the identity. If, . 
however, Sı 7;, = TS. we readily find that 5, must have the form 


d&—m dmn Es = ats, uan. 
The relation (21) gives dy =A7?.. Hence S= LT,,. Since E l T" 
=- d NU, LN a m Ns ees Ti P ge Due e ve quus. 
Na LN RL Ni o 
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it follows that N, y , transforms S, into E | 


N, 3, rtra- Lg L Qs, 1 IM, 3, k* 
Hence T contains 


Qs, 1, M, 3, Ni, 3, PE — Qs, 1, e 2, xa—15 


in which the coefficient of y, is zero. 

b) 420. Ifa; 254,—0 (j = zcv im); 8 leaves £, fixed. In the 
contrary cage we may suppose that a4 + 0, when m $ 3. l 

Transforming S by N; s, , we obtain a substitution 5” which replaces E, by 


Abr + Ora + Onsks + (Y + xas) Na + (yis + X03) ns + 


We may therefore make oy = yy T xdg. Hence in S' we have aj; = yig: Then 
I contains the substitution 
i S, = VLM M, S M M,L 


which leaves ¢ fixed. If S, reduce to the identity, we find, by comparing the 
expressions by which 8’ and LM, M,S' M, M,L replace m, that 


20 ACE ACE, + (Bla + 95) +m): 


Then the transformed of 5” by N, s, will give a substitution S which replaces 
AE, by 
919 E + (Bp + ots)(Es + na + xm). 


Using S in place of our given §’, thé product denoted by. S, will_not be the 
identity and will leave £, fixed. . : 
For m = 2, we may suppose that a, + 0. Transforming S by Q, 1, « we 
obtain a substitution S’ which replaces £, by 


(an + X043) Ey + anka + (yis + 202019) Noe 


- We may therefore suppose that the coefficient of y, is zero. From (12,) we get 
4, = 1, since ya, = yg = 0. Transforming by 7;,, we may suppose that a, = 1. 
. Hence we have a substitution S which replaces £, by £ + &. | 

The group J therefore contains S! =S 1E, , SE, y, , which replaces £, 
-by &. Ifit be the identity, we find by equating the values by which SZ, ,, 
and F, y, „© replace y, that 


Es = s, + (bn + Ax012) la. 
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By (12,) we have ĝ = 0; by (11), = 1. Hence S would be of the form’: * 
4=4 + bn m= Buk tn + Bubs, B=, m=Bubi + m+ Bias + ns. 


The reciprocal of S replaces £ by E; + & and may therefore be used in place 
ofS.. But S”* is evidently commutative with E, y, « only if ae =0. Then by 
(1 2) s we have £1 = Ba. -Hence - 


^ S= Bias aa 
This is transformed by L into 


Q= E, 2, 1+ com Qı, 3, Bis* 


. , Hence if By = =.0, I contains La, 2,1 which leaves & fixed: 185 + 0, we trang- 
form S by Ta er and obtain © 


Sz DT 3, Bia D 


Hence I contains ST 18! = Ry, ho where. m 
| SI HBO 
since the form AB TAB bea i is ireducible i in the field. 


44. puopodüon II.— Y (m, di + (2, 1), es group E contains a , substitution, not 
the identity, which leaves E, and y, fixed. 
We have proven that I contains a cubstittion 8, leaving & fixed. “Let: it 
Eai m by 


EM i P EU 


where Sr Eso MM (24) 
a). Ir Tr 0(j=2,....,m), we proceed as in case (a) of the pre- 
ceding paragraph. If S leaves £,, y, £s, na unaltered, its transform by W will 
leave £, and y, fixed. In the contrary case J will contain a substitution 7, leav- 
ing E, and y, fixed and not commutative with S. Hence I contains S7! T—18T-E1 
.. Which leaves both £, and y, fixed, since S replaces £, and n; by functions of £, 
. and y, only. For m = 2, n7» 1, I contains a gubstitution Fe, y, £1 by the 
prod?) in the last paragraph. : It therefore contains its transform by Za o. giving’ 
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Bai, s pi? and hence contains every Ns. T oia I GO svety Quax 
and, by (13), every LMM,T, sa, and finally, every 7; ,, viz. 


(LMM, T,, y” (LMM Tp, a) = Ta satan 


The- AE Ta =F 1 leaves £, and x, fixed. . 

b). If 8, £0, for example, the transformed of S by 7; a, gives a substitu- 
tion 8’ in which 8,,— 1. By $37, J contains a substitution 7, leaving £, and 1. 
fixed and replacing E, by 


E + Tha +3 (bk + ri 


the exact allie | of v being immaterial here. Then J contains S, T-S T 
which replaces £, by E, and m by l 


l Binks + 91 + Bim + A j 
bj). If Bl, " 0, the. aos S, of S, by Zy} will replace m by 
| Bak i Y + a T 73): 
if we take u= - dj. Let V be any substitution of J which leav Bon m and 
E, + 7, fixed. Then BEN 1-18, V belongs to T and’ leaves E, and 7, fixed. 
There remains the case in which S, is commutative with every V. If S, be com- 


mutative with V = Qs, s M, s, x, we find, on comparing Be two values:by which 
the products & Y and = replace £z, that — 


ass (Es * n) T (ate de yd Hood Ng 


Tuen, bý. (12), ag — 0, 80 that ni = gr. Taking V= MM, it follows that: . 

= disks. Hence, by (11,), 05 — 1, so that S, leaves £s, ng fixed. i us by ` 
dune V= P, ;, we see that we can suppose that S; leaves £i; m (= = 3, -.+,m) 
fixed. Since S, is commutative with UM, it has the form 


S: (c. m= Bibs n + (E +m) 
oaks + oos, + Yis: n= = = abr + yaks F alane: 


Hence, by (11), ag + y5 =1 or MES yh = 12 result found above. By (11). 
and (21) we find, respectively, EE "P 


an = u (an+ Ya) = Us ' aĝi = af 1 ym. 
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‘The transformed of S, by Br a, . gives a substitution which leaves: & fixed and 
replaces m by 
(Bat yg) id d -- ERES 
Hence if yh Æ 0, we can make the coefficient of £, zero. Butif yh =0, then | 
8570. Hence if m7 2, I contains a UPEO leaving £, fixed and 
replacing m by m+ Allis + ois. Thon, by (12,), 48 =0. Transforming by. 
.M_M,, if necessary, we can suppose that 9/4 = 0, so that we are led to case (25). 
For m = 2, I contains the substitution &, 


g= =6,, ni i= Bubs i m + U(E tH). E = ané 4 a + estes ete. 


We may guppose Ya FO, since otherwise, a 4 — 0 and then Gg = 0 by (1L). ' 
Transforming S, by,.E,,, we obtain a substitution i in I which leaves & fixed 
. and replaces y, by ; 


(P bee Fa Fendi be PU de aes pm eee Mm 


:- We may therefore make the coefficient of M zeró, whence we are: led to case (a) 


or case (by). 


by). If 85, = 0, then By + TE 0. Consider the case m 7» 2. If J has. 
` a substitution Z leaving £,,5 and Es fixed, then S| = Si 17-18, T leaves £, and 
q, fixed. The proposition therefore follows unless 8, is the identity for every 


possible 7. But if 6, be commutative with Bane A and Q, a, «116 must have a 
` form 
d-5 = Bi + n + Es, | 
8: d T MEA Ab En Ol n e.. 
= dish + £s, ap = 8x Tn. : 


Ifm > 3, by pa ir with By sxo Qi a, es eto, we readily 
see that it reduces to a gubstitution affecting py £1, M» Es, Na, leading to the. 


“case m = 2, treated below. 


:Tím=3,n>1, a mark x 3:0, El exista in the GF [2]. - - If $, be com- 
mutative with Ta, xı then àjs = Bl = 0, so that we are led to the case m = 2... 
20 Ilfm=3,n=1, we have By =0 by (21). The pea S 5 MMS MMS; P 
Hep ME ts and ys by respeotively t 


& + (Bis T LL p T (Bss + à) Es. 
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If Bis = ôg = 0 or 1, we have in S, a substitution belonging to J, different 
from the identity, and leaving £, and yn, fixed. If one be zero and the other 1, 
then S, has 95; = ôH = Bls + 64, — 1. Taking this 8, in place of our previous £ , 
we evidently obtain the desired result. _ . 

For m= 2, the substitution S,, leaving £, fixed and replacing m by 
But: + m + Es, where B5 = 0 or 27, has for (3, —2-7!, the form Q= MML, , 
Qaia and for Bu — 0 the form $,: R,,, 7,. But T, transforms S, into 
Sj EMMEN, a Qa, 1 ap Hence I contains 


Sy 87 = 7A «Ts, 5 0.14 =H, p Qs, 1, ap! ap” 


Transforming by 7,1, we get T, .Qs31,,41- This R,,,, transforms into 
Ras, «erti Zo, Qro +1. Hence Z contains Ry s 045 E 1, ifp $1, 4.0, as we 
may assume if n > 1. 

Similarly, the transformed of Sj by Fy 2,1 gives Ri 5,17, 3,1. Hence 
J contains Ry y ... Then, as in case (2), I contains a %, 1. 


45. Proposition IIL.—7f m > 2, the group I contains one of the substitutions 

N; 52 (0, J >1), not the identity. 
If m— 1 > 2, the group J™-®, composed of all the substitutions of J which 
leave £, and y, fixed, is a simple* group. Therefore the group J, have one such 


substitution, has all, l l 

For the case m — 1 = 2, it follows that J contains N, y, , or else Pys Qs, ; i. 
The existence of a third pair of indices was assumed in $8 of the paper cited only 
in transforming by a product of two M/s or in deriving from P,Q, y , a substi- 
tution Qs, ,; [in case (A) of p. 501]. The former operations are allowable in 
the present investigation since M_M,, M,M, belong to our group J. 

Transforming Py Qs, ; 1 by T, o we get T, 1P47,,Q.»,. Hence J contains 
the product 

5 PB is Qs Pas 


and therefore its transformed by Pas, giving 
Sm T, nal Ts, «Qs, 2, k-F1* 











* Dickson, “The Structure of the Hypoabelian Groups," Bulletin of the American Mathematical 
Society, July, 1898. 
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If x 3: 1, as we may suppose if n > 1, this substitution is not the identity ; simi- 


larly for the product 
S Ty. 8, a Ta = Qs, 2, «017 


For the case n = 1, we refer to the computation of $18 of the paper cited, 
where it is proven that J contains Q, 5 1. ' 


46. We may now prove directly that the invariant subgroup I contains the 
generators L, M,M,, N, ;,, of J, so that J is simple. 
For m > 2, we employ the substitution * derived from the W of $44, 


. V= Ta, xci Ta, :WM,M,, 
E 5 = An, + A (Es Hn) c. m= HE x) . ; 
y 


= Ma AmA (E tH n) s. m= Ey XS n) i 
Es =] + at (és + 913) TA dT "s = An + Ai (E T 93) T2. 


We verify that V transformis M,M, into LM,M,T, x1, 80 that 7 contains LM, pe 
Further, 7 contains the product 


=A7 lys + hs, ng = És 
Qoo Po = | | 
d QS = ac 


which is transformed by V into the substitution 


f=, f= (A+ 1) £ + An + (35 + 2) Es + Ans, 
Pi n= Es HF (At s t (A+ 1) £g +90. 
A Ej m & + Am, + AES +19, ny = (A+ 1) Ey + (A? + 2) m. + (A? + 1) £ + Ag. 


This substitution is seen to be the product . 
MMs Qs, a, Ns, 3, a Qa, 8, Fes, 8, 1- 


Hence J contains M,M, and therefore also ZL. But 
(LMM) "Ri, 9, x (LMM) FH, 3, x = a 3, Aw ixe 


It follows now that 7 contains all the generators of J. 
For m= 2, n > 1, we have proven that J contains a 7,71. Transform- 
ing it by M,,,,, we obtain (as in $43) the substitution N, s ,,,,57,,. Hence I 


*V corresponds to the substitution of Jordan, p. 211, 1. 18, denoted by French capital U. 
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contains M, y p. not the identity. Transforming by 7,, we reach every 
Nox Transforming- N, , , by Land LMM, we obtain Qs 1. and Qi, s, . respec- 
tively. As in $44, case (a), J contains every Ty, ,. dá (13) it contains LM,M,. 


If n > 1, we may assume that 4 1. Setting v = +. we find 


l Qr, 1101, 2 123, Qs, virga ELS a Qs, 1, La, ID 


. Hence J contains L and therefore M,M,. Hence I=J. 
For m=2, n — 1, the group* J is the simple icosahedral Erne. of order 60. 


Linear homogeneous group D in the GF [2"] in 2m +1 indices, defined by a. 
quadratic invariant, §§47—48, 


' 47, By $32, we may give the invariant the canonical form 


= a+ Sin. 


i=1 


The conditions that a substitution 
= mao +5 (ou; Ton) 
S8: 4 m — ob D» (Byes + Sym), = did eters m) 
E = aa HY ols tem), 


j=1 


: shall leave «) absolutely invariant are seen to be the relations (11) of $34, together 
with the following : 


S bat Caa) = 0, (xa. + 004) = 0, (25) 
(k=1,2....,m) | 
er => Quas Yu “2 reo xo +) X0, = 1 . (n) 


* Bulletin of the neum Math. Boc., pp. 508-9, July, 1898. 
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It is known* that, for every set of solutions ay, By, yy, &4 in the GF [2] 
of the relations (11), there exists an Abelian substitution 


nt =F Geis + Ben) 


J=1 


El => (arts + yrs 


of determinant A = 0 in the field. Iti is TN. to verify directly that A-E0. 


Indeed, suppose that 


We could then suppose that, for example, 
l m *—1 l 
Yin = Y, Ay D 
j=1 zl 
m m—1 
Sim =e AB td u u- 
=1 f= 


But these values do not satisfy the relation (11), 


p | Bi dim 
Indeed the left member becomes 


Y^ 


Qin ay 


Bin By 











which, on applying (11), reduces to zero in the GF [2"]. 


Since A Æ 0, it follows from (25) that 
*,=6,—0. 





* Dickson, t‘ A Triply-infinite System of Simple Groups,” The Quarterly Journal, 1897. 
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Indeed the determinant of the coefficients of the 2m linear homogeneous equa- 
tions (25) is seen to equal A. Hence S takes the form 

( : m 
& =>, (a£; + yim) 
j=l 
8: 1n => (Buk, + gn), 
j= 


B= b+ Df (Sauls) i+ (Dvds) a} 


the coefficients being subject to the relations (11) alone. The group of substitu- 
tions S is therefore simply isomorphic to the Abelian group of substitutions X 
. on 2m indices in the GF [2].- Its structure was determined in the paper cited 
except when m = 2, n7»1, in which case the group may be proven to be simple.* 


48. Another proof of this result consists in the determination of that sub- 


i 


group of the first hypoabelian group Go, leaving V. Em, invariant, for which also . 


the relation £, = No 18 invariant. 
In the general substitution of Gh, 


Es =. (ag£, + Yim)» 
j=0 


T: * (i=0, d, voc m) 
ni =>) (Byes + Syn) 
j—0 
we must have : 
Bos = ay, You Oy; dw + Ye Boo + w (J=1,....,m) 


But the inverse to Tis 


fA 


Ei — Y (BE + yn); "M 
qs T9 ; (i= 0, 12404 4m) 


m= > (Baks + aum). 
¿=0 


Putting £, = 70, we find for the coefficients of E in El and xj, 


Sut yz 0, Butoy=0. (Cee were 





* Quarterly Journal of Mathematics, 1899, vol. XXX, p. 888, 
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But every substitution S of the group I is the inverse 77? of some substitution 
T belonging to I. Hence in S the coefficients of & in £j and y; are all zero. By 
the remaining hypoabelian conditions we see that 7’ must be an Abelian substi- 
tution of the form S at the end of $47. 


Study of quaternary groups with quadratic invariants. — Isomorphisms with known 
groups; summary ; 8849-56. 


49. In virtue of the identity = 
E + & Tee. E — Ph — co f=), (E — Er (Et Eu) 


it follows from $1 that the group Ly p, leaving Y X,Y, invariant, is simply 


i=l 
isomorphic to the group G2 yn if —1 be a not-square in the G&F [p"], i. e. if p^ 
be of the form 4/ —1, but is simply isomorphic to the SPRDEORAE group GOD, if 
p^ = Al - 1. 

The structure of the group Ly, p. has been determined directly by the 
writer, and from the isomorphisms obtained in the paper cited,* we derive the 
following: 

Theorem: The simple groups of order 


$08, mp (rn —p™)(p* — 1) p” (p”— 1) p” 
(p= Dp = PS Pe) 
4(p—1) . i 





the one derived from the 6-ary orthogonal group and the other from the general 
quaternary linear homogeneous group, each in the GF [ p^ — 4l +1], are simply iso- 
morphic. A like result holds for the simple groups of order 


Op. ng —pryp"—1)p^(p^—11p, 


the one derived from the group GP p and the other from the general quaternary linear 
homogeneous group, each in the GF [p^ — 41 — 1]. Likewise, the simple group Jy, 
a subgroup of index two under the first hypoabelian group on m —3 pairs of indices, 








*°< The Structure of Certain Linear Groups with Quadratic Invariants,” Frocesdingi of the London 
Mathematical Society, vol. XXX, pp. 70-98, 1899. 
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and the simple group of quaternary linear homogeneous substitutions of determinant - 
unity in the GF [X], are isomorphic and of orders 





(2 — 1)[(29— 1) 2°][(2—1) pz Ponts al ies gea — 29). 


50. We next determine the structure of the group L, p., leaving absolutely 
invariant £j + £72. The two sets of generators on the ruled surface 


£m + Em = 0 


are given by the two pairs of equations 


É-xÉQ T0, m— m=O, | - (26) 
&dcbxm—0, Es —x=0. ; (26^) 


The most general quaternary linear homogeneous substitution, leaving invariant 
the pair of equations (26), for every value of x in the field, is readily seen to be 


. ees + yn, Es =— ym + ata, (27) 
ni = on — BE, m= BE, + dn, 


having the determinant (ad — By), For it we have | 


El + xEL— a (E. + xl) + y (n — m); 
na — xni = B (Es + és) + 9 m — xn). 


The group of the substitutions (27) is therefore simply isomorphic to the binary 
group on the variables £,-- x£, and n¿ —xn,. Since the transposition M, = (£,r,) 
transforms the pair of equations (26) into the pair (26, we obtain the most 
general linear homogeneous substitution, leaving invariant the pair of equations. 
(26^), for every x, if we transform the substitution (27) by My, giving 


[cet k=- BE, + 08, 


ni = bm — Bm, ng = — ym + am. 


(28) 
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The product of an arbitrary substitution (27) and an arbitrary substitution 
(28) gives 


a 0 0 y /4 0 C 0 

0 à —f ojo D 0 —B 
0 —y a 0 NB 0 D 0 
8g o o ¿/lo —C 0 A 


29 
ad —y0 aC yA (n) 


— BB ôD —BD —óB 
yes aB —yD aD yB 
- BA —$0 BC JA 


Tho same result holds if the substitutions be compounded in reverse order, so 
that the substitutions are commutative. Further, the only substitutions belong- 
ing to both of the sets (27) and (28) are seen to be 


Ei=ak,.mi=amn, mak, ME Ane | (30) 


The substitution (27) leaves km + Ema absolutely invariant if dud only if 
ad — By —1. Hence there are (p? — 1) p" such substitutions. It follows that. 


there are E 
| ip" — 022^. (if p = 2) 
20 HDP? fp») 

distinet substitutions (29) for which ; 
ad — By =1, AD— BO-—1. (31) 


The substitution 7, , will be of the form (29) only if 
aA=§D=1, aD=x%, óAcwx', PB=y=B=C=0, 


Therefore A — a^, D= xo^, d= X la, 80 that 
| að — By — xd AD— BO = xa’. 


It will thus satisfy the relations (31) only when x is a square in the GF [p"]. 
Hence there are at least ¡(p* — 1)p"l? substitutions (29) which satisfy the 
single relation Í 


(ad — By)(AD— BC) — 1. . (32) 
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Among ‘ieee does not occur the. transposition M n); for among the condi- 
tions that (39) shall deduoe to M, are found 


aA = sD=0, aD=SA=1. 


- Since the: group P p» leaving £n + Emma, is of order 2 (mu 1) p"|?, the 
group Lj „of the substitutions (29) which satisfy (32) is of index two under 
La ys. Further, the group Lj/,. of the substitutions (29) which satisfy (31) is of 
. index 2 or 1 under lj, according as p 7» 2 or p= 2. But L}, has an inva- 
riant subgroup formed of the substitutions (27) which satisfy the relation 
'aj— By — 1. This subgroup, being simply isomorphic to the group of binary 
linear substitutions of determinant unity, is for p = 2, the group F, p. of linear. 
fractional substitutions of determinant unity on one index, but for p> 2 has the 
factor groups F}, and C, the latter being the group generated by the substitu- 
`~ tion changing the sign of every index. The quotient group of Zj,. by the 
group of substitutions (27) is Suus F, s: Now F, p is simple if p* is 
neither 2 nor 3. 
Theorem :* The Jactore of Somport of D p. are 


(fp»9. ^ .224(»5—1p», àk(p"—1p, 2, 
(if p = 2) 2 (a —1) 2, (3—1) 2, 


except when p, = 2 or 3, sehen to ampi n numbers 6 and 12  ropaiody are to be Ne 
replaced by their, prime dd 
51. Theorem : For p^ > 8, the group GP, le leaving invariant 
em =4+ 4404, (0. . (oz nobsquare) | ` 
48 simply oops to de group E,» leaving invariant 
Ml Sm m E (de n), 
where Em, + AB + wi is irreduciblé in the GF [p"]. 








. “We readily verify the statement in $40 that, for m — 2, J, requires other generators than MM, » 
Nix. Indeed, every product derived from these two substitutions is of the form SM, M;, where £ is 
* derived from Ni, « and E; s x, each of which is of the form. (27). . Hence the group -G generated by -` 
M,M, and N, y x is a subgroup of the group'of substitutions (27) when extended by M,M,. e order 
is therefore a factor of 2(2^ — 1) 2*, and hence < pes 1) de ` E 


T D 
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Suppose first diat — 1 is the square of a. mark, T belonging t to thes field.. 

Then the pubeacuen 
Baht hy mail 


: - emis Hee 
E Applying t to Se the bantitióa of asteciiuiait 2a; . morcs 
Lala =P xh 0 7 69 


transforms $ fala 


we bt thé funotion i l 
E + (208? — 222) E + (a + VE ni), 

which may be made to-assume the form Ff. Indeed, dy 85, here nd +1 

sets of solutions i in.the GF [p jor . 

"a 2y 0? — 2a* = 1. 

At most, two of these sets of solutions make. aß = 0; for, a=0 gives a solution 

only when 2 is a not-square, in which case. 8 = 0 is not a solution. Hence there: 

are p"— 1 substitutions (33) of determinant not zero which transform q, into f 


Suppose, however, that — 1 is not & not-square in the field. We may take 
y-—l Applying to $ the substitution of determinant ag, jen 


so han. Bn) hierro, hoi Rs 
we obtain the function - | o 
Ems + (26° — 20) T +(+ PE Tad). 
: But there fat in the GF [Pl p— 1 sets of solutions of 
| a - 2f = =1. 


Two of these sets make aß. = 0. Hence there are p-— 3 substitutions of deter- - 
minant not zero which reduce Q to the form f. . 
For p” = 3, there are no quadratic. forms | 
q=¿m + AA T anis 


l irreducible in the GF[p"]. Indeed, apne as a= =+1lor—1, q becomes 
(E — m) or — (Er n) 
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52. Denote by Z, » the subgroup which M= (En) extends to the total 
group E, pm. The order of E; pu is 


(pu Top — p= = (p^ — 1) p". 


If p — 2, the group EL. 18 identical with the second hypoabelian group 

Gu on two pairs of indices, It will be evident from what follows that the group 
E; yy for p > 2, has a subgroup E} y. of index two which is extended to E' by 
the substitution 7, y, where N is a not-square in the GF [p^]. We may verify 
this result directly. Thus, if — 1 be a not-square, the substitution 7, _, of E' 
corresponds to the substitution ui 


web, ü-—ü (0 (M) 


of the group GP pa, leaving @ invariant. If— 1 be the square of a mark Jin the 
field, the substitution 7, y corresponds to the substitution of GP y, 


(=F WEN IGEN a 


which is an orthogonal substitution, leaving ¢?+ à invariant, but not of the form 
Qr? since | 
EE 20 — ic 4 (N+N™) 


would require a? = (N+ 1)/ AN, a not-square. 
By §§15-17 the substitution (34) or (35) respectively serves to extend a 
subgroup H to GP... 


For p= 2, we set E" zz E'. 


53. Theorem: The group Ej, is simply isomorphic to the group of linear | 
fractional substitutions of determinant unity. 

We transform the invariant f into XY + £p, by : means of the following 
substitution of determinant 20 + 1, 


Z: dn AE, — 074, 
E Y= a 207? Nis 
where g is a root of the equation 
A+ao+A=0, 


^ 
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irreducible in the. GF [p^] i in virtue of the plu of 
M s E : (kY F (^&) nm T2 
For the Te procos of Z we fnd 
punt E ga ona 
(26+ 1)m=—- -X-AY. 


Every substitution Sin the GF [pr], leaving f invariant, is transformed dy 
| Zintoa gubstitution S', leaving XY + Es invariant, but having its coefficients - 
‘in the GF [p'"]. In particular, Z transforms M and 7, , into themselves. - 
Hence Z transforms the group E'm, which M, and 7, y extend to the total 
. group, leaving f invariant, into a group. K which is extended by M, and T, y to 
_ the total group, leaving X Y + £j; invariant. It follows from $50 that the sub- 
‘stitutions of K are of the form (29), when operating on the indices X, Y, £j, ms, 
in which a, 8, y, 8, A, B, O, D are marks of the arto] ia the | 


relations 
-að — D AD— BO=1. - (86) 


a" Minuit the substitution (29) in terms iof the e indicos E, mo En, "> it is 
-- Been to take the form : 


=> uk, + w om 3 (Bus "s "1 


& = (ab — yD) & — (0aB— doy D) + «Df, + y Bn; 
ni (684 — 30) 6 — (584 — 2:90) n m+ BO + Any, 
` „where we have written for brevity ¿Ea DUE 
ay (2o + 1)“ (08D — BB +207y0— vob) E LEE" 

yu =(20 + 1)" (244 —28D +oóBB — Aor boys l 

Bii = (20 + 1)7 yg CAD —2aAÀ | —A8B), 

dy = (20 +1) (uA +208B — ay 0 — 28D), 

ay =(20 + 1) (— BD — oa), pco 4-1)? (—688 — Pags fes 
Bani 40 = 98D) p Ba mne 1) (y A — AB). 

We next require that all of the eoefficianta of the gübstitution (37) shall. 


— belong to the GF[p"]. The totality of substitutions thus obtained form. the 
i group K apiy isomorphic to El sn. . 


(87) 


x 
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' 64. Since o belongs to the GF [ p"], but not to the GF [p^], we may get 
a=a + alc, B=b-+¥0, f yo +00, =d+ d'o. 


The coefficient 34 must ble to the GF [p"].- ua 50, we may ‘set 
. As=x+A,dc, where x and A, are marks of the GF[p*]. Applying - 
|. 0! +o + 2? —0; we find ; = 4 


A= (xd — 94d) + jede: Add. 


Hence must x —.ÁAd'—d4,. Ud = 0, dE0, we may evidently set A= — då, 
a mark of the field. Finally, if d — d' = 0, so that à — 0, the coefficients of £, 
. and y in nj require that 28.4 and —o084 be marks of the GF [p"] and hence. 
_ require that £4=0. Since ad — By #0, we must have By + 0 and therefore - 
^A-0. Hence in every case we may set A= (d — d + d'a) A. 
Also yB, BC, ¿A must belong. to the: GF["]. Bioresding as before, we 


: "and that we may set . 


= (d— d + do) A, "RE 
> = (V —b +80) 0,, D = (a —a+ d'o) D,, , 


where A;, B,, 0, and D, belong to the GP [p]. 
We next set up the conditions that the remaining.coefficients of the substi- 
tution (37) shall belong to the GF'[p"]. Expressing the coefficients A84 — $C ` 
and —oBA + 407180 in the form R + d end ` i the coefficient of c equal 
zero, we obtain respectively . 


(Ud — Yo, + C,) = 0, (34 — yd * PA + 0) = =0. 


Hence either 24, + 0, — 0 or else c= 84-0. "Consider the latter alterna- 

_ tive. If 84-0, then O= 0, and therefore A Æ 0, since AD— BC-E0. Hence 
0, i e. b=b=0. We may therefore give to C, an arbitrary value in the ` 
GF [p^] and in particular a value making A4, + C, — 0. If, however, 9 — 0, 
-an arbitrary value in the field may be assigned to 4, , so that again we JAY. take 
“AA, + 0,2 0.. Hence, in every case, A4, 4-0; — 0... 

By a simple interchange of letters, it follows that the coefficients AaB—yD 
and —oaB + Ac yD will E tó the GF [p"] if and only ifaB,+ D,=0. 
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- In order that (20 + 1)-! (E +08) shall belong to the GF[p"], when R 
and § do, it is necessary and sufficient that S= 2E. Hence the coefficients 
denoted by à, and yı, will belong to the field if and only if respectively. 
7 (4, +4B,X20d + ada? —dd — ed!) = 0, l 

(Ar + AB) [od — cd! + d d'a? — 23? (ed — ae =0. 

If Ay + AB, zE 0, we find the relation (cd — ed’)(1 — 44?) = 0. But, for p > 2, 
AR, since a : Hence MES 


. edi —ed' zz 0, ed — cd! + dd? = 0, 


- Bo that yA= =0óB=0. By the reasoning given above, we may assume that, in 
every case, A, + AB, — 0. o. 
. If we consider the coefficients a, and By, 8 simple UAR of letters - 
~ gives the result C, + TABLE 0 as the condition that a, and Bis belong. to. the 
GF[p"]. 
We have now obtained thé following regulis: — 
=A, Boa Ay, D,— Ay, . (38) ` 
In virtue of hess relations we may "verify that the coefficients Os Ys Bus óu 
belong to the GF [»"]. The conditions for Bn and à are decia 
(2bc 2d amo — be — - bel 0 — XB) x Es ru 
+ (2ad + 22?a!d! — ald — -ad!AD,— (ar =0, 
as — ad — ad E 22? (ad! —a'd)|[4, — Di] ; 
+ [0 — cb — ¿CV + 22? (UE, ado =0. 
As to the coefficients O3 and Yi» we observe that 
Yat Ba = (25 + 1) (1 — 279) + BB) a7 (y0 + 0'8B); 
a + on = (20 + ya (c —Ao-)(aA+8D) =a4+0D. 
. These sums will belong to the GF [p°] if respectively l 
— Nes NUNG —Aa*O)=0, (ad — ad (D, — — A. is =0. 


; | 55. The Quid: að — Bis 1 requires a that 


ad —be — ad 4- Mid = 1,. I l . (89) 
Sa ee bd + b'o — Vd. a x 
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In virtue of these relations we find that 


AD— BO= = (o + 1y(ad — ad! — = afd) AnD, — B,6) . 
E + (ad — Mad (4,D, — B, 0) + B,0,. 
. Applying (38); we find 
AD — BO- BC, — Aj. 
Hence, from (36), A- zd. 
But the substitution (29) is unaltered ni a simultaneous ds of sign in 
a, d, b, bo, d, d, d'. ` Hence we. may set 


Ac C,=—A, BRA, D,=1. 


- It follows that every suis : (29) of the group K is the product UV of two ` 
' substitutions , 


d digg i A o. 0 6 4- dc 


E 0 d+do ^ — (b+ vo) O: 

= 0 — (cdo) atao . 0 , 
b+ Uc 0 0 d t d' * 
d—d-4dc^ ^ 0 — — A (b —b + vo). o 

s 0 d—a+do 0 A^ (d — c + do) 

i —A-" (d —e-- d'a 0 a! —a + a'c 00 > ' 
07005 0 AW —b+8'9) 0 d! — d + d'o 


the coefficients of which must satisfy the relations (39). Now U and V arecom - 
mutative and are identical only when each is the identity. Hence the group of 
the products UV is isomorphic to the group of the substitutions U. For p 2 
ihe isomorphism is (1, 2); indeed, a change of sign of a, a’, etc., alters U but 
not the product UV; while, further, UVi is the identity only d 


B= O=PB= y=0, A= D, ome, gaml; 


whence a == A — D — + 1, giving two [distinct if p > 2] substitutions U. 
By 850 the group of the substitutions.U has (1, 2) isomorphism if p — 2, but 
simple isomorphism if p — 2, with the group F, p of linear fractional substitu- 
tions of determinant unity. Hence the group K of the substitutions UT, and 
therefore the group E;/,., is simply isomorphic to the simple group Ns 
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56. We conclude with a summary of the simple groups obtained— ` E 
(a PARAR PA 0)2*]. | (m > 2) 
(+ leo) MO]. [geom]... (m1) 
(pre ye Lec ss (pI) ph 

(p> 2, m odd and 7 1; exception p* = 3, m = 3). 


i [p^ *-»— ig ($-3]( p -»— 1) pm pee (p™ — 1) p", - 
(p > 2, m even and > 4). s. Og MES 

à (pnm eph Grot n Ds (Pra) 

(522 m even and > 2). E 2 


Here e= + 1 according as p” is of the form 4/4 1. The first and second sets 
are obtained from the first and second hypoabelian groups; the third and fourth 


' . sets from the orthogonal group, and the fifth set from the group Gi 5. 
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Upon the Ruled Surfaces Generated, by the Plane Move- 
ments whose Centrodes are Congruent Conics 
Tangent at Homologous Points.* 


By Dr. E. M. Brass, Brooklyn, N. Y. 


The movements considered in this paper are defined as follows: Upon a 
plane a! containing a conic C’.moves a coincident plane a, containing a conic C: 
congruent to C’, in such a manner that Cand C’ are always tangent at homolo- 
gous points, i.e. Cand O’ are the centrodes of the movement. The locus of a 
point rigidly attached to a is a curve of the fourth order whén C and C' are 
central conics and of the third order when they are parabolas. The locus is in a 
plane parallel to a’ and the same distance from it that the generating point is 
from æ. The locus of a straight line carried by æ and making an angle with 
it, is a quartic scroll when the centrodes are central conics and a cubic scroll 
when they are parabolas. 

It is the object of the present paper to describe the forms of these scrolls, 
and the character and situation of their nodal lines and pinch-points. The 
results are to be regarded from two points; first, as furnishing a method of 
mechanically generating certain cubic and quartic scrolls; and second, as exhib- 
iting the totality of line loci of the movements considered. In the respects 
mentioned the results are believed to be new. 

The properties of the surfaces are deduced from those of their sections 
parallel to a’, i.e. by viewing the surfaces as built up of the loci of the indi- 
vidual points of the generatrix. The point loci have from time to time been 
studied, and.it has only been found necessary in what follows to state ane the 
results obtained. 





* Read at the meeting of the American Mathematical Society, Boston, Aug. 19-20, 1898. Thread 
models of the thirteen types of these surfaces were exhibited. 
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The paper contains three sections devoted respectively to the movements 
'" whose centrodes are ellipses, hyperbolas and parabolas. The scrolls described 
-in the first two are of the fourth order, and have a nodal circle of infinite radius 
in the infinitely distant plane parallel to a! and a nodal straight line intersecting 
it. The scrolls of the third section are cubic with a nodal straight line. 


$1.—The Centrodes are Ellipses. 


It is easily shown* that, if an ellipse roll upon a congruent one, their points 
of contact being homologous} points of the two ellipses, each focus of the one 
remains at a constant distance, viz. the transverse axis of one of the ellipses, from 
a focus of the other. Denoting the foci of C', the ellipse in a’, by F/ and Fj, the 
corresponding foci of C by F, and Fj, the transverse axis of each of the ellipses 
by 2a, and the distance between their foci by 2c; the theorem shows that the 
movement produced by the rolling ellipses can also be produced by joining the 
pairs of points F,, F! and F,, F/ by links of length 2a. 

This latter method of defining the movement makes it a special case of 
““three-bar motion." The investigations. of Roberts and Cayley{ have shown 
that for the general three-har motion the locus of a point in the plane a isa 
sextic curve. Under two conditions these degenerate into a quartic and a conic. 
One condition is here satisfied; the opposite links are equal in length. The 
conic generated is a circle of radius 2a, in describing which any straight line of 
a moves parallel to itself. 

We proceed to give the equation and necessary nopan of the locus of 
any point P ofa: Let the transverse and conjugate axes of O” be taken for the 
axes of œ and y respectively and a perpendicular to a! through its centre O' for 
axis of z of a system of coordinates to which any fixed point—a' is regarded as 
fixed—can be referred. Let the transverse and conjugate axes of C whose 
center is O, be taken respectively for the axes of £ and y of a system of coordi- 
nates to which points of a can be referred. Further, let P! and Fj—foci which 








* See Burmester, Kinematik, vol. I, Leipzig, 1888, pp. 302-804, and Clifford, Dynamics, Part I, Lon- 
don, 1898, pp. 146-148. 

tHomologous in the sense that by turning one of the ellipses over about a common tangent, the 
two will be brought into coincidence. 

t Proc. Lond. Math. Soc., vols. II, III, IV, VII. - 
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remain at the distance 2a—be respectively upon the positive halves of the axes 
ofa and ë. The locus of P whose coordinates in a are (£; y) is 


(+ yy—20 +A + y!) — sata? + 4(d — a?) y — 8a Ea 
yA (PHPAREA a(d) =o, (1) 


a unicursal curve of the fourth order having (when c is not zero) nodes at the 
circular points at infinity and a real double point at (—£,7).* The latter is a 
node, cusp or conjugate point according as P is without, on or within the 
ellipse C. The nodes fall on a! outside the ellipse O', the cusps upon it, and the 
conjugate points within. 

It is evident from the mode of generation by the rolling ellipses that a point 

at a considerable distance from O generates a curve consisting of a loop with a 

 gmaller one within joined at a node, similar to the limagon with a node. As the 
tracing point still farther recedes from O, the loops become more and more 
nearly equal passing toward the circular form. The limit for a point at infinity 
is a double circle. As the tracing point moves from a great distance toward O, 
both loops of the locus decrease in size, the inner more- rapidly than the outer, 
until, when the ellipse C is reached, the former shrinks to a point. The curve 
is then similar to the cardioid having a cusp projecting inward. The cusp, as 
we have seen, is upon OC’. Its tangent is normal to C' at ihe point where the 
cusp falls. The curve, traced by a point within.C, is closed, encircling C" once 
and having a conjugate point within it. The locus of F, is the circle of radius 
2a whose center is F] with the isolated point Fy; similarly for the locus of Jy. 

Under the supposition, as above, that the centrodes are not circles, the only 
curves having orthogonal symmetry are the loci of the points upon the trans- 
verse and conjugate axes of C. They are symmetrical with respect to the cor- 


|. responding axes of C’. Since they have nodes—not cusps—at the circular 


points at infinity, they are not limaçon although resembling them. The center 
O describes the curve - 


(242) =W o, O) 


symmetrical with respect to both axes. 





* Roberts, Proc. Lond. Math. Soc., IIL, 1871, p. 220. Cayley, Ibid., IV, p. 110. Dingeldey, ‘‘ Ueber 
die Erzeugung von Curven vierter Ordnung durch Bewegungsmechanismen,’’ Leipzig, 1885, p. 11. 
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The movement with circular centrodes requires brief. consideration. By | 
reducing the focal distances of the elliptical centrodes, they pass finally as a limit 
into circular ones, the equation (1) applying for c equal to zero. . The movement 
can no longer be regarded as a special case of three- bar motion as two of the 
links reduce to zero. 

With elliptical centrodes there is a twofold infinity of non-congruent curves 
described by the points of a, but with circular ones the distance of a point from the 
center of the moving centrode alone defines the form of its locus, all points of a 
circumference concentric with the centrode tracing congruent curves. These 
curves, as the equation shows, are limagon,* and henoe have cusps at the circular 
points at infinity.+ 

The way is now prepared for aliy determining the character of the locus 
of a line carried by a. The generatrix is assumed to be neither parallel nor: 
perpendicular to it. If parallel, the line would envelope a plane curve the study. ' 
of which is without the field of this paper. If perpendicular, a right cylinder 
- upon the locus of ita piercing point in a is the surface generated. Two parallel 
generatrices having the same orthogonal projection upon a, evidently generate 
~ congruent surfaces which -can be brought into coincidence by translation along 
the axis of z. Further, it is to be remarked that the loci of any two intersect- 
ing lines having the same projection upon a can be made congruent by multi- 
plying by a constant the ordinates—that are perpendicular . to a/—of one of 
them. Hence, the position in a of the Huet of the dapidus of a surface 
determines its projective properties. 

Let the generatrix l pass through A, the foot of the perpendicular from O 
to. 1, its orthogonal projection upon a, and let 7, make the angle with a whose - 


* Williamson's Diff. Caloulus, p. 850, ex. 1.. 

t There is another movement whose point loci are limaçon. Its centrodes are a circle of radius - 
fixed, and another of radius 2r rolling upon aná enclosing it. All the real double points of the curves 
are upon the circumference of the fixed centrode, whereas, for the movement under consideration, 
they cover the whole of the plane. Another distinction is as follows: If we regard the limaçon as 
obtained by extending the radii-vectores of the circle p =2p cos by a constant quantity m, then 
when the centrodes are equal circles, m is constant and equal to their radii for all the curves and pis - 
equal to twice the distance of the tracing-point from the center of the moving centrode, while for the 
movement with unequal centrodes, p =r and m is the variable distance from the tracing-point to the 
. center of the moving centrode. This last movement is discussed by Cayley, “On the Kinematics of a 
Plane,” Quarterly Journal, XVI, 1878, pp. 1-8, and by Schell, ‘‘ Theorie der- PNEU M und der 
Kräfte, I, Leipzig, 1879, p. 227. . 
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cotangent iss. Take a point P of J whose coordinates are (£, n) and let its dis- 
tance from A be d. Denote the length 04 by p and the angle it makes with - 
the axis G d np 0, then we have . 


£ = p cos 0 — d sin 6, 
n=p sin + d cos 0. 


Substituting these values of £ and y in (1) we obtain the equation of the locus 
of a point of l at the iene d from A, but it is the orthogonal projection of 


the curve in the plane z= — 2. described by that point of l, whose. projection i is P. 


Hence, the equation of the locus of 7, is found by eliminating En and d from (1) 
by means of = above equations and d = sz, The result is 


(yy Ge nee y) na 
+ 8d'z (p cos 0 — ez sin 6) — 8 (c. — a!) y (p sin O + sz cos 0) 
opp ee — 4a? (p cos 0 — ez sin 0Y? 
+ 4(&— aped qon) (3) 


a surface of the fourth oos It has a nodal circle of infinite radius in the 
infinitely distant plane that is parallel to a’, for the point at infinity upon /. 
describes a double circle. Since the whole of the double circle is actually 
described, the nodal circle of the surface lies upon it throughout its whole 
extent. The two pinch-points which are always situated upon this conic are 
imaginary.” Applying the above transformation to the equations œ = —£; 
y — y defining the position of the real double point of (1), we have  . 


== — p cos 0 + ez sin 0,- 
y= ps8sin0 +4 cos0,: 


* The most important artioles upon the classification quartic scrolls are: Cremona, Mem. della R. 
Istoria di Bologna, Series II, T. VIII. Cayley, Philos. Trans., 1864, p.569, and 1869, p. 111. Salmon, 
Geometry of Three Dimensions, Chap. XVI. Holgate, Amer. Journal, vol. XV, 1898, p. 844. The 
classifications of the first three authors, except for the order followed, are practically identical. Of the 
twelve species they recognize, Holgate has treated eight, describing under each a number of subforms. 
The place in the classifications of Cayley and Holgate of each of the surfaces to be described in this and 

the following | section will be noted. 
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the equations of a a line which is a nodal line of the surface, iit nes 
. the same angle with a as a generator. | 
The following types of surfaces will be ‘distinguished: 


I. The projection of the generum intersects the centrode O in two real 
and distinct points. E As 

IL The projection of the genératrix i is insani to the cenirode. | 
III. The projection of the generatrix intersects the centrode in two imagi- 
. nary points. 


' Those points of l that are without C IT curves whose real - dosis 
points are nodes, hence the corresponding: portion of the nodal straight line lies 


upon the surface. This portion includes the point at infinity which is the point 2) 
of intersection of the nodal straight line and the nodal circle. Assuming the - * 


conditions for type I,-the points of l. whose projections are the points of inter: - 
section of l and O, describe curves having each a real cusp. The cusps mark 


pinch- -points on the surface, Between them the sections of the surface parallel .. 


to a’, corresponding to-the points of U within. C, have each a real conjugate point, * l 


showing the nodal line to be isolated. These scrolls are included under Cayley’s 


'. seventh species and Holgate’s Ff subform 3: ‘As 7 is brought nearer to the posi": 


tion of tangency-with C, their two -real -points of intersection approach, which .- - 


indicates for the surface generated by A that the pinch-points of the nodal : 
straight line approach each other, shortening its isolated segment until it finally 
vanishes, giving a surface of type Il. These are of Cayley’s eleventh species . 


- and Holgate’s F4. The nodal straight line lies entirely upon the surfaces of type ~~. 


. TII; its two pinch- -points being imaginary. ne are hence of Cagley'. seventh a 
ee and Holgate’s Fý subform 5. 

- The general theory of quartic scrolls having a nodal | atragi line and model 
_conic shows that the former is a generator when its pinch-points coincide 
(type IL) and that when they are separated it is not a generator (types I 
and IIT)* This is readily verified:in the present instancé. From the. equations 
_w==—E£, y=n connecting the coordinates of the tracing point (£, x) in a with 


` those of the double point (æ, y) of its locus in al, it follows that the projection -. - 


of the nodal straight line upon a’ occupies the same relative position to C' that Z 
-does to C., In other words, by revolving a, about a common tangent to C and 





- #*In addition to the referencés pited see Holgate, Bulletin New York Math. Soc., IO, 1894, p. 224. ` 
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C' through 180°, the centrodes O and C’ are brought into coincidence, and also 
l and the projection of the nodal straight line. The generatrix 4 has (without 
loss of generality) been taken so as to pass through A, the foot of the perpendicular 
from O upon 7, hence the nodal straight line passes through A’, the foot of the 
perpendicular from O' upon its projection in a’. Now, in order that a position 
of l, can coincide with the nodal line, A must fall upon A’ and / upon the projec- 
tion of the nodal line. A moments, consideration convinces one that this can 
only occur under the conditions for type II. Assume.it, and that the projections 
of the nodal line and generatrix coincide, forming the common tangent of the 
two centrodes. We have now the nodal line and a generator both passing 
through the pinch-point whose projection is the point of tangency. As pre- 
- viously remarked, they make the same angle with a”, and if they do not coincide 
there are three sheets of the surface passing through the pinch-point, which is 
impossible. 

Collecting the results obtained, we have the following: When the centrodes 
of a plane movement are congruent ellipses tangent at homologous points, the locus of 
a carried straight line (which is neither parallel nor perpendicular to the plane of 
the centrodes) is a quartic scroll having a nodal straight line and a nodal circle inter- 
secting it. The latter is of infinite radius and in the plane at infinity. It lies 
entirely upon the surface. If the projection of the generatrix upon the moving plane 
intersects the moving centrode in two real and distinct points (type I), the nodal 
straight line consists of an isolated segment and one lying upon thé surface. The 
latter. contains the point at infinity which is its intersection with the nodal circle. 
Two pinch-points bound the segments. If the projection of the generatria ts tangent 
to the centrode (type IT), the nodal right line lies entirely upon the surface and has 
upon it a real double pinch-point. If the projection of the generatriz does not inter- 
sect the centrode (type IIL), the nodal straight line lies entirely upon the surface, and 
the two pinch-points upon it are imaginary. T he nodal straight line is a generator 
in surfaces of type TI but not in the others. 

It remains to note a few special varieties of these surfaces. The only ones 
having planes of symmetry are those whose generatrices project.upon the axes 
of C. When Zis the transverse axis, y = X is the plane of symmetry. The sur- 
face has two notable sections parallel to o/, described by the points. that project 
into the foci of C. "These consist of & dde of radius 2a and an isolated point. 
- The center of the circle and the isolated point projected orthogonally upon a’ 
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are the foci of C’. A surface has one such. section if 7 passes through one focus 
of C. - In all surfaces having 7 passing through O, the mid-section between the 
pinch-points and parallel to a’ is the doubly symmetric curve (2). When 7 is the 
conjugate axis, œ = 0 is the plane of symmetry. 

When the centrodes are circles, two generatrices making the same angle © 
with a and whose projections pass the same distance from O, give congruent sur- 
faces. If/ passes through O, the surface has a plane of symmetry perpendicular 
to a’ and passing through O' and a single circular section parallel to o/. 


$2.— T'he Centrodes are Hyperbolas. 


In this section the same notation as in the preceding will be used. The 
-equations of the point and line loci hold good, subject to the condition ec >a. 
This movement is also a degenerate case of three-bar motion,* but the fixed link 
is one of the longer sides of the jointed. parsiloiogrom instead of one of the 
shorter. 

The locus of the point (E, n) of the plane a is a unicursal quartic having 
nodes at the circular points at infinity and a real double point at (— £, n). The 
~ latter is a node, cusp or conjugate point according as (£,n) is without (on the 
convex side of), on or within the centrode C, and it falls men a’ in a corres- 
ponding position relative to C". i 

The curves having a real node consist of two cia loops, mutually exterior, 
united at the node. They are symmetrical with respect to the transverse or 
conjugate axis of C’ for the tracing point upon the corresponding axis of C. 
The locus of O, equation (2), is symmetrical with respect to both axes and 
resembles the lemniscate, which it in fact is, for c = 4/2a.T 

As the tracing point approaches the centrode from without, one loop of the 
curve shrinks to a cusp as the centrode is reached. The curve then consists of a 
single closed loop with a cusp protruding outwards. The n de to the cusp is 
normal to C' at the cusp. 

A. description of the manner in which the centrodes roll sdabies one to gain 





* Burmester, Kinematik, I, pp. 802-804. 
tHaedenkamp, Arobiv für Math. u. Phys., IL, 1843, p. 400. 
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an insight into the nature of the paths of distant points ofa. Starting with two 
` vertices of C and O” in contact as O rolls, the point of contact recedes toward 
infinity and two asymptotes approach coincidence. The other branches of C 
and C' are not tangent, but as the asymptotes pass the position of coincidence 
they become tangent. At the same time the original pair cease to touch. The 
point of contact now approaches from infinity in the opposite direction to that in 
which it receded. .It finally reaches the vertex opposite to that at which it 
started, thus completing a half cycle of the movement. Each branch of C rolls 
only upon a corresponding branch of C", The movement is the exact analogue of 
that for the elliptical centrodes; in'a complete cycle the point of contact travels 
once around the curve, and to on point of the fixed centrode corresponds a a 
point of the moving one. i 

The result of the movement is to make a rotate (about a sini remaining 
within a finite area of a’) from a position of coincidence of two asymptotes to the 
next such coincidence through an angle equal to twice the angle (that includes a 
branch) between the asymptotes of a centrode. The next half cycle rotates the 
plane in the opposite direction to its original position. The locus of & distant 
point of a must resemble the arc of a circle twice described, which it becomés in 
the limit for a tracing point at infinity." As equation (1) cannot define a portion 
of a circle, it gives the whole circumference. Hence.a surface generated by a 
carried straight line has its nodal circle in part upon it and in part isolated. 

^ The curve, by a point within a branch of C, has a conjugate point within 
the corresponding branch of C”, and consists in addition of a closed curve lying 
without that branch. 

The character of the surfaces generated by a carried line can be now readily 
inferred from the given properties of the point locias in the preceding section. 
Tt will be necessary only to state here the results, which are as follows: When 
. the centrodes of a plane movement are congruent hyperbolas tangent at homologous 
points, the locus of a carried, straight line (which is neither parallel nor perpendicu- 
lar to thé plane of the centrodes) is a quartic scroll having a nodal straight line and 
a nodal circle, the two intersecting. ` The latter is of infinite radius in the plane at 
infinity. It consists of two segments bounded by pinch-points, one segment lying 
upon the surface, the other isolated. There are six types of surfaces distinguished by 
the position of the projection 1 of the generatrix with respect to the moving centrode C. 

.85 
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I. | intersects both branches of Oi in real finite ola: The naal straight line 
- consists of two segments bounded by pinch-points. One is isolated and contains the — 
point at infinity, the other lies upon the surface. The intersection d the two nodal 
- lines ds. upon the isolated segments of both. 
l TI. l intersects one branch of O in two real finite points.. The nodal drah 
line. has two segments, separated by pinch-points. The segment lying upon the sur- 
.. face contains the point at infinity which is its intersection with the nodal circle. The - 
` point of intersection falle in that Hen of the nodal circle: that lies upon the 
surface. ` l 

` III. 1 4s tangent to O but is not an asymptote. The nodal straight line lies 
wholly in the surface, and has upon it a double pinch-point. The intersection of. the ` 

‘nodal lines is in that segment of the nodal circle that lies upon the surface. o 
. + IV. 1 intersects O in imaginary points. The nodal straight line lies wholly 
upon the surface, its two pinch-points being imaginary. The intersection of the nodal 
lines is in that segment of the circle that lies upon the surface. 

V. 1 is parallel to an asymptote of C. The nodal straight line ñas two RE 
with two pinch-points bounding them. One of these pinch-points and one upan the 
nodal circle coincide with the intersection of the nodal lines. 

VI. lis an asymptote of C. The nodal straight line lies ilira upon the sur- 
face and has a double pinch-point at infinity. - This double pinch-point and a pinch- 
point of the nodal circle coincide with the intersection of the nodal lines, l 

The nodal straight line in types HT and VI is a [UTEM but in the other types ` 
dde not. — 

The types IIT and VI belong to Cayley’s eleventh species and Holgate's Fi. 
The remaining types are included ‘in Oayley’s seventh species." Types I and Il | 

' belong to Holgate's Fs, subform 1; type IV to Ff, subform 2; i type V to Fi, - 
subform 4.* 
If Z is the transverse axis of C, the siia is aymmetrio with fia to. 
y —0, and it has two circular sections parallel to a’ and: thé mid-section (2). - 
When 1 passes through a single focus, the surface has one circular section. For 1 
- coincident with:the conjugate axis of C, the surface is symmetrical with respect 
t02-—0. . 


.*It is interesting to note that the movements of this and the preceding sectlon furnish a means of 
mechanically generating examples of all the “‘ subforms ”—as recognized by Holgate, Amer. Jour., vol. 
X V—of scrolls of the fourth order, leaving a nodal conio and nodal straight line. ` 
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§3.— The Ocntrodles are Parabolas: : 


The centrodes are congruent tariis 80 placed that, by rolling, their ver- ` 
tices can be brought into coincidence. Let the centrode in a’ as before be 
denoted by O’, its focus, vertex and directrix. by p, OQ and d! respectively, and 
let the corresponding elements for the other centrode, C, be F, O and d. -For 
axes of x, y and 4, take respectively the tangent at the vertex of C, its axis and 
a perpendicular to a! through O'; and for coordinaté axes carried by a take. 
the tangent at the vertex of O for axes of £ and its axes for axes of y. The 
“positive halves of the axes of y and y are selected so as to pass through P" 
and P. ZU 
- It is well known that the focus of each centrode dlosotibes the directrix of 
the other, or conversely, the directrix of each passes through ‘the focus of the 
other* Hence, the movement can also be obtained by taking a point F" and a 
straight line d' in o/ and a congruent configuration F, dina and then condi- 
tioning F to remain upon d'andd to pass through F'".f As thus defined, the: 
movement is, however, more general than the preceding. Like the three-bar 
equivalents of the movements of sections 1 and 2, it is a degenerate case of one . 
of higher order.. For it is possible to bring d parallel to d' and*have them 
remain so while a is being translated in their direction. The locus of any point 
‘of a is then a straight line parallel to d and d'.- Such a straight line with the 
_ curve of the third order traced by the same point when the centrodes are the 
parabolas C and C' constitute a degenerate curve of the fourth order. If the 
distance from d' to F’ is not equal to that from d to F, a point of æ in general 
describes a non-degenerate curve of the fourth order.j These curves have been 
studied by Roberts.|| . 

. His paper also treats the tubis resulting by degeneration when the dia 
from F” to d' is equal to that from F to. d, i. e. when the centrodes are congruent 
` parabolas. ‘We proceed to give such of their properties as-will be required in 





* Burmester, Kinematik, I, p. 884: ' 7 3 cm 
i +The middle point'O of the perpendicular from F to d deecribes the cissoid of t Diocles, The first 
known mention of this method of describing it is in Newton's Arithmetica universalis. See A. v. 
Braunmihl, ** ‘Studie über Curvenerzeugung," in the “ Katalog mathematischer Modelle," by Dyck. 
l1 When F is upon d we have thb mechanism of. Nicomedes for diawiog the conchoid. eae 
in the ** Katalog mathematischer Modelle,” by Dyck, p. 57. - 
[Eros Lond. Math. Boc., Il, Hon pp. 125-136. 
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describing the surfaces prm by a carried Bue. The ES of the p oepa 
- of the point (£ , y) is 


y d ahy — rat + (ont = EP E 


where a is the distance from the focus to the vertex of the centrodes. The curve 
is unicursal, having a double point at (E, x), which is a node, cusp or conjugate - 
point according. as the tracing point is without, on or within C. In «a! nodes 
. fall without, cusps upon, and conjugate points within C'. The line y =% — a is 


an asymptote which “the curve crosses at the point Cate ; n—a) . 


The abscissa of this point is infinite for £ — 0, i.e. for all the curves whose 
tracing- points are .upon the axis of C. The point of contact of the asymptote 
is an inflexion, and the curves are symmetrical with respect to z — 0. The only 
exception to the condition £ — 0 for an inflexion upon the asymptote is when in 


addition y = Ze The tracing-point is then the focus of O and its locus degen- . 


- erates to the focus and direotrix of O'. The vertex of C,'as has been remarked 
above, is the cissoid. ` 
The equation of the surface generated by a straight line carried by. a is 
obtained by the method of section 1. As there, the generatrix is assumed to be 
neither perpendicular-nor parallel to a. The former would give right cubical 
cylinders:upon (4)-as bases, the latter a plane curve. Let s be the cotangent of _ 
the angle the generatrix /, makes with a, 7 its projection, and A the foot of ` 
the perpendicular from O to [. Denoting the length of OA by p and'its angle 
with the axis of £- by 6, we have cus the coordinates of the poma of | distantd — 


from A 
E= pocos 0 — d sin 0, . 


da sin 0 + dcos0. 


Eliminating E y and d from (4) by means of T and d=sz, we have for the 
equation of the locus of 1, 


Vy (puint ncn) (pini po 
— (p+ ely — p sin 0 — sz cos bj — Sa (p cos 0 — as sin 6) 
` + a (p cos 0 — sz sin 0 = 0. 


. 
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It is of the third order,* and has a nodal straight line whose equations are `` 
* x = p cos Ô — sz sin 0,- mE 
y= p sin 6 + sz cos 0. 


obtained by. applying the above transformation to the equations œ = £, y = m, 
which define the double point of (4). 

After what has been given upon the movement with elliptical centrodes, 
the following summary of results may be given, without further explanation: 

When the centrodes of a plane movement are congruent parabolas tangent at homolo- 
gous points, the locus of a- carried line (which is neither perpendicular nor parallel to 

.the plane of the centrodes) 4s a, cubic scroll. having a nodal -straight line. They are 
` of four types according to the pos of the Frases i f the generatriz with tepet 
to the moving centrode C. 

_ T. l intersects C in two real- finite points. The nodal line consists of two seg- 
mente bounded by pinch-points.. One segment lies upon the surface and contains the 
point at infinity, the other is isolated. 
| IL l is tangent to O: The nodal line lies iod upon the surface, om has 

- upon t a double pinch-point. 

` LIL, 1 does not intersect C in real ois The nodal line lies wholly upon the | 
surface and its two pinch-points are imaginary. i E 

IV. lis parallel to the axis of C. The nodal line has two segments bounded by 
pinch-points. One segment lies upon the surface, the other. is isolated. Bop extend 

to infinity, since one of the pinch-points is at infinity. 

The surfaces for which Zis £ = 0 have œ= 0 a plane of orthogonal sym- 
, metry, and are the only ones having such a plane. If? passes through the vertex 

of C, the section of the surface through the corresponding pinch-point and . 
parallel to a! is the cissoid. If 7 passes through the focus, one section parallel 
to a’ is a straight line with ‘an isolated point. The first surface mentioned pos- 
sesses both of these sections. . 


BROOKLYN, N. Y., August 8, 1898. 


* Theordér of the surface generated by a carried straight line is not always as low as the apparent 
order of the point loci of the same movement. Thus the ellipsograph (trammel) gives curves of the 
second order and surfaces of the fourth. From.the point of view of the latter, the ellipses drawn minat 

_ be regarded as of the fourth ordér and include the line at infinity taken twice. i 


Quinquisection of the Cylotomác Equation. 


By e o. GLASHAN, Ottawa, Canada. . 


(Read in abstract before Section A ot the British Association for ihe Advancement of E 
"August 24, 1897.) : . 


Let p be a prime number — = En +1, t bea primitive Font of p and. 


G-9-9-9 | 6 


also iei: - 
| m=z BA T ant bes 
mE HEHHE bs TE 
m=z tE du 4a H -oi o.) 
aa tx ieee eL v i 
l —X tx tx Hi tee | | 
andi AnA m eie dl (iii) - 
mota = Brot en + bn HL gm 0 0 0 . 
Cobb lm. 5c (iv) 
Making x y= 1 in equations (iii) and dividing through byn, , 
a — (v) 
Bee f gon E E 


On substituting x^ x^, x", x” successively for y, we obtain. ihe deht, equa- 
tions which may be formed - from (ii) by the substitutions (e 
m= 1, 2, 8, 4. et m the two equations of (iii), form the group of ten 
equations - — 

EC ML 4 Yamp F bnat t Maya + din 
NDS f Hals 4-877 EN + enna + a + LR + Nw 4? . 
in which . me ; (vi) - 
3 Nw 4-5 = Ya Lx t d ’ 
m= 0, 1, 9; 8, 4. a agp ee 
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$ gue (ams) n = — dp + (a — d) nont (y— -d) nm + (b —d) nint (6 — d) non, 


(non) m = — 59; + (a — b) nan (y —b) mt (e 5 nmt (d — E 7374 » " : 
(vii) 


= (nons) n= —en + (8 = e) nimt (8 — e) mns (f pur e) mnst (g — e) MN 


On making y.= 1 in the right-hand members of these equations, we obtain 


(a+ y+o+d— 4b) — bn = (a + y +b+c—4d)n* — dn 
(BATA Ag tenen; c 
(i 81) n—b= (1 Mn — d = (n— be)n—e; 
b—d-e. | | ^0 (viii) 
Similar, from (eo ng = (nms) m = (rom) my we obtain . 
l c=f=g. . (ix) 


On writing b for both d and e, and c-for both f sud. g, and substituting for 
the products 71, Nai «+ ga in the right-hand members of the equations , 
(vii) the values of these products as given in (vi), we obtain , 


b= — B) — B) + (y — EXB — b) -(e—9y—o. | (x) 
sit from (none) Na = (nma) Mo = (nom) Na, We obtain — | | 
-o= (8 —o8 — y) + (8— y — 0) + (b — 96 — b). (xi) 


It is du. of notice that (xi) may be obtained from (x) by the substitu- - 
tion |(a8y5)(bc)}. This is a consequence of the substitution | (mnsnns)( (aBy8)(bc) }, 
leaving the equation- group (vi) unchanged. ` 


The eight equations of (v), (viii), (ix), (x) and (xi) may he. written under 
the form’ . ! : 
b=d= e, 
c=f= 9: 
a + y =n — 2b — e, 
 B4+3=n—d —%; 
ar + pb exe? — (in DO 4:6) E GP 4 Tho + 83, Be M 
| Baty? — ay [5 {n° — n (504 30) + TU + The + pa RU 
; + nt — bn? (2b +0) — 2 (40%? +.36bc0 + 108 — 9b — o) 
— n (1509 + 90b% + 40b + 108 — 115 — Tbe — 2c*) 
4 5 (1184 + 17b%0 + 9% + 3b0* + cl) | 
. — (168 + 160% + 3b + d) + W = 0. 
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The last of ioa equations may also be written under the 


for à | ; | 
Apr = (B+ bp) — 5D SN , 


in ee 


A= 98(5 + o) - 2 (p 4- 1), o i | M e 
B= 251(b + c} + be — (p+ 1)(5 + e)t +p ipi. INE 


D= 500y — (p —1) +5 (p —1)(5b + 30) — 25 (78 + Tbe + 3c?) + 10 (35 + 20). 


Computing the values of the symmetric functions Sym, Sons, etc., in 


terms of the coefficients a, 8, y, d, b, c, the quintie whose roots are s, 71, n; Ney a, 
` iş found to be 


+ yb nt — 2 See E 
- + [p {n (b + c) — 0 — 35e — tn]. 
+ (26? — wy)(2c — 88) — (b + oy! + n (b + cy + bc (b + of 


— (3n + 1) de (b + c) + e — 0. (iv) 


“If K donda the constant term of this equation 
ESE n? (25 + c) + n (2b + 0)(3b + c) i " 
l — (685 + 10b% + 858 + £) + | Tue (xv) 
If (xiv) ho transformed by. substituting + (2 — 1) for n, it becomes 
$ — Lope — 5p (25 (b + c) —2(p+1))2 | 
` — bp [25 {(6.4+ c + bbc — (p 4- 1)(b -- e) - P - p» + ile 
+ 3125 {(25* — ay)(20* — 83) — (È + 9* 
+ 125 {5 (b + c)! + 26e) (b + c)(p — 1) 
` + 125 (Bbc-- p) {5 (b ia es P=p+0 +1=0. (xvi) 
Writing this ME js ^ 
2 — 10pz — 5p Az?! — 5pBz Zao = 0 
it will be found that : 7 . 
4(B + p) = 42 —126 (b — o, 
120 — A(B— p)’ = 125 (5— — AN B F Bpj — ion y 
To golve equation (xiv), let 
e — 1/(0— 1) 0, 
and Am = F (Yo + YI + y + yf B Vf"), 


and .*. — et ya” + n0", 
a. me t. m= 0, 1, 2, 3,4 . 


i (xvii) 


o 
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then will | A 
Y == —1, 00 i . ; i 
YiYa = sls = D; | 
yis + vi + V i = | (xviii) 
- Ws + yi. YY + Ys = : 2 tr» | 
V do y y p0 A 
co Ys + Yi = ap {At 5(b—o)5] ips.) 
Jin + m 4p {A—5(b—c) V5} =4p2, | 2s 
| Jis — Vis = $ p V (à — 16p) = pu, ) f 
YY — HY = 3p V(X — 16p) = pv, | 
E Aa = a («uy»), 
A i p(z — u) (a — rf, M 
Jp et i) rb TH 
naive PRE 
and | =+ (Yo + yo" + y," + DA i + yb”). (xxi) 


In the Proceedings of the London Mathematical Society, vol. XII, p. 16, 
the late Professor Cayley has given tables of the values of the coefficients 
a, B, y: 8, 5, c, d, e, f, g and of the coefficients of the quintic in y for all values. 
of the prime p = 5n + 1 up to p — 71, and on page 63 of vol. XVI of the Pro- 
ceedings he has given from Legendre's “Théorie des Nombres,” 3° edition, t. II, 
p. 213, the quintic in y for p = 641.* See also Cayley's Collected Mathematical 
Papers, vol. XT, p. 316, arid vol. XII, p. 73. The following tables extend these 
. values to p= 641. The values in table 1 are subject to the substitutions al 


(aybga) (ce) 





—— 


* In Cayley's Table 2, in the equation for p — 91, coefficient of 72, for —8 read — 21, andi in the 
equation for p — 61, coefficient of 7°, for — 28 read — 18. In the equation from Legendre, for + 5288 
read + 5828. 7 ; : 


36 ` 


-274 .  'GhasmaN: Quinquisection of the Oyclotomie Equation. 


TABLE I. 


VALUES OF 
































Brus nus pss 
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TABLE IL - 


‘COEFFICIENTS OF THE QUINTIO EQUATIONS. ` 





101 
181 
161 
181 
191 
211 
241 . 
351 
"Oo: 
281 
811 
881 
401 
421 
481 
461 
491 
621 
. 641 
571 
601 
681 
se 


A A A popa plo po mon 


C eO aa E a E E E a dà à E B RH 


.1 
4. 
1 

1 
1 
1 
1 
1 

pl 
1 
1 
: 
1 

mb! 
E 
1 
1 

a 
1 


af — 8be + 20d =0 mod. p, 
ae—4bd--8ehzs0 — 
bf — 4ce + 8d? =0 se 


- 


On the m-Fold. Section of the Cyclotomic Equation in 
the Case of m Prime. i 


By J. C. GrASHAN, Ottawa, E 


Let m be any od prime number, pa prime = mn + 1, t & primitive 


UT a 
E Q?—1)(x—1z9. 4 (i) 
and mma bat E tss = (D) 
as "0 Àz0,12....,m—1 EE ME 
then. will Jd "LET | 
| E 14m mea ds co Hm= 0. o. (iH) 
Let AM 


9r -—— = e, otto + 6, 1m + 6, i + eceso Fe, No + eera Ern, n1 6n 
rl, 2,8, .... m— 1. d 


On making - rae in (ii) and (iv), which may be dona T helos >0 id 
therefore (iii) not occurring in the reduction of qr, to the form e, mote, m -- 
we obtain 


Got eit es feet ee m | | 0 
Writing n m —r for r in (iv), it becomes - 
Nn — a = M Mo + Em — 7 1a t: d On —r, c rIle—r s: 2t. 
: +. + Ei, mn +g— —1Um+ gr -r +. ic Cmr, m 17m —1 (vi) 
l er, g<r l l à 


But p being prime, a45,.4*,...., 4” - are prime roots of e 150, 
and therefore the equations of form (iv) are all subject to the substitutions 
(ntis » ++ « Am—1)”. Operating on UT with (nons +++ q«i)" it becomes 


Tow —$ — € No T Cr r+ mt €, r+ Mg +. Leo. + er, Mer te 
FS e, Pina zx ee ES &, r—1Im—-1* (vii) 


el 
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Comparing equations (vi) and (vii) we obtain | 


Cm —r, mor = &, 6 ioc, f } ` (viii) 
Emr, or = 6,56 if o= or >r. : 


From eqúations (iii) and (iv), we easily obtain 


Nr = — lr, e +. (6s 0 — €, 0) No + (6,1— er 6) M Faresi 
NN — — ĉo, r + (&, o — &, +) 0 + (eeni — eo +) M T-., 


— fy, Na + (e. Q9 77 êr, a) NN o + (e,, icc 6,, e) NMe + s.e.. 

= — &, r + (e,, 9 —7 ês, +) NM + (e, 177 &, +) Mr ho... 
Making y — 1 in this equation, which may be done provided neither r nor c is 
zero, we obtain 


Co, r == 6, 0° "e l (ix) 


If, now, we write l 
i m= ao —^—1)m + (60,1 — n)m + (60,2 — — n) n + eevee + (6, ni 2) Ya: 
Emh = & and € à — Cg — Ad 


equations (v), (viii) and (ix) become 


6,0 + 6,1 oe + e.a., Fenn- ER, 
Cr, o — So, r — Cn —y, c—r T Cer mor 77 Ósco4 s, mo 77 Cm o, eae ` (z) 


r= 0, 1, 2, 8,004, m—1 
c= 0, 1, 2, 3,...., m—1 


Returning to equations (iii) and (iv), 


(nonr) n = — Er, No T (6s, 0 7 6, e) NN + (6,, 177 ĉr, e) NM Feesn 
= (1,10) No = — lor, m — 1010 + (ecr, mori ley, ae) NNF eevee 
Substituting for the products noi, Noar... es Nes Nas +++, their linear 
: values as given in equation (iv)(xymms +++» %m—1)", we obtain 
(en, 077 &, e) ĉe, 0 s (e,, 1776. e) €, —1, m—1 + (ens — €, o) €5—9, m—2 + saaa 
= € —r, a=; F CEA m—r +177 er, ic €, 0 + C= m—r43 — ber, ine) €, 0 + 9.96.9 
Cr, 6 + (6, o FE €, c) Eo, o 4T (e, 1 — €, eye (6,2 — €, c) €n e +. $44. 
= (61, e—177 €, e) €, ot (6.5, .—3 77 €;, e) €s, 0 + (era, ca — 6r, » €, ot sae (xi) 
in which c r9. 
It may now be seen that if m > 3 and the equations e, — eyr = s... of 
(x) be considered to be identities and therefore be not counted as equations 
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proper, the number of e-coefficients will be +(m + 1)(m + 2), the number of- ~ | 


independent linear equations connecting these will be 4 (m +1), and the number - © 


of independent quadratic equations connecting them will.be 4+(m — 1)(m — 2). . 
. The coefficient e; o occurs only in the equation 


H 


eo, o F 017 60,9 + T +, 1-1 =%N. 


Omitting this equation atid the coefficient e, y, there will remain 4 (m —1)(m +4) 
‘distinct e-coefficients connected by 4 (m — 1) linear arid 4 (m — 1)(m — 2) quad- 
ratic equations. These e-coefficients may most conveniently be. considered as 
forming a rectangular array of elements in m — 1 rows and m columns such that 


Cr, o = lor wr = Cmo, mer 


= €, r =Œ Car, ay = p ctr mer 


the rows numbering 1, 2, 3,...., m — 1, the: columns numbering 
0, 1, 2,8, nto d, - In io following examples, this arrangement is 
doped but. the letters a, b, c, d with single subscript indices are used for con- 

venience instead of the single letter e with double subscript indices. i l 





' ^ EXAMPLES. | 
(00 mm. 07 00e S 
hé y > ie aoe | No ] 
Na db, dmm). 
; l a i ml 
No.ofrow,  .. & `. (0) 2 ‘| i 
Subseriptofó, . :. . — 1 1 
o S= aab) 
a+ a+ b =n, 


i: + (a, — Pas : m a) + la P yb — &) =0. 
` One linear and one Guada equation. : 
(Legendre, “Essai sur la Théorie des N ombres,” 2° edition, 8480; -OF, 
“Théorie des: Nombres," 3° edition, §513. Cayley, Collected Mathematical 
Papers, vol. XI, pp. 86-89, or Proceedings of the London Mathematical Society, 


. vol. XI (1880), pp. *-9.] 
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—b. 

m jedes =la u b, b, b,)( % 

Ns d, b, as b, 5m » 

Ml |as b b 0 b m. 

Na [a b b, b aimi. 

. ; . E IDA Tu 

No. of row, ; .(0 31,43)" |. i Rx 
Subscript ofb,. . . " 113 a) i E 


p 1552,25) (5,5,)] , 
(n ay + 25, + by) S^ —n,. 
{by + (a> == = Aa — a) + nap b; (b, — a) + (b — OM: a) s 


"Two linear and two quadistio equations. - l l "2 
[Legendre, ‘Théorie des Nombres," 3° édition, $8523-527. e, Col- 

. lected Mathematical Papers, vol. XI; pp. 314 and 315, and vol, XII, pp. 72 and 

. 78; or Proceedings of the London Mathematical Society, vol. XII (1881), pp. 

15 and 16, and vol. XVI (1885), pp. 61-63. Carey (F. S.), Trinity Fellowship : 

Dissertation, 1884. The present writer has not seen Mr. Carey's Dissertation 

itself, but the results arrived at by Mr. Carey v were quoted by Professor Cayley 


‘+ in his paper of 1885.] 











m=. . f 
Al m)m)-(m ae b ce bs € b)(n0) 
Js > d; by As Cy b, b, aj Im 
Y % Ci Cg & Dy bs by [m 
Ya a, by. by b ay Ci 6| (s 
"196 a, 6 ba by 0 ay by) |m 
Ne d, bc by 0 b 0: |% 
Roe je ; M Ne 
-No.ofrow, . . (0 415268 | 
Subscript ofb,. . — 3 1 2 2 1 sl 
No. of row, . , (0 6 8 1 6 4 2 
Subscript of c, . a 2 2 1 7 3) 
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=1 PEN b 
a 25, +01 + bs + 09) S — n. 
{a+ (a— b) (a — a) + (as — b,)(b, — aa) + (aes b)(6 — %) 
c (bs — b1)(b) — 05) + (e — yb — a)| 8 0, 
fat@— a) dust (a — c) e + (bj, — e) 4 + (bs = a) bs + (03 — 61) dy - E 
+ (b — 01) b — (as — e) à — (bi — 01) 8 — Mm Di 
— (a — eia, — (b — e) as — (By — 01) ag} 5^ 
Three linear and five (= 3 + 2) quadratic equations. - 


TABLE L . Be / 




















m= Ti. : . TE 

(m X ^h) =( % aw bc (e^ b; CO CI Co bi (mo 
Ns | da bi 0) Cy by G G Co 0 D. ê j|% 
nel | |. |g 0 0o de Oy 00 by by bs Oy 0. | [Th 
Na < | Ci b, CG Oy Oe Oy b, -Ca CS ||? |. 
ns | | [0g O Cy Cy 0 as D 06 b «S b na | 
qe | de bs O bs C s dy Ce “lg Cy O ||% 
nr j| A C ba b G 0$ a a dy Gy |70 E 
Nsg ds Ci. Cy. bs b, b y € dy 0 Op A 

IL^ dy Cw Cp Cy "ta ba Cc dy | | Me 
Li | ot Ag b € a a bg. % G Cw b a, | |% 
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No. of row, ~o. (0) 6 


1 T 2.8 3 9 4 10 | 
Subscript of 5, . . — 5 1 42332 4 1 5 
No. of row, rts 
‘ } — 4 8 1.5 9 2 6 10 3 7 


e ofe,. 
= 1 (4143041940435) (b, 0,5 «babs ) (C1040480 50106010306) F 
(a + ao + 26, + c + 644 Ca +. bs + es + C, + c10) S* —n, 
i 10, + (à -— by) (ay — a4) + (aio — b1)(b, — ag) + (e — b i) Cio — 44) 
(e — b1)(0, — as) + (cs — b1)(c3— 25) + (b; — by Mc, — ay) 
+ (es — 51) (e — a) + (e — 5) (es — 9) 
+ (ex — bi) (b — ao) } S* = 0, 
la (a — D + (ao — à) 61 + (b — e) e + + 
— (ag — &) a, — (hi6) e (s aie oe pez 0, 


. Five linear and fifteen (— 5 + 10) vals Sung 


TABLE I. 
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.m= 13. ; ; f ; 
m )()—(« ag à a d e Cy b, Cy o dj, e b) No ) 
Ng dy -by "dy à Ga by. Cy G da Cy 6 , by a im e 
Na [as 0m Wu d, Ca Dy Cw bs cy D, ey d | | Me 
Ja |^ « dj b d, a g cta G by bs Cto Cs [a 198 
Ns dg Cy Os Ce-- Cy Ge Ce da by b, by d; A |? 
Ye e G Cg bz Cnc ay D. di. Cy % da by I 
Ny a, by dy Cw Cs “dy. be ae 06 C Dy Cy Cs] 
Ne a, Cs d, bs b, bs dy C Gs % Cl Cy || 
UN dy % On OG. D, b Co G c u d, by d, | | Ns 
N10 di d, Ca bs Co bs cy. bs Cy di d% G Cu | [to 
7? Gy. Cy Dy Cs Cp. da dy Cy Ce by cas D Ime 
Ms as b, 0 di e 0$: bg 0$ 06 d, o b.0 m 
Rr Yi 


No.ofrow, . . (0. 7/182 9 3.104 11 Š 12 o) 
Subscript of6,.. . — 6 15 2 4.3.3 


A 
bo 
e 
m 
o 


No. ofrow, d 9 5-1 10 6: 2 11 7 8 12 8-4 
Subscript of c, . ET c a a us i N: 
Noofrow, . . (0 107 4 1118 5.2 12 9 6 I 
Subscript of d, . . — 434 1 $8 2 2: 4.1 2-1) 


S=] (a,aza,azaga ga sidus) (bb ettet ttu) (Add da) l 
(a + dis + 25; +a th t y+ 6 H by + cs, + 6 + d, + 019) S*=n. 
{b + (a, — b,)(a, — ai) + (an — 5, (b. — a) + (01 — b)(es — dts) ; n mE 
ponet A) t E80, - 
det (ah) avt (is — 01) & + (b — e) est (d — 0) 4 ee - 
(oc (a — cy) a, — (b —C,) a, — (an — €i) % ,— (e — €), — see} ^ — 0, 
1d, + (a, — dy) a, + (ag — di) d, + (b — dy) by + (e — dj) d, 4- .. E 
— (as — d) d — (ei — di) a4 — (es — di) as — (a — di) a4 — + .. QS 0. 


Six linear and twenty-two (= 6 + 12 + 4)-quadratic equations. 
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in the Case. of m Prime. 


Cyclotomic 


TABLE III. 

















Om Y) = ( a Me b c d, d, c dy Cy ba Ca di” en du du Ci by no ) 


na 
Ns 
94 
Ui 
| "te 
Ny 


Ng 
Yo 





Nu 
N12 f. 
Mis] 


Nu 
9135 


49e 
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Ne. 


N o. of row, 
` Subscript of c, 


. x of d, 


m=17. m l É Ko ga 


dy D, dw Ce bs dg Ca Cs dy dy dy dy Cy Cs ds 5.6 
da C Ce Ay dy ds bs Cw du Cy br cu di 0 bs dy di 
a, d, by dis as ds Cs €; Db, Cs di dy c, b, Co c, d, 
dy d, dg dy di dg Cy Cy dg G b b, bs COs du 0 G 
as Cg Ca bs cy Cu Gu d, dis Cu dy by b, d, c d, dy 
a Ay Ce Cw Ct dy GC di by d, by dy b, d, c, 
as Cy da dy b, di dy Cs a b dy cg Cg C Cy dy by 
a, bs dy e Cg” Cy dy by a c d dí a d, dy c 
aw Cg A b, dj by do by dj y a dy Cy Co & Ce d, 

dis i 

Cg 

Cis- 

d, 

b, 


dhe o'a dy dy dj dy Cy Gy ds 2 G a, b, 
‘ay b, € dy dit dy C.: bs 6 d, Oi hy du Cie ba 





No. ofrow,  . (0) 9 110211 312 4.13 514615 7 16 s 
Subscript of b, . — 8 1 7263544536 2 7 1 8 


j- ei 1718.2 814 3 91541016 511. 


NOx GE TOW; OS, 215 11 731612 8 4: 


= (aa SAS na aa b, b sbabr, byb,5,) 
> (C1C4C9C10C1865C 101161601461 65618008 (id dadas ds dd 4d; d PETS 3 
(a1 + aye + 2b, + c4 + di + dy + eg. dy + Cy + ba + ca zH de + en j 


7h' 
Na 


Ns 


Na 
"s |. 
Ne 
?1 
UE 
n |. 
Nio, 
mu! 
ma |. 
"13 
Va 
Ni 
?he 1. 


+ dg + dis + 04) S* =n, ` 


"$B (er — 5m m) + (aie 55 63) 


+ (01 — 5) (ew — 09) + (d EA b:)(0, — as) Fis. | S^ :0, 
l ta + (a — 61) ag + (aie — 61) & + (by — 01) Cre + (di — 01) die + . 


— (ag — ¢,) a — (b, — e). ay — (as — ci) as — (ew ae ej) p z i S = 0; 


E AF (a — di) ag t+ (a — dh) d, + (b, — di) be + (ej — di) dE... : 
— (a — d) ) ay — (e — d) as + (e— dy) dy + (Ay — d)a, —....] SHO. 


Eight linear and forty (— 8 -- 16 + 18) quadratic equations. 
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Memoir on the Substitution- Groups whose Degree does 
not Exceed Eight.. 


. Bx G. A. MILLER. 


PART I. 


On the Construction of all the Substitetton-groups of a Small Degree. 


From the time that Galois demonstrated that the theory of equations is 
based upon the theory of ‘substitution-groups: it has been observed that the 
determination of all the possible substitution-groups of a given degree is a 
problem of fundamental importance in algebra.* Although this problem has 
been studied by a large number of mathematicians, yet little progress has been 
` made towards its complete solution. It is well known that all the groups of a 
given degree may be found by tentative methods, but for large degrees the 
number of trials that may be necessary becomes extremely large. 

During recent years a large number of substitution-groups, which were 
usually found by tentative processes, have been published. All the possible: 
groups whose degree is less than eleven have been determined, and the transitive 
- groups, especially the primitive ones, have been determined for considerably 
larger degrees.t In what follows we shallaim to give enough ofthe general 
theory of group construction to find all the possible ` groups whose degree does 
not exceed eight without any tentative processes. 

In the earliest work that devotes considerable attention to substitution- 
groups, Teoria generale delle equazioni, in cui st dimostra. impossibile la soluzioni 
algebraica delle equazioni generals di grado superiore al quarto; di Paolo Rufini] - 











* Of. Serret, ** Algèbre gupérieure ? (1868), p- 266. i ` 
t Jordan, Comptes rendus, vol. LXXV, 1872, p. 176-7. Miller, American Journal; vol. XX, 1898, 
p. 229. 
TA: review of the group theory that is contained in this work is given by Burkharüt, Schlémlich 
Zeitschrift, 1892, supplement, p. 159. * : . ; : 
38 


288° Mmmm: Memoir on the Substitution- Groups 


Bologna, 1799, we find that these groups are divided into. two classes, viz. the 

. transitive and the intransitive groups. The former of these classes is subdivided 
into the primitive and the imprimitive groups. "These divisions have been | 
adopted by all subsequent writers, and they will be employed in what follows. 

When one of twó substitution-groups can. be transformed- into ‘the other, 
each of the two groups is called the transform of the other. In the enumeration 
of the possible substitution- -groups, all of these transform groups are considered 
to be identical. Two substitution-groups are distinct or. different when it “is 
impossible to transform the one into the other.*- Two or more different eus 
tution-groups may represent the same abstract group. 

It may happen that the substitutions of & group’ are completely à dotómitad 
by those of a subgroup. B. g. the substitutions of the non-cyolical regular group 
of order 6 are completely determined by those of its subgroup of order 3, 
while those of the regular cyclical group of this order are not fully determined 
by. this subgroup, since there are six substitutions of degree and order 6 whose 
squares are contained in the given subgroup of order 3. i 

If the substitutions of a transitive group, which is known as an abstract 
group and whose order is composite, are completely determined by those of each. 
one of its subgroups besides identity, the group must be regular and contain no 
substitution whose order is less than the order of the group divided by 2.' Hence 
there are only two such groups, viz. the two regular groups of order 4. It is 

-evident that the substitutions of an intransitive group are never Somit 
determined by those of each one of its subgroups. 
As an illustration of the importance of knowing whether all the. substitutions ' 
. ofa group are completely determined by those óf a given one of its subgroups, 
we.may prove that there aré no more than one -group of. degree’ eight and order | 
1344, Such a group must contain the doubly transitive simple group of degree - 
seven and order 13448 = 168, and hence it must be-triply transitive. It must, 
therefore, contain an intransitive subgroup of order 48 whose transitivé con- 
stituents are of degrees two, six and whose transitive subgroup of. order 
24 and degree six is positive. t The substitutions of this subgroup of order 
24 determine all the. substitutions of 'the transitive group of order 48 and 
l degree six, since they. do not fout a self eT subgroup ofa n largor group of 


, * Ct. Burnside, Massengor of Mathematics, vol. XXVIII (1898), p. 108. 
, 1 Miller, Bulletin of the American Mathematical Society, vol. IV, 1898, p. 140. 


‘whose Degree does not Exceed Eight. . 289 


this degree ;* each of these groups of order 1344 must, therefore, contain substi- 
tutions of degree eight which are fully determined by the substitutions of the. 
given subgroup of degree seven and hence there cannot be more than one such | 
"group. i . f i: 
$1.—/ntransitive Groups. 


An intransitive group contains two or more transitive constituents. Since 
the degree of each of these constituents is less than the degree of the group, we may | 
suppose that the transitive constituent groups of the required intransitive groups `° 
are known. The first. problem which we shall consider may be stated as follows: 
To determine all the possible substitution-groups that may be formed by combin- 
ing intransitively a given system of transitive groups, two -groups being consid-' 
ered as identical whenever one can be transformed into. the other by means of. 
some substitution. 
If an intransitive group contains more than two transitive constituents, any 
number of these constituénts form a group which has an 1; a isomorphism to the 
entire group and an a,, a, isomorphism to the group formed by the remaining 
constituent or constituents. . All such intransitive groups may therefore be con- 
structed by establishing isomorphisms between the intransitive groups that 
contain all except one of the constituents of the required groups and the transi- 
. tive group which is the remaining constituent For instance, to find all the, 
possible intransitive groups of degree ten whose constituents are of degrees 
four, three, three, we have only to consider the isomorphisms between the intransi- 
tive groups of degree seven that involve transitive constituents of degrees four, 
three and the transitive groups of degree three. We can also obtain all these 
groups by considering all the possible isomorphisms between the intransitive 

groups of degree six that involve two transitive constituents of degree three and 
` the transitive groups of degree four. 

The form in which a group can be represented as an intransitive substitu- 
tion-group depends upon its abstract group properties. It must contain at least 
one transitive constituent-whose order is equal to the order of the entire group 
unless it contains two or more self-conjugate subgroups (differing from identity) 





* When a self-conjugate subgroup of a group of degree n is not contained in, any larger group of 
this degree as a self-conjugate subgroup, its substitutions must determine all the substitutions of the 
group, but the'converse is not always true. l 

1Cf. Bolza, American Journal of Mathematics, vol. XT, 1889, pp. 195-214. 
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which have only identity in common. If it contains two such selfconjugate sub- 


groups, it can always be represented as an intransitive group which involves no | 


' transitive constituent whose: order is equal to the order of the group. As such- 
transitive constituents we may use the quotient groups (represented as substitu- - 


_ tion-groups) with respect to any two of the given self-conjugate subgroups. Since: 


these remarks apply to the constituent groups as well as to the entire intransitive 
group, it follows that the form in which & group is represented.as an intransitive 
substitution-group frequently throws light on-the properties of the group. . 

Let Gf: and G7» represent two substitution-groups of degrees m, and my, and 


` of orders ü and Ja respectively, and suppose that none of the m, letters in the z 


. first of these two groups is found in the second. If we multiply each of the sub- 


stitutions of one of these groups by all of the substitutions of the other, we - 


. obtain an intransitive group of degree m, + m,= and of order g,g,— g. This 
group G5 is said to be the direct product * of G*'and Gr». It is evident that 


any abstract group which is the direct product of two groups may be repre-- 


- sented as an intransitive substitution-group in which these subgroups are transi- 
- live and do not contain: a common element, 


' The groups Gr and G™ are self-conjugate aleros of G= and they contain - 


“no common substitution besides identity. If'both of these subgroups are simple. ` 
and if g, +: gs or if at least one of the subgroups is non-Abelian, G7 does riot con~ ` 


. tain any other self-conjugate subgroup besides identity. In general if k and k, 
represent the numbers of the self-conjugate subgr oups of G and G^» respectively, 
` then will G* contain Just (de, + 1)(% + 1) — 1 self-conjugate subgroups that are 
the direct podios of a- group contained in each of the given constituents. In 
this enumeration identity i8 considered a self-conjugate subgroup, but the entire 
group is not included in this term. - Other self conjugate subgroups of G5 can exist 


. only when a quotient group of one of the given: transitive constituents, or one of.. 
its subgroups, i is simply isomorphic to a quotient group of the other or one of its . 
. subgroups, and when all the- operators of each constituent are commutative to. ' 


each of the operators of this quotient group. It is evident that these conditions 
- are sufficient as-well as necessary. ‘Somewhat similar remarks. apply tò all the 
possible subgroups of Got We. shall incidentally consider some of these sub- 
` groups in what follows. i: i ; 








*Ot. Halder: Mathematische Annalen, vol. XLIII, p. 880. 
t Of. Klein-Fricke, Modulfunktionen, vol. I, 1890; p. 408, 
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. Since each of the substitutions of one of the two subgroups G^, Gr is 
-commutative to every substitution of the other, the order of any substitution of 
G^ is the lowest common multiple of the orders of its constituents that belong 
to these subgroups. In particular, it follows. that the necessary and sufficient 
“condition that G^ is cyclical is that g,, g, are prime to each other, and that the 
given subgroups of these orders are cyclical. G? is evidently Abelian when the 
_two given subgroups have this property. These remarks. clearly apply also to 
the case when G?: and G represent the same group written in different sets of 
"letters. In this case G? is said to be the square of one of these subgroups. 

The intransitive group of order gg; which we have just considered can always 
be constructed regardless of the particular groups which G7: and G7» may repre- 
sent. Other intransitive groups having these constituents can be constructed only 
when certain conditions are satisfied, and when they are possible they must be 
subgroups of G^. ` We proceed to consider the necessary conditions. 

Suppose that G^ is any intransitive group with the constituents @ and 
Gm. All the substitutions of G which correspond to a self-conjugate subgroup 
of G7» must form a self-conjugate subgroup of Gj. In particular, the substitu- 

‘tions of one of the transitive constituents which correspond to identity in the 
other transitive constituent must form a self-conjugate subgroup. It is also 
evident that the number of the substitutions in one of these constituents which 
correspond to identity in the other constituent is equal to the number that cor- 
respond to any other substitution in the second constituent. Hence we see that 
if Hy is the self-conjugate subgroup of Gr: that corresponds to identity in G?* and 
if H, is the selfconjugate subgroup of G”» that corresponds to identity in Gr, 
then must the quotient group of G with respect to H; be simply isomorphic to 
the quotient group of Gis with respect to Hand m must equal higa = haga, Ma 
and A, being the orders of 4, and H, respectively. l ; ; 

The construction of the intransitive groups which contain two given constitu- 
ents is thus reduced to two cases, viz. : 1), forming the direct product of the substi- 
tutions of the constituents, and 2), forming all the possible simple isomorphisms 

between the constituent groups and their quotient groups, which lead to -substi- 
tution-groups that cannot be transformed into each other. The former of these 
cases is very simple and requires no further attention, while the latter is gene- - 
rally much more complex whenever such groups are possible. 

We have observed that a necessary condition to construct an intransitive 
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group besides G5 with the given canitituenta 3 is that. idi quotient groups with 
respect to H, bad H, (where H, or H, or both of them may be identity) are the 
same abstract group. This condition is evidently sufficient as well as necessary . 
. for the construction of Ga, where mis a factor of g and less than ge When the l 
order of the given quotient group.exceeds 2, it has more than one aimiple 
isomorphism to itself. In this case it is necessary to consider the intransitive 
~ groups which correspond: to all the possible simple isomorphisms of the given 
~ quotient group to itself. Since all the cogredient isomorphisms lead to the same 
group, the total number of these intransitive substitution-groups cannot exceed 
* the quotient of the total number of the simple isomorphisms of the quotient 
group to itself divided by the number of the cogredient ones. 
If the given quotient group is cyclical, there is clearly only one group with 
P respect to the given self-conjugate subgroups. If this quotient group-is complete,* 


it admits only cogredient simple isomorphisms to itself, and hence’ there cannot ` 


. be more than one group for H, and H,. . When either H, or H, is identity and 
_ the corresponding constituent group is: regular, there cannot be more than one 
. group, since every simple isomorphism of a regular group to itself can per 
obtained by transforming the group by certain operators.T I 

In general, we may obtain all the possible intransitive groups with respèct - 
to the sel£conjugate subgroups H, and H; in the following manner: First deter- 
mine the group of isomorphisms of the given quotient group and find the opera- 
tors of this group of isomorphisms that correspond to all the possible conjugates 
of a given intransitive group. If these do not include: all the operators of the- 
group of isomorphisms, form an isomorphism that corresponds to another opera- 
tor of this group.’ We thus obtain a second intransitive group, and all the con- 
jugates of this group correspond to operators of the group of isomorphisms which 
are distinct from those that correspond to the first intransitive group. If this 
does not exhaust all the operators of the group of isomorphisms of the given 
quotient group, we may form a third intransitive group, etc. We continue this `` 
process until all the operators of the group of isomorphisms are exhausted. 
— When the two transitive constituents are conjugate, the set of operators of ` 
the group of isomorphisms which corresponds to the conjugates of any intran- . 
sitive group must include all the inverse operators of the set, since the inverse of . 





* Holder, Mathematische Annalen, vol. XLVI, 1895, p. 825. 
“+ Of. Netto, '* Theory of Substitutiong," 1892, p. 110. 
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ORDERS 











E E DEGRES. 7. BE (8^ 16 32 
. 4. p 1 
6 1 ^3 1 
8 1 3 Br. 1 
10 [1 — 4. 6 4 1 


z 


This rule does not m to- dE groups of a higher degree, since there are six 
. such groups of degree. twelve and order 4.* i 
§2.—Imprimitive Groups. 

“The s ibstit tione of an imprimitivo group must. permute all its possible 
systems of imprimitivity according to a transitive substitution group. Hence 
each system must contain the same number of elements; i: e. , it is impossible to 
- éonstruct an imprimitive group of a prime degree. If the transitive group, 
l according to which the sygtems ofi impr imitivity are permuted, is itself i imprimi- 
tive, it is possible to combine these systems until we obtain systems which are 
* permuted according’ to a primitive group. Hence every imprimitive group | 
must have an.a, 1 isomorphism to some primitive group which corresponds to - 
the permutations of one set of its systems. of imprimitivity when its substitutions 

are transformed by every substitution of the group. 2 "n 
` The subgroup of order a which corresponds to identity in the given primi- - 
- tive group must be selfconjugate. If its order exceeds unity, it must be intran- " 
sitive, and its systems of intransitivity are also systems of imprimitivity of the ie 
«given group. It should, however, be observed that the latter systems of imprimi. : 


tivity are not necessarily permuted, by all the substitutions of the group, accord- : B 


“ing. to the given isomorphic primitive groüp. In case the Bystems are permuted 
according to an imprimitive group, they may always be Po into y AREE 


—— 





* Philosophical Magazine, vol. XLI, 1890, p. 485. 
- tJordan, ** Traité des Substitutions,” 1870, p. 899. 
ic oe 
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Man which are permuted according t to the given somorphio primitivo group.* 
sis given subgroup of order à must “coincide with the former iden of imprimi- * i 
tivity, since'all the systems of intransitivity of the given.subgroup must be per- - 
. muted transitively by all the substitutions of the. given imprimitive. group.. 
' Every. group of. a finite order may be represented as a regular substitution . 
.. group, and every regular ' group of composite order is imprimitive.]  Herice .. 

_ every group of a finite order; with the exception of. the trivial case where the . 


' order.is a prime number, may. be represented as an. imiprimitive substitution-” 


. group whose degree is equal, to its-order. This representation is unique; - icen 


`- thereʻis one and only one regular substitution-group which is simply domoa. 


. to any given group of a finite order. Some groups. can also be represented as: 
- non- regular, s d groups: The laica of these groups will be; con:: 


A “sidered later. 


It is convenient to avs & , spoóial. name for the pm of order a “which + 
contains all the substitutions of the group that do not, permute any | of the sys 
- “tema of imprimitivity. It-has been called the base or the head. of the group. We 


es shall” generally uge the latter term. AM the substitutions of an imprimitive 


"group that are. not contained in the head are said to fori the tail of the group. ` 
We have already observed. that each of the transitive constituents of the. head . l 
must be of the same degree. Since all of them, are- transformed , transitively by +: 

the substitutions of the imprimitive group, they- must.be similar to each other. . 
.. H well known that' evéry.non-Abelian regular group is conjugate, to a 
group containing the same letters whose substitutions are- commutative to every 

_substitution of the regular group. “Bach substitution of one of: these groups. 
determines-systéms of imprimitivity of.the other group. ' The systems of i imprimi- 
tivity obtained in-this way do not necessarily include all the possible systema. 

"When a regular group of composite order i 18 Abelian, its own substitutions deter-. 

J mine differént systems of imprimitivity.. Hencé it follows that. the elementa of 

a group can sometimes be gen into systems of imprimitivity . in & largo 

number of ways. . 

1. 1.— The Head ‘of an Imprimitive, Group. 


- 


. Itis '&ometimés impossible to find any. systems of imprimitivity of a given” 
imprimitive ‘group, which are: "not permuted n themselves by. every : substitu- . 





* Ot. Miller, Quarterly Journal of Mathomatics, vol, XXIX, P » 3. j 
, ordin, “Traits des aletas, 1870, p.90. ' 
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- tion of the group, that differs from unity. -Such imprimitive groups occur for 
degrees twelve and fourteen and for higher degrees, but not for any lower degrees. 
In these eases we say that the only possible head of the group is identity. In what 

follows we shall.consider thé .heads whose orders exceed unity. We have 
already observed that the transitive constituents of these heads are: -similar 

.groups, i. e. the heads are obtained by establishing some isomorphism between ` 
a transitive group written in two or more different sets.of elements: It remains 
only to inquire into the nature of this isomorphism. 

* The simplest possible cases are those in which we merely form the’ product 
of the groups obtained by writing a given. transitive group in different sets of. 
letters or establish a simple isomorphism between the corresponding substitu- 
tions of these groups. "These two heads are always possible, regardless of the 
number of systems of imprimitivity. .Other heads : containing a given transitive 
constituent can be constructed only when this transitive constituent satisfies 
certain conditions. e - . 

‘Ifa transitive constituent of. a head is compound, it is easy to y torni other 
heads by merely multiplying the divisions with respect to the same self-conju- - 
gate subgroup in the different sets of letters. . The heads thus obtained are all 
“symmetrical with respect to the transitive constituents. When the. primitive- 
group, according to which the systems of imprimitivity are permuted, is not 
symmetrical, it is simply necessary that the head allows the permutations indi- 
cated by. this primitive group. It is thus frequently possible to construct , 
imprimitive groups whose heads do. not permit the symmetric permutation of 
its Systems of intransitivity.* E 


2.— Groups containing Two Systems of Imprimitivity. 
One-half of the substitutions of such a group must transform each of these * 
systems into itself. These must form an intransitive group which differs from. 
` unity, since the degree of an imprimitive group cannot be less than four.. Let G7 
. be a transitive constituent of the head. We shall first suppose that g — n! and ^ - 
that the head is the product of its constituents. ' By adding to this head a substi- 
tution of order 2 that merely interchanges the corresponding elements of 
ite constituents. we obtain am imprimitive group of order 2(n!)' -This group 
evidently includes all the imprimitive groups of degree 2n that contain two sys- 





* Of. Miller, Quarterly Journal of Mathematics, 1896, vol. XX VIII, p: 197.. 
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tema of inipriniilvity,. aid it iñiolndes ho ‘other: transitive group of this degree.’ l 

Hence each of the substitutions that is contained in the tail of one of these > 


imprimitive groups is of degree m, and it involves only negative - cycles. It .- 


_ must clearly satisfy the following three conditions: (a), interchange the systems 
, of intransitivity of the head; (8), transform the head into itself; (y), its square * 
d must be contained in the hood: These conditions are sufficient as well as néces- ` 
; sary.. ~The factors of . composition of these | imprimitive oe are ‘clearly . 
.'. obtained by adding 2 to the factors of composition of the head. 
-We proceed to establish theorems which. are useful in congtractinig the 
: imprimitive groups that involve ónly two systems | of imprimitivity:: Several of 
y these theorems are included : in the more: “general theorems of the following Sec- - 
D tioni, and are given here for” the purpose of leading up to them. We shall 6 
l . Tepresent the n "elements: of the two. systems by a5 di asa yd and ` 
" 81i 04 Agp ens al, respectively, and we shall use s,, 8; to represent the same 
e. tion: in the two systems, the elements of-s, belonging’to the first system l 
and those of a! to the second. Similarly we shall, employ G; G' respectively to 
represent the .same group in the two systems. - The. substitution of,order.2.. 
which «merely permutes | the corresponding . elements of' the two: systems . 
we 'shiall. represent by t.: Hence we have* t= aay. d305.. ams.» ves d nin, , 
Cis mal, E=. ead 
i dore I. If one of two transitive constituents of -the head af an imprimitive e 
group is E, and if H is the largest group involving the same elements as ‘G that ` 
"transforms G into itself, this: mo groupe 48 included i in the edi group 
generated by H, H',t eda ra : 7 
We may choose the two transitive constituents: of the haa in ‘stich a way Po 


that ¢ transforms one into the. other, Since the remaining generator of the `. 


: imprimitive group in question must also have this property; the factor which | 
must be multiplied: into t to obtain this generator, must. transform each ‘of the P 
given constituents of the head into. itself. Hence. this factor must be contained d 
in.the product of H and Al, LUE A 
"Theorem 11. The squares of the sibaiitulións of the tail of the inae imprimi- ; 1 
tive group ‘of the preceding theorems are transforms, with the respect to substitutions t 
l of H, of the substitutions obtained : by making H simply isomorphic to H' in, such a' 
way thas t is commutative to every. substitution of this’ group. When H. coincides | 
“with. G, all ae tranaforins a are SM of substitutions in the tail af the group gen- am 
erated by H, Hs 
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We may represent any substitution of the tail of the given group by s,spt, 
where s,, al belong to H; Æ respectively according 2 the: preceding theorem. 
." Hence EE AE i 
' (8,85)? = 8.88848, = =s PP E 
Since 555,55] is in the given simple isomorphisms of H- to H' and s, belongs to 
H, the first part of the theorem is proved. It remains to show that the. squares 
of-the substitutions in the tail of H, Æ, t give all the transforms: with respect to 
‘substitutions of. H of the substitutions of the group obtained by making H simply 


isomorphic tó. Hm in such a way that identical substitutions correspond whenever ^ 


Hand G are identical In other words, that it is possible to choose s., 8 in 
_ such a manner as to satisfy the equation 5,559587 — s, 1551 8y, where s, and 8, are 
any given substitutions of H. If we let 8, = ix and.s,==s,, this Ld is c 
satisfied and the proof is complete. 

Theorem III. If Gis any transitive group, oe is s always one and oa one 
imprimitive group whose head is the direct product of G and Go l 

Let 5,544 be any substitution that may be added to this head to generate an 
imprimitive group. Since the square: of this substitution must be found in the 
head, we have (s,5/1)? = s,555]5] = somè substitution of the head. Hence either, 
both or neither of the tito bons 8,, & belong.to G. In the former case we 
evidently have an imprimitive group; in the latter case it is necessary that 8,, 8g 
correspond to the inversé operators of the quotient group of H with respect to 

G, H being the largest group (involving the sáme elements as G) that trans- 
forms G into itself. Hence s, = 8, 's where s is some substitution of G.. 

If we transform t by-the inyerse of s, we obtains s, "=8,tez tt = 4,5, t." Since 

: 8a transforms the given head into itself, we observe that the groups obtained in 

the second case of the preceding paragraph are conjugate to that of the first case. 
rom this it follows that all the. groups apse that contain the given. head 

are-conjugate. 

Theorem IV. If G has a selficonjugate subgroup which is also a self-conjugate . 

: subgroup of H, and if no two of the m divisions of H with respect to this self-conju- 
gate subgroup are similar, then there are g~+k=1 imprimitive groups having for a 
. common head the group obtained by the simplest le, k isomorphism between G and G', 
where g and k are the order of G and the given self-conjugate subgroup. respectively. 
Let 8, 87, +++», 5, satisfy the condition that one of them belongs to each 
one of the given divisions-of H. Each one of the substitutions s,t, di Cheap Bal 


2800 i B Moméir on the Sabian Groupe 


mh Arannformà, the given end into. itself bur only l of. them (say the first j Ns. 
their squares in this head. The 7: substitutions combined separately to the head | 
'.lead to J imprimitive groups. These groups must be distinct because the squares `` 


-. _ of the substitutions of the tails are not similar. - The remaining substitutions o. 


- the product òf H. and H' mdy be- obtained: dy multiplying. the. given. héad into : 
each: of the following substitutions: 


1 


l aha, g m 1, 2,....,m, rmm men. ECT i l 


From: S "is oe laggy = ope 


m. it follows that es are conjugate with respect to substitutions’ that transform 


_the given head into itself, to the substitutions considered above. Hence l is the 


`- total number of the’ imprimitive groups containing the given head. ` 


+. Theorem Y. There is only one» tinprimitive group whose head, is » obtained by 
making the symmetric group whose degree is not two or six simply isomorphic, to- 
‘self. If the degree of the symmetric group is two or siz, there are two. such groupe. 
i Since the symmetric groüp whose degree is not two or six, is à complete 
`- group,* we can.form only one intransitive group hy making: mich. a symmetric: 


‘group simply isomorphic to itself. We. may suppose that in this intransitive . 


group the corresponding substitutions are identical in tlie two systems. If. we. 
add to this group -œ substitution of order 2 which simply interchanges-the -cor- . 


‘responding elements of the two systems (2), we obtain ‘an mra group 


. whose order i is twice the order of the given symmetric group. 
Suppose that a different tail to the given head was. generated by ilie head 


. and the, substitution s.- This substitution ‘must interchange the two systems of 


ol of thé head. Hence we have : 


o =s, or. a= st, 


^. where a must transform the given head ‘into itself without ias its systems 


E 


' of intransitivity, hence the second tail would contain a substitution of the form = 
sat, where s, involves only elements from one of the systems of intransitivity of - 


the head. Since the head is a 'eomplete. group, this is impossible, unless 4 = 1. 
Tn this case" we have the ¿ group given abové. As an abstract group this. is the ` 
«direct product of the given gymmetrie group,. and an operator of order 2. 

When the degree of the symmetric group is six, "we can constrinct two. 





* Holder, Mathematiiohe Annalen, 1895, vol. XLVI, PP- 345 and 825.. - 
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EA groups by nai it Te EE to itself. To each one of the. - 
heads obtained in this way, we can add only, one tail for the same reason as was 
' given above. Hence there are just two such groups.* When the Peres ig two, 
we evidently, obtain the two regular groups of order 4, 
Theorem VI. There are only two imprimitive groups whose common head is, 
_ the group obtained by making the alternating group whose degree is not six simply _ 
isomorphic to itself. If the degree of the alternating group is sia, t there are your such . ' 
groups. 
When the degrée of the aorta group. differs Bom six, we can bien 
only one intransitive group by making it simply isomorphic to itself.+ We may, 
therefore, suppose that ¢ is commutative to every substitution of thé given head. 
It is evident that ¢ and the given head generate an imprimitive group which is 
simply isomorphic: to. the direct product of the given RUCEOMUNE group and an 
operator of order 2.. l A 
As under the preceding theorem, we may. suppose that s and this head 
“generate another imprimitive group, and we ‘find by the same process of reason-'- 
ing ‘that s, must ‘transform. the given head into itself "without interchanging 
its systems of intransitivity. We can, however, not assume that e, involves only 
elements from one of the systems; but, since the symmetric group of any degree 
larger than three contains no substitution besides identity that is commutative 
to each one of the substitutions in its alternating subgroup, we must assume that 
tis commutative to s: If s is not found in the given head, all its possible l 
values may be found by multiplying this head by &.. Hence there ; are no more 
than two such groups. ! l 
That the two possible imprimitivo groups Just found are. ‘really distinct, 
follows directly from the fact that the latter is simply isomorphic to the 
symmetric group while the former does not have this property. Some of these 
arguments do not apply to the case when the degree of the alternating group 
“js three, but in this case we obtain the well-known two regular groups of degree 
six. When the degree of the given alternating group is six, it.is possible fo 
. construct two intransitive groups by making it,simply isomorphic to itself. .To 
each one of these heads we may add two tails and thus obtain the given four 


_ * Miller, Bulletin of the American Math. Society, 1895, vol. I, p. 258. 
t Hólder, Mathematische Annalen, 1895, vol. XLVI, p. 840; of. Miller, loo. cit. 
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. imprimitivo groups: These groups i are. o explained: in connection with the groups N- 

. whose head is the symmetric group to which references: are given, above. ES 
From the preceding theorems it: follows that if one of the two -transitive 

constituents of the head is the- symmetric group of degree n, where n equals - 

"3, b or, exceeds 6, there ‘are only : 4 possible; imprimitive groups." ; According to — 


l . theorems III and V, there is only one.such. group for each-of'the two. heads 


obtained. by multiplying the two transitive. constituents of. the head and by. 


making them simply isomorphic. According to theorem IV, there are two such’. ^ 
groups whose head consists of the- positive substitutions in the product of its. <, 


‘constituents. . When n is- greater than 6 or n = 3,.5, ‘we can eyidently form ño 
other head with the given constituents, and hence no additional. impriritive 
group of this type. `. . 

When n — 2, there are > evidently only two possible ER When. the lied: 
is of order two, we may obtain the two regular groups of order: 4, and when 
` itis of order 4, there is only one group according to theorem II. Hence , 


- - there are only three imprimitive groups of degree four. When n-=4, the given 


constituent group is isomorphic to the symmetric group of. “degree three... We 
` «thus obtain one more head than ‘occurs in thé general cases” It follows directly 
from theorem V. that we can add only one tail to this head. . Hence there aré 


five imprimitive groups of - degree eight in which a transitive ‘constituent of the' | 
head is: the symmetric group of degree four. When n= 6, there is one head | 

that does not occur in the general case. This case'was considered under theo-, o 

: rem V. ‘Hence there: “are five imprimitive groups. of degree twelve in which one . © 


- of the transitive constituents of the head is the symmetric group of degree six. 
This completes the study of the imprimitive groups of two systems. ‘whose heads 
A contain the symmetric group as à transitive constituent. 


"We shall now consider all the possible imprimitive groups of a on ES 
` whose heads contain the alternating group of degree n as a transitive constituent. .. É 


For n= 2 there evidently is no such:group. When n = 3, there are the two regu--: 

Jar: groups ‘of order'6 and: the group of order. 18 whose head is the product of. 
two alternating groups of degree three. When n= 4, we may construct three: 
heads, since the alterhating group of degree four is isomorphig t to the alternating 

gróup of degree three. The groups which contain either one of two of these 

. heads have béen considered under the preceding theorems. It remains. to con- 
sider what tails may be added to the head of order 48. E 
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If we represent the substitution of order two which merely interchanges the . 
corresponding elements of the two systems by ¢, we observe that ¢ and this head 
generate an imprimitive group of order 96. All the other possible tails can be 
generated by st, where s transforms the head into itself without permuting its 
systems of intransitivity and (st)? is contained in the head. Since we might use 
the product of any substitution in the head into st, in place of st we may suppose 
_that s either belongs to the first system of the head or that it is a particular sub- 
stitution of the second system. Hence we can add only two tails that are not 
conjugate to this head, i. e. there are five imprimitive groups of degree eight 
whose heads contain the alternating group of degree four as a transitive con- 
stituent.' . 

When n= 6, we have seen that there are also five imprimitive groups of 
the type in-question. For all the values of» which differ from those that have . 
just been considered, we can construct only the two heads which are included in 
theorems IIT and VI. Hence there are, in. general, only three imprimitive groups 
of degree 2n whose heads contain the alternating group of degree n'as a transitive 
constituent ; when n= 4 or 6, there are five such groups. 

All of the preceding groups are evidently also distinct as abstract groups, 
and when n exceeds 4, one of the factors of composition must be nl-- 2, hence 
all of these groups are insolvable whenever their degree exceeds eight. © When 
their degree does not exceed eight, they are evidently solvable. 


3.— Groups containing more than Two ‘Systems of Imprimitivity. 


We have seen that every imprimitive group must contain systems of 
imprimitivity which its substitutions transform according to an isomorphic 
"primitive group (P). The imprimitive group is either simply or multiply 
isomorphic to P. .In the former case it contains no substitution besides identity 
that transforms each of these systems of imprimitivity into itself, while in 
the latter case it must contain an intransitive self-conjugate subgroup which 
is composed of all the substitutions of the group that transform each of the given 
systems of imprimitivity into itself and which corresponds to identity of Pin the 
given isomorphisms. If the systems of intransitivity of this self-conjugate sub- 
group differ from the given systems of imprimitivity, they may be united as 
units in such a manner as to form these systems. 

If the required imprimitive group (G) is simply isomorphic to P, the 

40 


o 
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latter (which is supposed to be known) must contain non-maximal eubgroupa 
that include no self-conjugate subgroup of P besides identity, and whose order 
is the quotient. obtained by dividing the order of P by the degree of G. The 
required imprimitive groups can therefore not be constructed unless P contains 
at least one system of conjugate Subgroups that satisfy the given condition, and 
` in this case the number of the possible imprimitive groups is known.* ^. — 

` Every self-conjugate subgroup of P must be transitive, since a primitive | 
group cannot contain an intransitive self-conjugate subgroup. If n and a repre- 
sent respectively the degree of P and the number of elements in each of the 
systems of imprimitivity of G', and if P contains regular subgroups, each of the 
corresponding subgroups of G' will contain a systems of intransitivity. If one of 
thege regular subgroups of G is self-conjugate, G must also contain a systems of 
imprimitivity, viz. the systems of intransitivity of the subgroup that corresponds 
to the given regular subgroup of P. For instance, each of the imprimitive 
_ groups of degrees six and eight that are simply isomorphic to the symmetric 
groups of degrees three and four du E must also contain two e of 
imprimitivity. 

When P is soatained in the metacyclio group of degree p, G must contain . 

o systems of imprimitivity as well as p systems, and when P is the symmetric 
` group of degree n > 2, there is always one and only one imprimitive group: of 
-degree 2n that contains m systems of imprimitivity, and is simply isomorphic 
to P. This group contains also two systems of imprimitivity. The total number 
of the imprimitive groups that are simply isomorphic to the symmetric group 
of degree n when n is not equal to 6, is clearly equal to the total number of the 
substitution-groups whose degree does not exceed n — 1, excluding ‘identity, — 
increased by the number of the substitution-groups of degree n that are not- 
maximal subgroups of the symmetric group of this degree. We proceed to 
" establish some general theorems with respect to the imprimitive groups con- 
taining more than two systems of imprimitivity and which are not simply iso- 
_ morphic to the primitive group according to which these systems are permuted. 
` Theorem I. If each of the systems of Po includes a prime number 


* Jordan, “ Traité des substitutions” (1870), p. 67; cf. Miller, Bulletin of the Amérloaa Mathematical ; 
Booiety, vol. III (1897), p. 215. . 
: t Dyok, Mathematische Annalen, vol. X XII (1882), p. 91; of. EE E of the Amèrioan Philo- 
sophical Society, vol. XXXVI, 1897, p. 208. i 
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of elemente, the elements of the transitive constituents of the head must be the systems 
` of imprimitivity of the group. 
Since these transitive constituents must, also be systems of imprimitivity, 
each of them must be composed of the same number of elements. If they would 
. not be the given systems of imprimitivity, these could be obtained by combining 
. the degrees of some of the transitive constituents taken as units. This is impos- 
sible, since the given systems of imprimitivity are supposed to be prime. 
Theorem II. An imprimitive group of degree n whose systems of imprimitivity 
are transformed by all the substitutions of the growp according to a primitive group 
and whose head is not identity, must transform the transitive constituents of this head 
` either according to the given primitive group or according to an imprimttive group 
that is simply isomorphic to this primitive group and whose sytem of imprimitivity 
are transformed according to this primitive group. 
The systems of intransitivity of the head must be transformed according to 
a transitive group whose order cannot differ from the order of the primitive 
group according to which the systems of imprimitivity of the group are trans- 
formed, since these systems of imprimitivity could not be permuted without 
permuting the systems of intransitivity of the head. By means of these. theo- 
rems the construction of all the possible imprimitive groups of degree n whose 
head is. not identity, is reduced to the construction of the groups that permute 
the systems of intransitivity of given self-conjugate intransitive subgroups accord- 
ing to known groups. E.g. to construct all such imprimitive groups of degree 
twelve it is only necessary to construct the groups that contain a self-conjugate 
subgroup involving two systems of intransitivity, those that contain self-conju- 
gate subgroups involving three systems of intransitivity, those that contain self- 
conjugate subgroups involving four systems of intransitivity which are trans- 
. formed according to the symmetric or the alternating group of degree four, and 
those involving six systems of intransitivity which are transformed according to 
& primitive group of degree six or according to the non-Abelian regular group of 
this degree. In the last case the group would also contain two systems of imprim- 
itivity, and hence this does not need to be considered for this particular degree. 
Theorem III. Jf one of the m transitive constituents of the head of an imprimi- 
tive group is G, and if H is the largest group involving the same elements as G that 
transforms G into itself, this imprimitive group is included in the imprimitive group 
whose head is the direct product of mH’s written in different systems of elements and 
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whose tail  permutes these H’ in the same way -a8 s the given inprimis y group per- 
mutes the given Qs. 

If t is any substitution in the tail of the aa pibes group, 14 
must possess the following properties : 1) transform the given head into itself, 
- 2) permute its systems of-intransitivity according to-a given substitution, and . 
. 8) its first power that leaves all these systems of intransitivity unchanged must 
be contained in the head. Since the group whose head is the direct product of 
the mH’s includes all the substitutions that satisfy the first and. the second of 
these three conditions, it must include the required group. 

. Corollary. When the head of an imprimitive group is the direct a of 
. transitive groups which are not self-conjugate in any larger group of the same degree, 
there is only one imprimitive group that permutes a transitive constituents of the 
head accor ding to a given group. l 
l . Theorem IV. There is only one: imprimitive group Aine Toad ee di 
: didis of a system of m conjugate transitive groups written in different sete of. ele- 
ments and whose tail permutes all these transitive groups cyclically.* 

According to the preceding theorem, such a group must be contained in the 
imprimitive group whose head is the direct product of mH’s and whose tail is 
generated by a substitution (¢) of order m which permutes the porrerponding 
eanes of the H'sin order. Hence 7 tail is generated by 


slat "eso amt, 


where thas -upper index indicates the system and the lower the particulár gubsti- 
tütion of the system. Since the mé power of this substitution is contained i in 


. the head, of the required group, we have 


818185 .¿L=h, 


- where A is some substitution in the first transitive- constituent of the head. If 
this condition „is satisfied, the group generated by the given head and — 
815585 we. Smt 18 conjugate to the group generated by this head and £; i. e. there 
is ona one such imprimitive group. 


$3.— Primitive Groupe. n : 


-Every transitive group of degree n contains n>a conjugate subgroups of * 
degree n—a, each including all the substitutions of the - -group that do not 





* Of. Quarterly Journal of Mathematics, vol. XX VIII, 1896, p. 207, 
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involve a given element. The necessary and sufficient condition that the group 
is primitive is that each of thesé subgroups is maximal. If this condition is 
satisfied, a = 1; but the converse is not always true, i.e. a may be equal to unity 
in an imprimitive and also in an intransitive group. The following method of 
constructing all the primitive groups of a small degree (n) is based very largely 
upon the given maximal subgroup of degree n — 1, which is supposed to be 
known. We shall first consider the case when n is a prime number (p). 

Every transitive group of degree p is primitive and contains at least one 
subgroup of order p. fit contains only one such subgroup, it must be included: 
in the metacyclic group of this degree. All the transitive subgroups of this 
group are self-conjugate and correspond to the subgroups contained in the cycli- 
cal group of order p — 1,* if we include identity and the entire group under the 
term subgroup. Asa cyclical group contains one and only one subgroup whose 
order is any given divisor of the order of the cyclical group, there are just as 
many transitive groups of degree p that contains only one subgroup of order 
p as there are different divisors of p— 1. E, g. there are just four primi- 
tive groups of degree seven that contain only one subgroup of order 7. The 
orders of these groups are 7, 14, 21 and 42. . 

All the subgroups of order p of any primitive group of degree p generate 
a self-conjugate subgroup, which is a simple group.t This simple group cannot 
be self-conjugate in more than.one group of degree p and of a given order, since 
the substitutions which transform a subgroup of order p into itself are completely 
determined by this subgroup. Hence it is very easy to determine all the primi- 
tive groups of degree p that contain a given simple group as self-conjugate sub- 
group. We have only to find the largest subgroup of the metacyclie group that 
contains any one of the substitutions of order p which is found in the given 
simple group and transforms this simple group into itself. If the order of this * 
subgroup is a times the order of the subgroup of the same: metacyclic group that 
is contained in the given simple group, then this simple group is selfconjugate in 
just as many groups of degree p as there are differént divisors of a, and the 
geherators of these groups are contained in the given simple group and the 
given subgroup of the: metacyclic group. Our problem is therefore reduced to ' 
the determination of the simple groups of degree p whose order exceeds p. 


* Since p has primitive roots. i 
t Miller, Bulletin of tha American Mathematical Society, vol. IV (1898), P. 189. 
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Each subgroup of order p that i is contained in suéh a group must be trans- 
formed into itself by more than p and by less than p (p- — 1) substitutions of the 
group. Herce the order of the required groups must be of the form 


ap (1 + kp), Ta 1<a<p—1 


o, must also be a divisor of p — 1. Sylow has recently considered the case when 
k= 1, and he demonstrated that the groups of degrees five, seven, eleven and 
- of orders 60,- 168, 660 respectively a are the only groups of a prime degree whose 
order is 4 p (p! — 1).* 

If a primitive group (G) of degree n is only rM transitive, its ii i 
subgroup (G) of degree n — 1 iè intransitive, and if the order.of one of its transi- 
tive constituents is divisible by a given prime number (p), the order of each of - 

. the other transitive constituents is divisible by the same prime number. t Hence 
we observe that the order of G, must be a prime number whenever one of its 
transitive constituents is of a prime order. In particular, if G, contains a transi- 
tive.constituent of degree -2, the order of G, is 2 and the degree of gi is a prime: 
number Lie. G is contained in the metacylic group. i 
Since G, is & maximal group, none of its selfconjugate gibpeonps besides 
- identity can be transformed into itself by any substitution that is not found in 
-@,. ‘Hence we see that when G, contains a self-conjugate subgroup of (H) of ' 
degree n—a, H must be intransitive-and it must be transformed by substitu- 
tions of G into a— 1 other subgroups of G,. When G, is Abelian or Hamilto- 
nian, all its substitutions except identity must therefore be of degree n — 1, and 
n (n — 1) Il 
2 


the order of G cannot exceed These theorems will be very useful 


in considering what intransitivo groups of degree n — 1 could possibly oceur in. 
simply transitive primitive groups of degree n. l 
. When G is & times transitive, its G, must be & —1 times Geneve When 
= =p +4 or 2p4- A, A 7» 2, G cannot be more than à times transitive without 
eia either the symmetric or the alternating group of degree n.§ It is well 
` known that G includes the alternating group of degree n whenever it involves ` 


*Bylow, ‘‘ Videnskabe-Selskabets Skriften,” 1897, No. 9. 
tJordan, ‘Traité des Substitutions,” 1870, p. 284. 
. T Miller, Proceedings of the London Mathematical poret vol. |. xxvn, P. 586. 
- Ibid., p. 584. 
¿Jordan, Bulletin de la Société Mathématique de Fransi vol. L p. 41. ot. Miller, Bulletin of the 
American Mathematical Society, vol. IV (1898), p. 143. . 
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.& transposition or a cyclical substitution of degree three. If two substitutions 
have only one common element, their commutator is a cyclical substitution of 
degree three. Hence G cannot include two such Aeon without including 
the alternating group. 

We observed that G, is a maximal subgroup of G. It evidently does not 
include any self-conjugate subgroup of G besides identity. Conversely, it is 
easy to prove that if a group of order g contains a maximal subgroup of order g 
which does not include any self-conjugate subgroup of the entire group, with the 
exception of identity, then this entire group may be represented as a primitive 
substitution-group of degree gg, and the number of ways in which it can be 
represented as such a primitive group may be directly determined from its 
abstract group properties.* We can also determine how many times such a 
primitive group is transitive from its abstract group properties.} 

If G, is intransitive, every substitution of G that is not contained in Gi 
must transform more than G+n(n— 1) substitutions of G, into substitutions of 
' Gi, g being the order of G. If it is transitive, every substitution of G that is 
not included in G, must transform just g +n (n —1) substitutions of G, into sub- 
stitutions of this subgroup. Similar remarks evidently apply to G, and its sub- 
groups in case G is more than doubly transitive. 


| Parr II. 
Determination of the Groups whose Degree does not exceed Eight. . 


By means of the methods given in Part I, it is easy to determine all the 
substitution-groups whose degree does not exceed eight. It is, however, not to be. 
inferred that these methods are sufficient to determine all the groups of large 
degrees with a reasonable amount of labor. The difficulty of the problem to 
determine all the possible groups of degree n increases very rapidly with the 
increase of n, and little progress has been made towards its complete solution. 
The theorems of Cauchy, Sylow and Frobenius, which relate to the existence of 
certain subgroups in all the abstract groups of & given order and give some gen- 


* Dyck, Mathematische Annalen, vol. xxi, p.90. Of. Miller, Bulletin of the American Mathemat- 
ical Society, vol. III, p. 218. 
1Messenger of Mathematics, 1898, pp. 104-107. 
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eral conditions which the uber of these subgroups must satisfy, àre probably 
the most important steps in this direction. 

The theorems of Jordan, Bochert and Maillet, which relate to ihe ai of 
primitive substitution-groups, are also of considerable general importance. A 
vast number. of more special theorems have been published during recent years. 
Some of these will be very useful in the considerations which follow. In con- 
sidering the groups of degree n we shall confine our attention to: those which 
actually involve n letters. We shall thus give each substitution-group that does 
not involve more than eight letters once and only once. The notation explained 
by Cayley, Quarterly J ournal of Mathematics, vol. XXV, will be employed 

, throughout. 
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If we have only two letters, it is evident that the only possible permutation 
is obtained by interchanging the letters. Two such permutations performed in | 


succession bring the letters to their original positions. , If the letters are repre- - 


 gented by a, b, these operations may be designated by ab and (ab) = l respec- 
tively. They evidently form the only possible group of degree two. This group 
is designated by (ab). 
l . The symmetric group of degree three is of ;order 6 id will fë PERE 
by (abc) all,* while the alternating group of this degree is of order 3 and will be 
. represented by (abc) cye: There can be no other transitive group of this degree 
because the order of & transitive group must be divisible by its degree, and there 
is only one group.of degree n whose order is equal to that of the symmetric. 
group of this degree, since this includes all thé possible substitutions of degree n.f .. 
“Since the symmetric group of degree n contains only one subgroup (the alter- 
= nating group) whose order is obtained ‘by dividing the order of the symmetric 
group by 2,1 there can be only one group of degree three and of order 3. From 
_ the fact that a system of intransitivity must involve at least two elements, it 
* follows directly that there can be no intransitive group of degree three. 

An intransitive group of degree four must contain two transitive constitu- 
ents of degree two. Hence there are two such groups. . The first is obtained by 
forming tho direct product of “ and (cd). It is of order 4, and will be 

* See eae p. 885. C 


t Abatti, ‘‘ Memorie della società italiana delle soienze,”? t. 10, 1808, p. 886. 
porien, *! Traité des pi EE » (1810), p 66. 
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Since the divisors of 4 are 1, 2, 4, there are just three groups of degree five 
that contain one.and only one subgroup of order 5.* The orders of these 
groups are 5, 10, 20. The first-is cyclical, the second is semi-metacyclic, 
and the last is the metacyclic group of degree five. These groups are 
denoted by (abcde) cyc, (abcde) and (abede), respectively. There cannot 
be any other transitive group of degree five besides the alternating and the 
symmetric group, for such a group has to contain six subgroups of order 5 
according to Sylow's theorem, and each of these subgroups must be transformed 
into itself by at least ten substitutions.+ Hence the order cannot be less 
than 60. 

$2.— Determination of the Groups of und Bia. ; 


If such & group is intransitive, the degrees of its transitive constituents 
must be one of the three sets 2, 2, 2:3, 3:4, 2. The largest group, all of whose 
transitive constituents are of degree two, is (ab)(cd ) (cf), and there is evidently only 
one such group. Since this contains only four positive substitutions, there is 
only one positive group of order 4 that contains three systems of intransitivity.. 
As the average number of letters in, all the substitutions of such a group is 3, a 
group of order 4 that involves negative substitutions must contain a transposi- 
tion. This transposition and the positive substitution involving the other four 
elements must generate the group of order 4. Hence, there are two and only two 
groups-of order 4 and degree six that contain three systems of intransitivity. 
There is evidently only one group of order 2 that contains these three systems. 
We have now found the four possible groups of degree six that involve the Bys- 
tems 2,-2, 2. 

Since (abc) cyc and (def) all do not have the same - ducenti group, jei is ` 
only one group that contains them as transitive constituents, viz. their direct 
product (abc) cyc (def) all. The two groups whose transitive constituents 
are (abc) cyc and (def) cyc are their direct product (abc) cyc (def) cyc and the 
group obtained by making them simply isomorphic (abc. def ) cyc. If the tran- 
sitive constituents are (abc) all and (def) all, we may form their direct product 
(abe) all (def) all, their simple isomorphism (abc.def) all, and a 3, 3 correspon- 
dence between them {(abc) all (def) all} pos. Since (abc) all is a complete 
group,] we obtain only one group by making it simply isomorphic to itself. 





* Of. Quarterly Journal of Mathematics, vol. X XIX, p. 226. tSee p. 808. 
t Hólder, Mathematische Annalen, vol. XLVI (1895), p. 325. 
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Hence, there are just six groups whose transitive constituents are 3, 3. “All of 
` them are evidently distinct abstract groups. 

‘If the transitive constituents are of degrees four and two, we ou five groups. 
hy forming the direct product’ of the transitive groups of degree four'and (ef). 
The orders of these five groups [(abed) all (ef), (abed) pos (ef), (abed),(ef), 

_ (abed) (ef), (abcd) cyc (ef)] are-48, 24, 16, 8, 8 respectively. We have seen that: 
- (abcd) all and (abcd) eyc’contain onè selteon anat subgroup which includes one- 
half of the operators of the group, and that (abcd), contains three. such subgroups 
that cannot be transformed into each other while the three subgroups of order 2 
in (abed), are transformed into each other by substitutions that transform (abcd), 
into itself. Hence we obtain the following six groups by dimidiation : {(abed) all: 
(ef); pos, {(abed) eye (ef)} pos, {(abed),(ef)} dim, and {(abcd),(ef)} dim. The ' 
- last symbol includes three groups which. are simply isomorphic to (abed),. 
“Hence, there are 11 intransitives groups of degree six involving the systems 4, 2. 

The imprimitive groups of degree six * have either two or three systems ‘of 
imprimitivity. . We shall first consider those groups which contain two such 
- systems and afterward those which contain three. systenis without containing also | 
two systems. From the general theory of Part I, it follows directly that each 
of these groups must contain one of the following five: groups: i 


(abc) all (def) all, . iura all (de) all} pos, (abc. def ) all, : 
zu (abc) eye (def) cyc, (abc. def ) ‘eye, 


, and that we obtain. an imprimitive group whose order is twice the order of the 
head -by adding a substitution of order two (ad.be:cf) to each one.of these 
` heads. From theorems II and and V it follows directly that there is only one 
group for each of the three heads (abc) all (def) all, (abc . def) all, (abc) eye (def) 

cye; and from theorem VI it follows that there are. just two. groups with the 

head (abc. def) cyc. ^ The orders of these five imprimitive groups are evidently 

"72, 12, 18, 6, 6 respectively. -From theorem IV we observe that there are just’ 
two such groups that contain {(abc) all (def) all} pos. It is evident that these 

seven possible imprimitive groups of degree six, which contain two systems of 

imprimitivity, represent seven distinct abstract groups. _ i 
_if an mou group or. degree gix Con MAE three systems of imprimi- 














* Cf. Burnside, g Theory of Groups ” (1897), p.180. - © 
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tivity, it must have one of the following four groups as g head, and its order 
must be the order of its head multiplied by three or six: 


1, (@.cd.ef), {(ab)(od)(ef)} pos, (ab)(ed)(¢f). 


` If it has either of the first two heads, its order must. be 6 or 12. We observed : 
-above that the two possible regular groups of order 6 contain two systems of 
imprimitivity. It is evident that each of them.contains also three systems, 
but we desire to consider only those groups which contain three systems 
without al&o containing two systems. The five possible groups of order 12 are 
well known," and only two of them contain subgroups of order 2 that are not - 
self-conjugate. As all these subgroups can be made to correspond in some 
simple isomorphism of the group to itself, and as they are not maximal, 
there are just two imprimitive groups of degree: six and order 12. We found. 
above the one that contains a self conjugate subgroup of order 2; the one that is 
simply isomorphic to (abcd) pos must, therefore, contain the third of the four 
heads given above, and it must permute its three systems according to the group 
of order 3. 

Since all the operation-groups whose oss is less than 64 are known,| we 
could readily find all the possible imprimitive groups that contain the given 
heads directly from the simply isomorphic operation-groups. It may, however, 
be more simple to proceed as follows: From theorem III, Part I, it follows that 
all the possible imprimitive groups of degree six which involve three systems 
of imprimitivity, must be contained in the group of order 48 which contains 
the head (ab)(cd)(ef) and permutes its systems of intransitivity according to the 
symmetric group of degree three. It remains only to consider the subgroups of 
order 24 that are contained in this. group. Since this group contains only one ` 
“subgroup of order 12 and is isomorphic to the four-group with respect to this 
subgroup, it contains just three subgroups of order 24. That each of these three 
groups contains three systems of imprimitivity follows directly from the fact that 
the given group of order 48 permutes the systems of intransitivity of the given 
head according to the symmetric group of degree three. From the same fact 
we observe that these three groups of order 24 are distinct substitution-groups. . 
The two which involve only the positive substitutions of (ab)(cd)(ef) are simply 





* Cayley, American Journal of Mathematics, vol. XI, pp. 189-157 ; of. EBORE, Philosophical Trans- 
actions, vol, CLXXVII, pp. 87-48. 
Miller, Quarterly Journal of Mathematics, vol. XXIX, pp. 248-288. 
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isomorphic to a all, while the one which contains (ab) (edyef) is the deu 
product of the alternating group of degree four and an operator oforder2. . ` 
We have now considered all the possible imprimitive' groups of degree six 
and found that there are seven such groups that contain two systems of i imprim- 
itivity, and that there: are five that contain three systems without containing 
also two systems, while there are just three groüps that contain both two and . 
three systems, viz. the two regular groups and one of the groups of order:12. 
The two given groups of ordér 24 are the only instances where two imprimitive 
groups of degree six represent the same abstract group. 
‘Mathieu proved* that there is at least one triply transitive group of des 


pri and order p(p*— 1) and one doubly transitive group [the group of the . . . 


. modular equation] of degree p + 1 and order È (#—i), p being any prime 


number: The latter is simple whenever p exceeds 3; and -it is formed by the 
positive substitutions of the former. It will appear that there is no-other j primi- 
: tive group of degree six besides the alternating and the symmetric group. 

Since each of the intransitive groups of degree five contains a substitütion ' 
of the form abc, there can be no primitive’ group of.degree six unless its order is 
divisible by 5. If such a group does not contain the alternating group, its order 
must be 30, 60 or 120. It could not be of order 30, since every group of this. 
order contains a subgroup: ‘of order 15,T and a group of order 15 must be cyclical 
since 5 — 1 is not divisible by 3. The only one of the thirteen possible groups 


. of order 60 that contains six subgroups of order 5 is simply. isomorphic to. * 


(abcde) posl - As the latter contains only one system of subgroups of order 12 
thatcan be made to correspond, it can be represented in only one way as a 
` transitive group of degree six, and this must therefore be the group mentioned 
"above. If there is a primitive group of order 120, it must contain the given 
‘group of order 60 as subgroup, and it must'be completely determined by this 
subgroup, since (abcde), is completely determined by (abcde)u- ‘Hence, we have `- 
determined all the P possil groups of E six. ZEE 





* Journal de Mathematiques, vol. V (1860), p. 87. í | 

Q1 Frobenius, Berliner Bitzungsberichte, 1895, p. 1048; ef. Holder, Göttingen Neshrienien, 1885, 
“p. 911. 

+ Burnside, s Theory of Groups o of & Finite Order," 1897, ü 107. 
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83.— Determination of the Groups of Degree Seven. 


Since seven is odd, one of the transitive constituents of each intransitive 

group of this degree must be either of degree three or of degree five. In the - 
-former case the other constituent may be either transitive or intransitive. Hence, 
every intransitive group of degree seven must have one of the following three 
sets of systems of intrapsitivity : 3, 4; 3, 2, 2; 5, 2. Since there are five transi- 
tive groups of degree four and two of degree three, we can construct just ten 
intransitive groups by forming the direct product of a transitive group of degree 
three and one of degree four. (abcd) all is the only group of degree four that 
has a non-cyclical quotient group of order 6, and (abcd) pos is the only one of these 
groups that has a quotient group of order 3; hence we obtain just two groups by 
establishing an a, 1 isomorphism between the transitive groups of degree four 
and the groups of degree three. The only other quotient group that is repre- 
sented by the groups of degree three is of order 2, and we have seen that this 
gives rise to six groups. Hence, there are just eighteen intransitive groups of 
degree seven whose transitive constituents are of degrees three, four.* 

i Since there are only two intransitive groups of degree four, we obtain only 
four groups by forming the direct products of the intransitive groups of degree 
four and the groups of degree three. The only quotient group which these con- 
stituent groups have in common is of order 2. From the fact that (ab)(cd) con- 
tains two subgroups of order 2 that cannot be transformed into each other, it 
follows that we obtain three intransitive groups by dimidiating (abc) all and the 
intransitive groups of degree four. Hence there are just seven TUUS of. degree 
geven whose transitive constituents are of degrees 3, 2, 2. 

By multiplying ( Jg) into the five transitive groups of degree ws we obtain 
the five direct products whose transitive constituents are of degrees five and two. 
Since three of these transitive groups have one and only one subgroup of half 
their. order, we obtain three additionalintransitive groups by dimidiation, Hence, 
there are eight intransitive groups of degree seven whose transitive constituents 
are of degrees five and two, and the total number of intransitive groups of degree 
seven is thirty-three. 

It follows directly from Part I that there are just four primitive groups of 
degree seven which contain only one subgroup of order 7, and that the orders of 








4 
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these groups are 7, 14, 21 and 42 réspectively. The substitutions of nie 7 D. 
that are contained in any 'other primitive gróup of this degree must generate a. 
self-conjugate simple.group of a composite order. The lowest order of a simple 
group that contains operators of order 7 is 168, and there is only one- simple 
“group of this order.* As all the subgroups of order 24 that-are found in this | 
simple group can be: made to correspond in some simple. isomorphism of the 
group to itself, it can be x E in only one way a4 a transitive group of 
degree seven. 

This simple group dino occur as a aelf-conjugate subgroup of & ` larger 
.primitive group of degree seven, since the groups of order 48 and degree six 
contain a transposition.t If other primitive groups of degree: seven exist, they 
must include sonie other simple group of composite order as a self-conjugate sub- - 
group. The only groups of degreé six that could possibly ccur in such a simple 

. group. are (abedef)g and (abcdef) pos. The former is impossible because there | 
is no simple group of order 420,] and the latter léads.to the alternating group of 
. degree seven. Hence there is one and only one primitive group of each of the 
orders 7, 14, 21, 42, 168, ¿471 (at l 


$4. — Determination of the Boss of Degree Eight. 


An intransitive group of. degree eight must have one of the following five 


- . Bets of systems of intransitivity : 2, 2, 2, 2; 3, 3, 2; 3, 5; 4, 2, 2; 4, 4; 6, 2. 


The first of these sets was considered in Part I, where we proved that there are 
. just eight groups of this kind. Those of the second set may be directly obtained 
from the groups of degree six whose systems of intransitivity are 3, 3. As there 
are six such groups of degree six, we obtain six groups of degree eight as the 
diréct products of these groups of degres six and a transposition. Two of the 
groups of degree six, [(abc.def) oyo, (abc) cyce (def) cyc], do not contain a 
quotient group. of order 2; three others, [(abc.déf) all, (abc) all (def) cyo, 
4(abc) all (def) all} pos], contain a single group whose order is half the. order of 
the group, while the last, (abc) all (def) all, contains three subgroups of. order 18. 


As two of the last three subgroups are transformed into each other by substitu- - - 


tions that transform (abc) all (def) all'into itself, there are just eleven i intransi- 
_ tive: groups of degree eight sien involve the systems 3, 3, 2.. : 








* Holder, Mathematisohe Annalen, vol. XL (1892), p. 88. i 
tCayley, Quarterly Journal of Mathematics, vol, XXV, 1891, p. 81. 
.tOole, American Journal of Mathematics, vol. XV (1898), p. 808. 
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By forming the direct products of the transitive groups of degree five and . 
those of degree three, we obtain ten groups whose systems of intransitivity are 
5,3. As none of the quotient groups of the transitive groups of degree five is 
of.order 3 or 6, we cannot form any groups by establishing an a, 1 isomorphism 
between the transitive groups of degree five and those of degree three. Hence, 
itis only necessary to add the three groups obtained by dimidiating some transi- 
tive group of degree five and the symmétric group of degree three in order to 
get the total number (13) of the groups of degree eight whose transitive- constitu- 
ents are of degrees five and three. ` 

If we multiply each of the five transitive groups of degree four into the two 
intransitive ones, we obtain ten groups whose transitive constituents are of degrees 
four, two, two. By dimidiating the same groups we obtain eighteen additional 
groups with the given transitive constituents, since (ab)(cd) has two subgroups of 
order 2 that cannot be transformed into each other. By establishing an a, 1. 
isomorphism between the transitive groups of degree four and (ab)(cd), we obtain 
three additional groups from (efgh), and one from (efgh), Hence, the total 
number of thege groups whose transitive constituents are 4, 9, 2 is 32. It is 
evident that the groups obtained by these different methods are distinct. 

We obtain fifteen groups by forming the direct products of the transitive 
groups of degree four into themselves written in a different set of letters. Hach 
of the transitive groups of degree four is transformed into all its simple 
isomorphisms to itself by the symmetric group of this degree,* with the excep- 
tion of (abed),. Since the group of isomorphism of the last group is simply: 
isomorphic to the group itself, and it has three conjugates in (abcd) all, we obtain 
just two distinet substitution-groups by making it simply isomorphic to itself. 
Hence, we obtain six additional groups by establishing a simple isomorphism 
between two transitive groups of degree four. We proceed to find the remain- 
ing groups whose transitive constituents are 4, 4. l 

- The quotient groups of (abcd) all which differ from the entire group are the 
group of order 2 and the symmetric group of order 6. We can evidently use 
the latter of these two only in establishing a 4, 4 correspondence between 
(abod) all and (efgh) all and thus forming a group of order 96. The former can 
be used with all the groups that have a quotient-group of half their order, and 








* Of. Holder, Mathematische Annalen, vol. XLVI (1895), p. 840; Miller, Bulletin of the American 
Mathematical Society, vol. I dde p. 258. 
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hence leads to six additional groups. We have now found all the groups whose 
systems are 4, 4 and which contain the symmetric group as one of their transi- 
tive constituents, in addition to those which’ are obtained. by forming the direct 
product or by establishing a simple. isomorphism. We shall next: find all the. 
additional groups which have (abcd) pos for one of their transitive constituents, 
then we shall find those which have (abcd), as a transitive constituent without . 
containing either (abcd) all or (abed) pos, ete, 

‘Since (abcd) pos contains only one seltconjuaate O besides entity, 
and this corresponds to a' quotient-group of order 3, we obtain only one addi- 
tional group that contains this group for one of its transitive constituents, viz. * 
the group of order 48 which is formed by establishing a 4, 4 correspondence of 
the alternating group to itself written in a different set of letters. When one of 

“the transitive constituents is (abcd),, we have to consider two quotient groups, 
` viz. the four-group and the group of order 2. The former gives rise to five 


additional groups of order 16* and one of order 8, while the latter leads to ` 


six additional groups -of order 32+ and six of order 16. Hence, there are 
eighteen groups that contain (abcd), as a transitive constituent but do not con- 
tain any transitive constituent of a larger order, and are neither the direc- 
product of two transitive groups of degree four nor the groups obtained by 
making (abed), simply isomorphic to itself. Since we obtain three additional 
groups.by dimidiating (abed), and (abcd) cyc written in two systems of letters, 
the total number of the groupe of degree eight whose transitive constituents 
are 4, 4 ig 50. à 
By multiplying each of the sixteen transitive groups of degree six by a 
iransposition we obtain sixteen intransitive groups whose transitive: constitu- 
ents are 6, 2. It remains to examine all thé transitive groups of degree six 
in regard to their subgroups whose orders are obtained by dividing the order of 
the group by 2 and which cannot be transformed into -each other by any substi- 
tution that transforms the group into itself. It is well known that each of the 
groups of order 6 and of order 18 contains only one such subgroup. One of the - 
groups of order 12 contains three such subgroups, while the other does not con- 
iain any. subgroup of order 6. We have already observed that each of the three 


` * Oole, Bulletin of the New York Mathematical Society, vol. n (1898), p. 187; of. Miller, ibid., vol. 
TIT (1894), p. 108. — 
TOayley, Quarterly Journal of. prp: vol. XXV' (1891), p. 147. 


whose -Degree does not Exceed Bight. ` E 321 


. transitive groups of order 24 .contains only one subgroup of order 12, and that 
the group of order 48 contains three distinct subgroups of order 24. The group’ 
of order 36 which contains substitutions of order 4 contains only one subgroup 
of order 18, since it is isomorphic to the cyclical group of order 4 with regard to 
its subgroup of order 9, while the other group of order 36 contains three sub- 
groups of order 18, two of which are conjugate in the group of order 72. Since 
the group of order 72 is isomorphic, to (abed), with respect to its subgroup of . 
order 9, it contains just three subgroups of order 36—the two transitive groups 
just mentioned and the direct product of two symmetric groups of degree three. 
Henee, we obtain eighteen groups by dimidiating the imprimitive groups of 
degree six and (gh). 

Since the four primitive groups of degree six (regarded as abstract groups) 
are the symmetric and the alternating groups of degrees five and six, we obtain 
only two groups by dimidiating a primitive group of degree six and (gh). 
‘Hence, there are thirty-six groups of degree. eight whose transitive constituents 
are of degrees six, two. The total number of intransitive groups of this degree is 
therefore 8 + 11 + 183 + 32 + 50 + 386 = 150. It remains to determine the 
transgitive.groups. 

The imprimitive groups of degree eight contain either two or four systems 
of imprimitivity. We shall first consider those which contain two-such systems 
and afterwards those which contain four systems without containing also two 
systems. The following twenty-three groups may be used as heads: (abcd) all. 
(efgh) all, 1(abed) all (efgh) all} pos, $ (abcd) all (efgh) all], ,, (abed. efgh) all, 
(abed) pos (efgh) pos, {(abcd) pos (efgh) posi, 4, (abed.efgh) pos, (abcd), (efgh)s, 
{(abed), (efgh)s} dim (three groups), | (abcd); (fg) s, » (four groups), (abed.. efgh), 
(two groups), (abcd),(efgA),, i(abod), (efgh)i; dim, (abcd.efgh),, s eye 
(efgh) cyc, 1(abed) cyc (efgh) cyc} pos, (abed .efgh) cyc. 

We proved in Part I th&t there are just five distinct imprimitive groups of 
degree eight in which the transitive constituents of the head are the symmetric © 
groups of degree four, ánd that there are five such groups in which the transitive 
constituents of the head are the alternating groups of degree four. Hence, the 
first seven of thé given twenty-three heads give rise to ten imprimitive groups of 
.degree eight. Three of the remaining heads are the direct products of two 
transitive groups, and, hence, each gives rise to only one imprimitive group. It 
is evident that these three groups are distinet from each other and from those 
whieh involve the other heads. 
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: From theorem IV it follows that each of the thres heads represented by 
` { (abed), (efgh),} dim gives rise to two groups, and that these six groups of order 
64 are distinct. From the same theórem we observe that the group represented by | 
- A(abed); (efgh) ts, y in. which the identical divisions correspond, is the head of four 
distinct groups-of order 32,-and also: that each of the other three heads repre- - 
sented by this notation leads: to two conjugate groups. Two of the last three - 
groups involve substitutions of degree six, and must therefore be- distinct from 
the:other groups of-order 32 which have been. given above; the third contains a 
subgroup of order 16, which is conjugate: to the |(abed), (efgA),],, a in which the 
identical divisions correspond, and therefore -is conjugate to one of the four 
groups.containing this head. Hence, there. are just six hog groups that con- - 
tain one of the four heads represented by {(abcd), (efgh)sts, 3 . 
As the remaining heads lead to groups, of order 8 or 16, it may be easiest to’ 
obtain them from their simply isomorphic abstract groups. Since each abstract - 
group can be represented in just one way as a regular group, there- arë five regu- 
lar groups of degree eight, and their substitutionst: can be directly obtained from 
the simply isomorphic abstract groups. It remains to consider: the groups of 
.order 16 which can be represented as transitive groups of degree eight, and to _ 
- determine in how many ways each group can be so represented. Since an Abe- 
lian or a Hamiltonian group cannot. be transitive unless it is regular, we may 
confine- our attention to the eight groups of order 16. that are neither Abelian 
. nor Hamiltonian. A list of these groups, written out. in full, is 3 given in UAE 
terly Journal of Mathematics, vol. XXVIII, pp. 269-273. 
l It is evident that the groups Nos. 6 and 11 in this list do not dotati any 
subgroup of order 2 that is not self-conjugate, and that each of the remaining 
six groups contains such subgroups. In at least five of these groups all of these 
subgroups of order 2 can be made to correspond in some: simple isomorphism. of 
the group to itself, since they do not occur in one of the Abelian subgroups of 
order 8; hence, each of these groups can be represented in only one way às & 


pu substitution group of degree eight. No. 9 contains three Abelian sub-  - 


groups of order 8, each containing two subgroups of order 2 that are not self- 
ció in the entire group. From the group of eee of this group,t 


* Oole, Bulletin of the New York Mathematical Sois vol, II sie), P: 188. j 
f Cayley, Quarterly Journal of Mathematica, vol. XXV (1891), p. 148. 
+ Miller, Quarterly Journal of Mathematics, vol. COR P. 268. 
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~~ it follows directly that all of these subgroups of order 2 correspond in some 
simple isomorphism of the group to itself. ` Hence, it also can be represented in 
. only one way.as a transitive substitution group of degree eight. From this we 
see that there are just six transitive substitution-groups of degree. eight and 
order 16. These must be imprimitiye, since a group of order p*, p being any 
| prime number and a > 1, cannot be primitive. They must contain two systems 
of imprimitivity, since they coma. met be BM to a primitive group of E 
' degree four. jt 
We have now considered all the possible cases and found that Ha are just 
thirty- six groups of degree eight that contain two systems of imprimitivity. It 
remains to determine those which contain four systems without also containing ' 
. two systems, Since such: groups must permute their systems according to - 
(abcd) pos or (abcd) all, the systems of intransitivity of the heads must permit. 
. the permutations represented by ` these | groups. Hence, we need to éonsider only . 
- the indi heads: E 


» (abcd. ef. gh), KENEAN ian F pos, (ab) (éd) (ef (gh). 
The first one of these heads does not lead to an additional group, since (abcd) all . 
can be represented i in only one way as a transitive substitution-group of degree 


' eight, having only one system of conjugate subgroups of order 3. It is evident 


that ‘one such representation is possible with the head (abcd. efgh) pos. The 5 
second óf these heads gives rise to groups of order 24 and 48 which contain non- 
‘maximal subgroups of orders 3 and 6 respectively that are not self-conjugate nor 
contain any self-conjugate subgroup of the entire group. Ifa transitive group 
-of order 24'and degree eight contains a subgroup of order 12, this must be intran- 


- . sitive and the group must contain two systems of imprimitivity. Since there is i 


only one group of order 24 that does not contain a subgroup of order 12* and ita 
subgroups of order 3, aré non-maximal and conj ugate by Sylow's theorem, there 
is only one imprimitive group of order 24 .and degree eight that does not: have 
two systems of imprimitivity. 

The groups of order.48 that can be represented as ue groups of degree 
eight, must clearly be contained among the eight groups of this order that con- 
tain four subgroups of order 3. Four of these eight groups contain a self-con- 


* Millor, Quarterly Journal of ! Mathomatios vol. XXVIII, P 274. 
T Ibid., voL Y p. 258. 
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l jugate: TE: of Sidar 12, and ing they must - contain two systems ‘of 
imprimitivity if they can be represented as transitive groups of degree eight. `- 
"In fact, only one of these: four groups (Gn) can ‘be represented - as a transitive - 


group of degree eight. It is also easily-seen’ that.only one of the remaining 


‘four groups.(Gg) contains non-maximal. subgroups of order 6 that do not l 
. include any operator except identity that ig self-conjugate, and that all such 


subgroups may be made to correspond in some simple isomorphigm of G to 


itself. Hence, there is only one imprimitive group of order 48 that contains four 


systems of imprimitivity without containing also two systems.. That there are 
only two groups with the head (ab)(cd)(ef)(gh) ‘and ‘three with .the head 
{(ab)(cd)(ef)(gh)} pos following directly from the general theory. Hence there : 


‘are just seven groups of degree eight that contain four. systems of imprimitivity 
: without containing also two such systems. The total number of add 
- . groups of this degree is therefore forty-three. ; 


Hach of the solvable primitive groups of degree eight must contain asa sélf- 
conjugate subgroup the regular groüp of order eight which contains no opérator ` 


l whose order exceeds 2. Since the group of isomorphisms of this regular group , 


is (abedefg) ree," these ` primitive, groups must correspònd to. subgroups: of this 
group of order 168. It is evident that a doubly transitive. group of order 
56 corresponds to the subgroup of order 7, and that a doubly transitive group 


'of' order 168 corresponds to the subgroup of order, 21. Since all of the sub- 


groups of orders 7 and 21 are conjugate in (abodefg)us, there is only one `` _ 


solvable primitive group of each of the given orders. 


` If there were any other solvable primitive group of degree ES it would 


have to be simply transitive, and its maximal subgroup of degree seven would 


have to be a subgroup of (abedefg)us t and contain the systems 3, 4.] As this 


. intransitive group-could hot contain any substitution whose degree is less than 
. four nor a transitive group whose degree is less than six, it cannot be constructed. 
` - Hence, there are only two'solvable primitive groups of degrée eight. 


From what precedes, it follows that the largest group of degree eight which: l 


contains the given regular group as a self. ~conjugate subgroup i is triply ti añsitive 


and of. order 1344. The two Mathiew groups | of orders pl p —1), £ (p* — 3) 





* Moore, Bulletin of the American Mathematical Society, vol. 1 lid P. 61. 
fIbid., vol. V (1899), p. 250. ; 
t Jordan, “ Traité des substitutions ” (1870), p. 284. 


e 
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- and degree p + 1. are- of orders 336 and 168 respectively. Since the lattér is 
simple, it is distinct from the solvable. primitive group of this order which we 
determined aboye.” If we add to these groups the alternating and the symmetric, 
"we have seven primitive groups of degree ‘eight, two being solvable and five 
insolvable. We proceed to Prove. that: there is no. other pee group of this 
degree. BE : 
Ifa primitive groüp of degree eight were s transitive, its maximal sub- 
group of degree seven would have transitive constituents of degrees three and four. 
As it could not contain any transitive subgroup whose degree i is less than eight} . 
nor any substitution whose degree is less than four, such a group cannot be con- 
structed.{ Hence, it is only necessary to. consider groups of orders 56, 112, 168, 
336 and 1344. As we have considered all the possible solvable groups, we 
may suppose that the groups: ‘under consideration contain a comppsite factor l 
of composition. ‘Hence, we do not need to consider the first two of the given’ 
orders. We proved in Part I that. there cannot be more than one group of -. 
degree eight and order 1344. We may, od: restrict ourselves to groups of 
orders 168 and 336. 
Since there is only one simple group dl order 168,5 and this group sonis 
“ only one system of conjugate subgroups of order 21, it can be represented in only 
one way as a transitive group of degree eight. An insolvable group of order' 
336 must contain the given simple | group as sel£conjugate subgroup, and is com- 
pletely determined by it since (abodefg),s is completely determined by (abcdefg)a. 
‘Hence the proof is complete. We have now examined all the possible cases and 
found that there are just two hundred substitution-groups of degree-eight; one _ 
hundred and fifty of these are intransitive, forty-three are imprimitive and seven | 
are primitive, ` 


Parr II. 


List of all the Substitution- Goun aioi Dune: is > less than Nine. 


In the following list the. groups which are Bii isomorphie to groups i 
_ which: precede them, are represented by Roman letters, and the others are repre- 
‘sented by Greek letters. All these dai which are represented 








*Of. Holder, Mathómatisohe Annalen, vol. XL, p. 75. _ wey a ` 
: . Cf, Netto, ** Theory of Substitutions’? (1893), p. 95. : = 
tOf. Miller, Proceedings of the London Mathematical Society, vol. XXVII, Pe 584. 


§ Burnside, ** Theory of qoum of a Finite Praon 1891, p. 308. " 
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by Greek letters, are areire distinot i a8 abstract or eyeration- groups ; and they px 
include all the abstract groups which can be represented by PSOE 
whose degree does not exceed. eight. 

| The number which follows. a group m by Bonm letters indicates 
the degree of the first substitution-group (represented by Greek letters) to which 
it is simply isomorphic, and the subscript of this number indicates which of the 
groups of the given degree and order is meant. If there is only one such group, 


this subscript is omitted. E. g: the 3 after the second and third groups of degree ` 


‘six and order 6 indicates that these two groups are simply isomorphic to the 
group of degree three and order 6, while the 6, after the third group of degree : 
six and order 8 indicates that this -is simply isomorphic to the first group ( of this 
degree and order. 

‘Bach of the insolvable groups is is followed. by the tad ins., lt may 
be observed thát only 28 of the 295 substitution-groups whose degree: does not 
exceed eight are insolvablé. The number of abstract groups represented by 
these 295 _substitution-groups is 137, i. e. somewhat less tlian one-half of the total 
number. The number of abstract insolvable groups is 20;.five of these are 
simple groups of composite order, viz. one group of each of- k order 60, 168, 
360, 2520 and 20160. = = 3 . E 

E EM d 


LT ` uel ` Degree Two. | aa DE Lx 
Order. "No. ©  Notition. Le S a LN 
503.01 (ap) 
"RE: - Degree Three. — - - 
a, 47 (ay) eye, > a 
8 * 1 (a£) all. 
2 ` Degree. Four. « 
2 5/013 (med. 2 
4 1 (0810), B 
2 (abed),, . d ` 4, N 
3 . (aBy8) eye, el 
8 1 — (aByd)a, 
12. a . (aBy8) pos, A 
24 . 1. (afyó)al © 
Total, a 


16 
18 


oo 
e 


Y i 
OO] E m e RN lo d 


€» ho. f C bt) RS om E E E O n ow t2 Rh ow C ee 


: Notation. . 


- (aByde) eye, * 


(aBy) eye (de) - — 
{(abe) all (de)} pos, 
(aByde)ho, - 
(aBy) all (de), 
(a8y0)0, 


. (aByde) pos, : 
- («By 3e) all, 


^ whose Degree does not Exceed Eight. . 


- Degree Five. - 


Degree Six. 


(ab.cd.ef), . + 
(abc . def) eye, : 
(ab.cd)ef), > 
[(a5)(cd)(ef)] pos, 
((abed), (ef) y dim, 


{(abed) eye (ef); pos, - . 
(abedef) eye, © > 


(BED. o7 


(aBy9) eye (el), 
(abcd), (ef), 


{(abed), com (ef)| dim, 


{ (abcd), cye (ef), dim, 


— {(abed), pos (ef) dim, 
(ay) eye (del) oyo, 
 (abedef)r3,, 
(o8), (&), ! 
: (aBy) all (de) eye, - 
{(aBy) all (de¢) all} pos, 
- (abedef Ji, 
48 o 


2 
3 
(4 


dy 


w Ot. 


6, 


36 


14 
20 
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Notation. |. ^ ^ -. 


= (aBy0) pos (a), 


{(abed) all (ef)} pos, 
(+ abedef y, l 


] | (+ abedef Ju RES 
c (abedef)a,, > 
(ay) all (del) all, 


(aß y 088 es DN 


- -(abctlef Ja, , 


(a8y3) all (e%), 


(abcdef jos ` _-ing. ` 


(oy 9eb ss , 


(aBydel) pos, . -' 
(aBydeL) all,  “ 


(ac bafa) oyo, > 
` (ac. bd)(efg) all; dim, | 
` (a Beo) cyc, 

(a Bye) eye (Sn), 


A(abedo)(fg)] dim, 


(ae. bd)(efg) al, 


(a8)(78)(e6n) eye, 


- (uy) oye (en) eye, 


(abed),(efg) eye, 


- {(ab)(ed)(efg) all} pos, ` 
{(aBy8) eye (en) all} pos | - 
` 4(abod) (ef) all} dim, 


[(abc) all (de) pos (9); 


| ((ated) pos (efg) oyo tris 


(a8 y eb Ju ? 
(ay Seen) 


. Order. . 


21 
.24 


o 86: 


40 


42 
48 -. 
72 


| 120. 


, 40 
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ts 


No. * Notation. 
2 — {(abede)a(fg)} pos, 
1 (ay 0e ma, 
1 — (aBYy)(em) all, - : 
2 (aByd) eye (em) all, >: 
3 (abed),(efg) all, 
4 (aBy5)s(eGn) eyo, 
5 ((a8y9), com (ex) allj dim, 
6 {(aBy6), cyc (27) all} dim, 
7 { (abcd), pos (efg) a dim, 
8 {(abed) all (efg) all], 1, 
1 *(aBy0) pos (en) eye, 
1+ (@By8e)a(Cn), 
1 (Rx 
1 (aBy6d)s(eGn) all, ^. 
1 (ays) all (ein) cyo,- 
2  (aByà) pos (en) all,. : 
3. {(«8yð) all (ečv) all}. pos, . 
1 (aByde) pos (fx), Ing. 
2 | (abcde) all (fg)) pos, ins. ` 
1 (aBy6) all (e£) all, . . 
1 . (aQyócm)m, © ins E 
1o (a8Byde) all (n), de 
1 (a8 8s) pos, `, ins. 
1 ` (aQyós-)al,. ` ins. 
3 Degree Eight. 
(ab. cd:ef.gh), . 
(b.ed. fI); 


c Oc uw 6 po nm 


(ab . cd) (ef. gh), 


A(ab(ed)sf.gh) dim, — ^. 
{(abed) cyo (ef. gh)} dim, ` - 
{(abed), (sf.gh)) dim, — ^ 
` (abed . efgh) eye, : 
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ix 


DOMAIN qa Co to HF OY 


eo 


1, abcd, ac .bd, adeb + ef .gh(ac, bd, ab. cd , ad. be), 
1, ab.cd, ac.bd, ad.be + ef .gh(ac, bd, abcd, adcb), 
1, ac, bd, ac.bd + ef.gh (abcd, adeb, ab.cd, ad.be), - 
| (at esf gh) pos, . `. | 

` 4(abod) cyc (efgh) oycha, a, 


(abcd), (efgh)4] », s; 


(ac) (bd (efgh),]. dim, 


| 
| 
ewe cyé| pos, 
[(abed), (efgh) cyc} dim, 


(abed .efgh),, , 
{ (abcd), (ef (gh) js, 1, 


- {(abod)s (ef gh) ya, 1> 


{(abed)s (ef (gh) ya, 1» 
(abcd. efgh) 8; , 


{ (abcd) (sf gh).ls, Doc 
. (ay eC 0) cyc, 


A (abcdefgh),, 
B (abcdefgh), 


|. C(abedefgh),, — 


D (aBydcn0)s, 
(abedef) cy c (gh), 


(abe. def) all (gh), 


Notation. co i o 
{(abed), (AIh) hi. i. j Ay 
.. (abcd .efgh),, ^. Po Ka 
(abe. def) oye (gh); iB 
| (abcdef) cyc (gh); pos, " 
{ (abc. def) all (gh)} dim, ^^ 8 
((abcdef ), (gh) dim, EI 
(ab.cd(efKgh), ~ 6 
{(ab)(cd)(ef)} pos (gh), i 
- { (abed) cyc. (ef)] pos (gh), 6, 
{(abed), (ef)} dim (gh), - 6, 
(abcd) eye (ef. gh), (6, 
(abed), (ef. gh), 6; 


whose Degree does not Exceed Fight. — 


Order. No. ^. Notation. 
| ^ 3 (abede) (gh), CN. 
4° \(abedef)y(gh)} dim, ^ ^ 0n 
5 \(abedef)(gh)} po, ^ >“ 
& .— {(abodef)s(gh)} dim, “ 
7 (abcd . efgh) pos, 4 
15 1. (aByde) eye (£n0) eye, 
16 1 — (ag)y8)e(x0), . 
2 (a8yb) eye (O), A 
3 — (abed), (ef (gh), 8 
4-9 — i(aby(ed)(sfgh), dim, 8 


10  (aByà) eyó (egn) cyc, 


11 (abed), (efgh) cyo, 8, 
12 (abed), (efgh)., 28 
13 (abcd), (ef. gh), CE: 


14-16 . .|(abed),(gfgh),] dim, — “ 
17, 18 {(aByd)_cye (ečn0)s} dim;, 
19 — (ay) oye (e£n0)a) dims, 


20,21 i(abed), (efgh)s]s, 2, - . 6 

22-24 [(abed)s(efgh)s]sss ^ 81 o 
25  1(aBy0) eye (m0) cyc} pos (ae. BZ. yn - 86), 
26 —— (a9) eye (ex0) cyc} pos (a¿Bny08), 
27 {(abed), (efgh),} dim (ae. bf. cg. dh), 


28 {(abed), (efgh),] dim (afbe . chdg), 
29  - (aByd. ex0)s; (aei yn90), 
` 80 . (agy$). &/0,, (a6 8006) , 
18 1 . (aBy) cyc (del) eye (10); 
i (abo) all (de) pos (gh) eje, ' 
1(abc) all (def) all} pos (gh) dim, 


24 


ao ew pO FR CO bo 


{(abedef is (gh)} pos, 
(abcdef) (9h), 
(abcd) pos (ef. gh), 


{(abed) all (ef. gh)| dim, 


(abcd . efgh) all, 


{(+ abodef)a (gh) dim, 


(e. 882 


ur Order. l 


|^ 80 


33 


86 


M pod 
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Notation. 


[(+ abédef jas (gh) pos, — 
[(adedef)a,, (gh) |. pos, is 


. '(abedef hs, (gh), 
(abed . efgh); pos (ae. bf. eg. di), E 


(ade. By? (a Bs . y08n), 
(abcd . efgh) pos (af. be. cg di), I 
(aBy3e) eye (50) all, > 


- (aBy8e)e (590) cyc, . 


1 (8585), (150) all} dim, 


. (ay), (e£) (n0), 
_., (aBy8)g (en8) eye, 


(abed),(efa 
L ((aBy0) (e£40)] dim, — 
M Hay) (elr0)s] dim, - 
N |(abed), (efgh),} dim, : 
P4 (aBy9), (em0)s; dim, . 

Q {(abed), (efgh),| dim, 

R ( (abcd), (efgh)) dim, : 
(ny) cyc) (ein) cyc (as. BZ. yn: a. 
(abed), (efgh), (ae bf. cg.. dh), .— - 


- A(eBy8ys(ebnÜ)sla s (ne - BE. yn 88), -— 


1288). (En); s, s (aB. 00) 


"4 (abed) (efgh)e}s, (acog . bf. dh), 
| (By) (etn0)ss, » (aeBZyn88);, - 


A (er (orf (a BE yn- 30), l 
B | (abcd) (efgh)ets, y (ae. bf. cg. zen 
{(abe) all (de)} pos (Jgh) all; 


- {(aBy) all (ef) all} pos (10), 


{ (abe) all (def) all (gh)] pos, 


(a By Sec) (x0) , 
. ((abodef s, (gh) y dim, 


¡(abodef)ss, (gh)} pos, 


> ((abedef)a, (gh) dim, - 


(abe) all (def) oyo (gh), 


6, 


et; 


8, 


Order. 
48 —— 


56 


60 


B4 


72 


| 96 


No. 


e 


pe 
i 


Seco RO f o 


- (agy 
-. (aBy8) pos (six) eye, 
- (abed) pos (efgh)a, 


Oar CO» Ct hi CO te 


O b2 m ATO Qv Bp CO B2 13 & to im 


-whose Degree does not Exceed. Bight. 


. Notation. 


T all (ef. gh) 7 EE 
) pos (e¢)(79), 


¡(abod) all (ef), pos (gh), 
(+ abedef)u (gh), -> 
(+ abedef') (gh), 


_ (y) all (eGn6) dye} dim, - 
* {(abed) all (ef)(gh)} dim, 


{(abed) all (efgh),|. dim, 
T(abedef),, (gh) y. dim, 


` 1(a8y9) pos (5x0) pos}, , 
Ta (abcdef as, (gh) , 


(abed . efgh) all (ae. ee dh), 
(ade. Byf)(ayl0B8en), 

A (aBySen6), (Byedn 82) eyes. s 
(aByðeho (n0) al, —— 


SPEARS (ix0) eye, . 


4(a8596)as (£0) all} pos > 


(ay (ee | | 
pa [(aBy8)s (£n0)s) dim (ae. BE. yn. 86), 
N 1(a8y8), (enO) } dim (ae. g yn 00), — 


{(aBy8)_ (m0) eye} dim (aeyn . BY. 96), 
Hees e (e), pos} dim (08280) ,. 


(abed), (efgh), com} dim (ae. bf:cg.dh), — 


{(abed), (efgh), com} dim i 


_ (ay) all (826) all (n6); 
— (aBySel) a0 (10), 


(abedef Ja, (dh), 
V(abodef ), (9h); dim, 


. (a8y8) all (e2)(n8), 
_ (a By) all (En) eye, ` 
` (abod) all (efgh)s, 


(abodef Ja (gh), 


333 . 


334 


Order. — 


120. | 


128 


144 


168 


180 
"192 


240 
:288 


.- 886 . 
360 — — 


is 384 
576 . 


02 h9 R4 x CO b9 Fà P CO bo/Q RO BD o IC 
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N otation. 


- (aBy0) pos (ei), . 


(a2) all (e/50), com} dimè 


. . 1(a8y8) all (£50), cyc} dim, 


.{(aBy9) all (e510) allfa, 4, 


| 
| A 
a all (efgh) pos} dim, ^ - 
1 


(a8By9) pos (en) postu, ¿(ue BS. yn. 13. 
p(abed) pos (efgh) post, ¿(as - bg . of. dh), 


((«8)(8) (e) (00)] pos (ay0. Bón)(ads . Bro), 


(aBy5e)s0 (£50) all, 

(abcdef Je (gh), _ ins. 

{ (abcdef jso (gh)) pos, ^ . ins. - 
(98). (m0), (ae. e ym 80), 
(aBy8) pos (550) pos, 


(aBy eb ys (n0), o 
- (abedefgh)ws, ins. 
` A(aBySeinb (By), ~ 
^  (aByde) pos (50) eye, ins. 
(aBy6) all (e¿10)s, l 
((a8y3) all (e¢n0) all}, ¿(as Bl -yn. en 

(e8) (8) (e£) (10) (aye . BE) (y'en . 920), - 
+ daB) (r3 (e G9) E pos (aye. BC) (en .£6), . 
+ (o) (y 8) (e) (n9) y. pos (aye . 892 )(am 36). 


(abdef) 120 (g^), ins. - 
(a8y3)-all (en) pos, 


‘{(a,By8) all (10) all} pos, 
- (af) pos (en8) pos (ae. BÉ yn. 50), 


- (ay Bee Ü sa |, ^ im 
. (aByde) all Gn) eye, - ins. 
'(aByde) pos (£40) all, ins. 


{(aByde) all (510) all} pos, ins 


(By aye. 892) (m - 36), 


(2858) all (s£n0) all, 
{(oBy3) all (end) all} pos (ae. BE- y. 0). 
(2858) all (s¿n0) all} pos (ae82 . yx 30), 


. 84 


8; 


/—— dohose Degree does not Exceed Eight: - | - 885 


Order. f 


No Notation. a 
720 1 - {(a@ySe) all (076) all, . ins © 
2 ` (aBydel) pos (n0). ^ ^ ins. - 
3 4(abedef)all (gh)} pos, ina — 6 
. 1152... 1 (aBy8) all (ečn0) all (ae. Bt. yn., - 
1344 1 (aBydlnDar `. ins. ; 
1440- 1 (aBySel) all (0), ins. 
20160 1  (a8Bydezn0) pos, l ins. 
40320 I (aßyðeğnð) all, ins; 
Total, 200 - | 
EXPLANATIONS. 
Due Three. i 


| (abc) all = 1, abe, adi ab, ac, bc. 
| (abc) cyc=1, abe, ach. 
Degree Four* — l 
: (ac. bd) z 1, ac.bd.. ; 
(ab)(cd)=1, ab. ed, ii aii 
` (abcd), = 1, ab . cd , ac. bd, ad . bo .- 
(abcd) cyc zs 1, ac . bd , abed , adeb. 
(abed) =Œ 1, ac. bd, ac, bd, ab. cd, ad be, iid. adcb. 
. (abcd) pos zz 1, ab. cd , ac. bd , ad . bc , abc, acd, bdo, adb, ach, bed, abd, adit 
(abcd) all = (abcd) pos + ab, cd, acbd, adbe, bo; ad,. acdb, abdo, ac, bd, 
abcd, adeb. - 


Degree Five. 


(abcde) cyc = 1, abede, da, adbec, aedeb. 
(abo) cyc (de) = 1, de, abo, abc. de, ach, acb . de .. "T 
| (abe) all (de)} pos=1, abc, acb, ab.de, ac.de; bc. de; i e. the positive 
substitutions in the direct product of (abc) all and (de). l 
. (abode) = 1, abede, acebd , adbec, aedeb , be. m ae. bd, ad. bc, ac. de, ab. ce. 





. *J. A. Berret, Lionville's Journal, 1850, pp. 62, 53. 
-44 - 
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- (abc) all (de) =1, abe, acb, ab, ac, be, de, abc. dii ad. de, ab .de, dc. de, 
s de. 

(abede),,* =1, abcde, _acebd, adio ‘aedch, be.cd, ae. bd, ad.be, ac. e 
. ` ab .ce, beed, ache, aecd, abdo, adeb, bdec, adce, abed, aeb, acdb. 


Degree Six. 


{(abed), (ef); dim zs 1, ab. cd, ac. bd . d. ad. bc. E or the conjugates obtained 
by transforming this by (abc) cyc. 

(abc. def) all zz 1, abc . def , acb . dfe, ab. de, ac . df, be. ef.. 

(abcdef),=1, abc . def, ach. dfe, ad . bf. ce, af.be.cd, ae. bd of. — 

-$ (abcd) com (ef)} dim =1, ac .bd, ae, bd, ab.cd.ef, ad.bc.ef, abcd .ef, 
adcb . ef. mE S , . 
{(abed), cyc (ef)} dim=1, ac. bd, abcd, adcb, ac.ef, bd. of, ab . cd . ef, 
ad.be.ef. . . i 

.— {(abed), pos (ef)} dim z1, ac.bd, ab.cd, ad. be, ac. ef, bd f, abed . ef, 
` adeb .ef. i Fey N 
- (abedef y= 1, abc . def, acb.dfe, ab.de, ac.df, bc a ad tay, aecdéf, 
afbilee, ae .bd . cf, af . be. cd, ad. bf . ce. 

(abedef),,=1, ac. bd, ac.ef, bd f abe. cdf, adf. beb, abf. ode, ade . bo: » 

acb .cfd, afd .bce, af b. ced , aed. bef. 

All the substitutions of (abedef Jes, and (ubedef jus are given by Cole, Bulletin E 
of the New York Mathematical Society, vol. II (1893), p. 185; also in Quarterly 
Journal of Mathematics, vol. XXVI, p. 372.: A complete list of the substitutions | 
in the remaining transitive groups of this degree with the exception of the 
'alternating and the symmetric group.is given by Cayley, Quarterly Journal of. 
Mathematics, vol. XXV (1891), pp. 80—85. These groups are also givén by 
Veronese, Annali di Matematica, vol. XT (1883), pp. 176-190. 

Degree Seven. Cayley's list (Quarterly Journal, vol. XXV) contains all 
these groups with the exception of | (abcd) all (efg) all}, and (abcde/g) 65. These | 
` two groups are given by Cole, Quarterly Journal of Mathematics, vol. XXVI, p.: 
373. The latter of these two groups is simple and it has received a great deal of 
attention. Of. Kirkman, Proceedings of the Literary and Philosophical Society 
of Manchester, 1863, p. 65; also Moore, Bulletin of the x Mathematical 
Society, Vol. I (1894), p. 61. 


* Lagrange, Oeuvres, vol. III, p. 889. 
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Degree Eight.. The given list. by OQ. omita. 43 of these groups. - Cole’s 
supplementary list (Bulletin of. the New York Mathematical Society, vol. II, p. 
184) omits two groups, (abed .efgh) pos (af. be . eg . dh) and (abedefgh),, and it 
gives a notation for an intransitive group of order 16 which does not exist, 
Miller, Bulletin of the New York Mathematical Society, vol. III (1894), p. 168. 
The given group of order.1344 was studied by Jordan, Comptes rendus, vol. 
LXXIII; Noether, Mathematische Annalen, vol. XV, p. 90; Kirkman, Pro- 
ceedings of the Literary and Philosophical Society of Manchester, vol. III, p. 
150, etc. It is the only compound' perfect group of degree 8, and there is 
no such group of any lower degree, Miller, American Journal of Mathematics, 
vol XX, p. 280. Hence, there are six abstract perfect groups which may be 


- . represented as substitution groups whose degree does not exceed 8, viz. one 


group.of each of the orders 60, 168, 360, 1344, 2520, and 20,160.  (abcdefgh)ysis 
is the-holomorph of A(abedefgh),. The holomorphs of . B(abcdefgh),, ` 
C(abedefgh), , D(abedefgh), and (abedefgh) cye are Aldo 
(ae. bf. eg .dh), M V (abd), (e/gh)s} dim (ae B :eg .dh), E | (a5) (ed) (ef) (gh)} pos - 
. (ace. bdf ) (agbh),. and. .A | (abed), (efgA)s], s (ae bf. cg dh). respectively. It is . 

` interesting to observe that the first and epe of these four groups have the same . 
holomorph. ` ; 


CORNELL AA March, 1899. 
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On a Class of Equations of Transformation. 


Bv.Jacos WESTLUND. 


The abieet of the following paper is to discuss those ño of transforma- 
tion whose roots are the n +1 1 values of 


uv 


da cum sn. en®, dn? (4pw/%), 


` s 1 ; 
where a, B, y are any. positive or negativo integers and w= Ere wand 


`. V being integers. 


We use the notation Ye, since the value of the roots. depends on the ratio 


of the integers u and y.* We also suppose, ‘for simplicity, n to be an odd 
prime and set n = 2m + 1. 
The equation in question being rational for ie domain of rationality, E (x), 


_ where x = #?, may be written 


AOLE HAE) y +. EROE, 

where — EL S mE 9 de Q) 
The method for computing the coefficients fy . . . . f, +, is similar to that applied 

by. Pierpontt to the modular equation, and Vom of the following three steps: 


1. To express.the roots as q-series. i . 
2. To find a superior limit of the Tena in x of the MN 


t 





* Weber, «Elliptisohe Functionen,” $67. . 
t“ On Modular Equations ” era Math. Soc., vol. III, No. 8, is 


4 


E 


340 WB8TLUND: ce Class of Equations of Transformation. 


3. To express x as a g-series and substitute for y one of the roots expressed 
as a g-series in the equation and equate the coefficients of the different powers of 
q to zero, by which we obtain a system of linear equations for determining: the 


constants that enter into the coefficients fi» +. fagi. 


1.— To Develop the Roots into pum 





If we set 
< P 
us = |] so (£pm), 
y ‘Lm 
P 
va = [] o (4p), 
1, = 
» ^ y 
wx = [| dn (47), 
| a a 
we have > Á Yu = Ui, Va e Wi. 
pobre i 
Using the formula* 7 ' 
9, (0— po) (o +p) EF dy e) È 
Mostra d US eite) S um 
where T 
e macies ta =ø; m= 1, ifv-E0, 
Ta =n : 0, =w, MR, ify=0, 
amd do ` 
n 


and observing that E 
| lim Ss (04/74) - Fyn 56/5, (0/5) 
soe (0/7) =m 50/95 (079) S O) 





` we get 
` 5 eus ; > (0/7) 3 (0/74) - 
-»I s (n) = (Cn * & 75-5, 075). 


(2) 





* Konigaberger, ** Vorlesungen über Ellipt. Funct.,” IL, pp. 96-97. 
^" T " ` x 
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“and hence 
| "EE * (ofna). S o/ns) . 
"T E M(0/2). S. (0/v) " : id 
E c+ 16 PE ey p. a 
UU (car s (0/2 +34 Se sn a 3 "Nu 
a=0,l.....,n 3.1075: > (0/7) 
Qm. Tta. e) A 
x mm A. 279g pa .e b er Tee) =, É 
where td and € 
. ; - 8 "m 
IL—»,. . fox mE 2 | E 
We have* | 
TI sie eae) Se (04/72) A). UM '(6) 
Hence | Ts = 3 EN (0/%,).. à > (0/5) 
15. 99 
and . [m | 7 O. $e 
à l B DE (x) 9 6) . 
LEE" PO DG)" 
where $ (7) = 4k; v(v) = VE 
 Hehce : Ñ . Si q^ J^ (v). e. ) l r 7 
ne 00057 Pe (zy uc M os | UR 


where Pr =t pot 


. In order to determine p. We suppose Tr + is, xii let s povolme infinite. | 
Then q approaches zero and we get 


pe =(= 17. 





* Kónigsberger, los, cit. ~. 
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To dieci po We give to 7 the de is, and we &nd* that | | 
| Dot ema 
In aiit determinas py pwe proceed as follows: Let | 
| f(e, x) =0 


"be the equation whose roots are 


then 





- Ta this identity replace v by r + 16a and we get 





e(t ca 
f ri dE M es 
9" (7)" «(Ee 


n 


eet 


which shows that l l Pee & 
| faz (— 1)". * a=0,1,...., fid) 

Hence 2 l 

| n = EO) re 

$” ()^ p(n)’ 


ze a eet) (0 
"roe -1 Gy TEO 


nr 








or 


da = (— 1. (1 tagt.--)r | | 
T (9) 


- md A. 
v,  -—(—1y27".q *£ (14d “bgr+....). 


o=0,1,. ni 





* Weber, '* Ellipt. Funot.,? p. 65. 
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- M.—e, 
“We have? - i ie . " E | 
m Ú Se mst po) = ie =) E > uo. EN 
Hence T 
l Hao (po) = $ (0/7, a) ge Sy 1 
and | f ` ie l w = (i. à Ie) 
| ON 
a Tyw€) | | 
Hence uu ae (v o E E | ay 


where pu = +1. 


alma: as before we get 


se ay (0 420,1,....,n—1 
Hence ý : no l ; 

_ Voy 
Ve ab (nz)! a oe : 

uM o v^ (7) 0. 2 
Ee MES se) A ox 

or p i "e 

Ve" =14+09+: fe MED (13) 

Lis Cali etg 4...) : 


. Having thus : obtained expressions for the three quantities w, ! UT Wy We - 


get the following expressions: for Ya: 


asm aye EE la dot) 3H (0/nz) 
| GFP (a). FFF (ne). SE(0/z) ' 


gute ie + E qero aro [e (14) 
grate) (cy: ve (ze zr 3t (0/«) i l 





d.C QR 





7 * Königsberğer, loc. cit. RO . i 
45 . - 
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s : | x 

Yo =(—1)". ng eth aig. se); Me 

qoc get gem pui, CP eese I DR 


ui s 
2.—A Superior Limit of the voi s v. 


To determine this we have to determine the sum of the ordérs of the infinities 
‘of the roots for the infinite x-plane. The only points in the x-plane for which the 
roots may vanish or become infinite are x = 0, 1, œ. ` We will, Mieretores deter- ` 
mine the value of the roots for these three values of x: 


I x=0. From (15) we get - 


(Yi) =(— 1)"-n*. o E 
(Yaje=o = © of order” n B). (16) 
IL. 1.. It is easy to iow on paseing to opta that 
acm. d se "rus 
(Us, m oniki = 1, $ : 


. For v, we have 


v, 


om RI UN 


== E | b. d M gie 
z NE 
‘ " = (— 1y.2"g* (+ aqq? t - J-. q= e" (18) 
Similarly we get . AN oe 
^ ¿ 1 - 
v, (7) = v. (xj) Ü 
(HIP Aig H i 7 9 


‘and 


a= 


OD 


-n—-1 . Up 1O 


= "gre P atq eso. e. (20) 
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Hence l - : E 
(Yo)e=1 =(— 17.2", - 
ONE Jem =0 of order - =. (21) 
For w, we obtain by a ‘simile reasoning 
w. (s) = ue) = = s.d (1 + ag? te) E ] 
wo =E »- 2^(1-4 5g + veu). vd S c qon) 
wa (n) = (9) = 29. gh. < vuv + ed), 
quil... 81 Vv, 31) 
or PUN 
NOS . =(—1). » 
(we, 1. aciei 0 of order =. (23) 
Hence from (17, (21) and (23), 
(Yo) x e = (— s n? ge», 
emn diu = 0 of order Z rA (8 + y), + (2a) 
TII. x=% | l 
l We. have e 
. non p , ` E 
a, (T) = 4 [| sn (4p po fa) = u, (71); 
E 1,m ie: Dn : 
i E 1 — 8v. EM : 
where 2 seras pc 16a=1 mod n. 
Similarly, 
: 03 Ms (7) = = ^u LG) if 160 — 1 mod n, 
Vu, (7) ) = Xu, (c) if (165 — Da=—b mod n. 
: Hence l JN E : 
m— 3%: “1 y 
Ww. (v) =(— 1)”. "g "(1 + meg? Prasa) 
l where 16a=1 mod, > 
—— 2mm " . ' 
Ug (7) =n. 2g" (1-- bg +--+); e (25) 


where 16a = — 1 mod n, 


i wa mo 1l l l 
w,(7) = (— 1)". 2g *. 2 (1 + eg? +....), 
. where (165— 1)a=—bmodn. | | J 
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In the same way we get 


ve (1) = w, (7) =(-1) (+ al ee), 


where 164=1 mod n, 


- Va (e) = =w.,(1)=1+0bq +. | ) "DE (26) 
where 16a=— 1 mod n, BE. QU 
ues T ies =(— 1) (+ ogg TA adis 
where aa moda. ^ .-J 
and 
We (T) = va (11) = (— iy. am D" e + a P T.e)[ 
'" where 16a=1 E n, l i 
Wa (T) = v. (m) = (—1y.2-*(14- bigs +... 2), (27) 
where 16a = — 1 mod. n, VY 
` E — ef . 1 . 
Wal(F) = v (1) = (—1)'. 2779, *.€ (1 + eM QF + ++); 
where (166 — 1)a=—6bmodn. ` 
~ Hence , ns ee ; o 
(yo)-» =00f order am, if 16a: — 1 mod n, i 
28 
(Yo, dese 00r onera es (qe if 16a 3: — 1 mod a. (23) 


3. EI d that can be derived from a given Equation of Transformation’ Bij: 
Means of Linear Transformations. 


By applying a linear transformation to the equation whose roots are Ye we 


obtain other equations of transformation. The results we: obtain are given in 
the table below, where to the left the substitution to be made and to the right 
the roots of the resulting equation are given. ds is défined iy x + y=1l. 





l x , Y ep 
1 | x. gy |? pass nd, ETE E pa] 
` : x! ? l, m . . f 


2 (^ ja eto 
X, (— Cay o . cn Y ¿dm td 
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x DER y 7 \ ] p ; : . 
m M TE JI en. on”. dn“ +?» (4pu]E). — 
x , l . 1,” . x l 1 





xy o "ou E UA l 
4. 1. vac Jo- [| m. ttet», dn? (4pw/k). 
(à E (— 1)”. q , II . : a ( pa | ) . 


2 


—, x”. 


H 
x: 


[2*5 V E Te 
5, 1^ ae J | sn*". en”. dn? (4pm/h). 
lm . ` x A 


Hence, using the notation 


: 
RENE LI sn”. cn’. dn’ (4p), 


y, id 


the substitutions given above lead to-equations whose roots are 


h Ye cp - Gib 


2. ds 
Ys, a,—(@a+B+y), Y, 


s: Yn ra, Y, Oa B), 
i 7 4, Yu e Be). B, 
E l 5. Ye, 9, Ya B 
respectively. 
4.— Applications. . 


L The equation whose roots are l 
e WE sgt. La ine h 

From (15) we get y b 

l ye (17. Oe) l 

y = (—1y.2*. g (lt... J 


. a=0, 1, ....,n— 


(29) 


. where 
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and fróm (29) we get the values of the roots for x= 0, 1, œ as follows: 


| -Yo  m(—1y.2" 
i em 


eT y. -= 0 of order —, 
sor. 5—1 31 s TM n 
Yo =(= 1). 2”, ; : l 
aE Yoa = 0 of order — xum (30) 
A a=1, sarig n—i n E m M 
l T Ya CER lee moin, 
x = 00 a E 
Y a =% of order 7 Sif 16a i-i mod u^ 


Since the equation. remains idang if we replace ; x by? x, it must be of the 
form 


T ia A God) y" Tee Lt Saas (ee) 0 0, l (81) -e 
FA) Ba, 0 H bni + esse H by n (d) and msr | 


| The term f,,;(xx) being equal to the pronunt of the roots, oan easilj m 
determined, and we get v ete us 
feni (e) = (en go» | (32) 


| For sd. n roots SM Hence ^. diss BUE must all contain: tho 
factor xx! and also 


1 


d. m ( ga, E (83) 
|: Forx-o,n roots become infinite. ‘Hence we see that ' 


A m, LT, 8—]1, 2, es., nt, ind b, u.c — 28. (34) 
My, = T, oo mE : 


For n= 3 the equation 2 ur 
yf + 2 — daly + od = 0. s s v 2B) 


From this equation we derive two ‘other equations by the substitutions | 


ix y^. i o£, qe E, f 
a o aa | x! gja Aa 
A Vp. N a NIU 


| 88 shown in the table below: 
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- EQUATIONS. ` 





y + 29" — dary + "E 0 


f 4x LE mg 





Aad xol 





pe 
1L zs (pojk) 





From (15) we get vas OM 
Lr 

Yer sora dal I 

y i = — 1 VERE 9. pee x 1 e.e ej; 

= a—90, end! ) d 2 ( * ) 

.- and from (29),. 


(38) 


— 17. 2” 
y sE 


, 


z= 0 g n. : l Ay 
2 5 : = 0 of order — 
N a=0, 18 aci n’ 
| 25-5 nc | : 
xml ee wm 00 " E (37) 
| Yo a = 0 of order — , 
a=1, ....,*—1 h n 2 
<¢ | Ya =% of order m, 16a =—1 mod n 
oe Yo, q 70 of order - m Tm, . 164 —1 mod n 


If we replace.x Dy x, the equation: is transformed into an equation whose 
` , roots are 


e ya cn ( pe]. 


LASS 
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Hence if m is even, the equation must be of the form. 


Pad Amado Hh )—0, (38) 
and if m is odd, 5 f : i 
y (e) f en!) y+ Ale) yO e + Fosse) =0, C09) 


where | - - 
^ f (e) S bno b, wx bee +h, » (xx) . 
When m is even, we have m, <r, and when m is odd, we have 
: a s i if s is even, 
PE. T — 1 ifs is odd. 
"For fag 1 (oad) we get the expression’ | l 
RÀ 1)" 07 
saena EY TOY (40) 


“The coefficients fa, ...., f, must all contain dd factor xx, and we also get. 
; Aet. r+1 m : 
3 j NN b, = oy : uU (41) 
From the above, and making use of.the fact that for x — o all the roots become 
infinite, we obtain the equation for n= 3. This equation and those that can be 
derived from it by the substitutions. ) i 








., are given below: 

















ROOTS. "e EQUATIONS, 

A lo). 4 2 (4 ¿8 xx! 
ECL Y S 
? on.d rs ' Sur. xx 
AE m yd y S oo 
l, m E . s y i 
p e.t P 

ri Sy (4pm/k) | ^0 V8 x)y TT o 
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m. The equation whose: roie are 


y, — =J]. cn. dn (Api): 


From (15) we get 





o = (— 1n. 2): 
y. = (— Un. ( deo ) (42) 
ya = (—1)". 279^, g "(14 ....), 
and from (29), 
f | ys m 1)". n. DCUM. D 
E Br. o 
ja =œ 0f order — | 
` a=0,1, ....,n—1 n . ' 
Yo =(=D".n.2, . j 
x= 1 é ; i E 
4 Yo, a = 0 of order 2E l (43) 
a== ,5—1 n j 
Ya =O0of order m, 16a=— 1 mod n. 
x = o i — 
Visa = 0 of order 7^ — 9r. 16a + — 1 mod n 
The equation must be of the form 
41,4 (0) s AOP HET x e 
y tow x^ m +. Pur doen 0, 
where A= constant and Is oe os "m 1%. dr eda, m XT, and it is-also 
seen that the degree of x cannot exceed 3r. 
- * The last term being the product of the roots, we get 
Maio, A-(—i1ytt*a 06 (44) 
We have also l 2 . 
da( _ 1 1 
x^ Ym Yo ---- Yn a tet yo) 
which gives 
T= 87, Qa o = (—1)*t!. 2. © (46) 
In order to determine 7, and 'a superior limit of fy, Pg, .... pfa, We use 


the method DEDE by Pierpont. * Betting 
S, —— ys day deb Wo 





*'* On Modular Equations." 


46 
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and denoting the order of infinity of S, by 6,, we get | 


dmm PP, pmi... —Á1 (48) 


where », is the smallest positive root of 
8y + 3p=0 mod n, 
and hence 
E Ti = G1, 
and if 6,, Ge, --.. form a regular sequence,” we also get l 
3 Po S O,. ETE 8 2... n—1 (47) 
In siden to determine P. m, m, and a superior limit of my, My, ++ iv RN 


we make use of the fact that e equatión remains unchanged for tho subati- 
tution i 


. From this fact we got the relations. l f 
gm. m= | 9r, — pm. E m dice a fi) du E US Rod (48). 
For x-l,n roots vanish and one root = (—1).2. Hence.  ' 


asocio ees m (I)e ^ 
eee T ope SD 


The relations given above show that for n — 3 the equation 18 





y E tm as, o (1— 2x --x?) yt AS yt mo. 
But for x= œ the equation. reduces to 

i yy + 9 =0, 
Hence e | dao 12. 


* Pierpont, 1. o. 
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- From this equation we derive two other equations whose roots are 








cnt 


in 


EZ aps]E) ` ana Ir 2 pe] 
. + i i L » 
by the substitutions f. ete . 
; : x, y) 
© tum L 
res Uy A? xy 


Thus we have for n = 3: 











ROOTS. EQUATIONS. 





' ie cn. án (4pe/9) y! IS wp eu, +> 


y SCH) y 1 ty — IE 








[is i Ue 2/4) q 


. * 
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On Linearoid Differential Equations. - E 


By Dr: E. J. WILOZYNSKI. 


. The fundamental notions of the. theory of linear differential equations can 
- be applied to a very large category of non-linear differential equations. In a 
former paper* I have shown, in general, how this may bé done, the existence of 
the differential equations, however, not being demonstrated. Moreover, the point 
`of view in that paper was somewhat different, and the results obtained there are 
put into a clearer light if taken in connection with the present, which, however, 
is itself nothing but a reconnoissance upon, what appears to me, a new field of 
great promise. l i 
I have ventured to call the differential toma: whose existence will be 
proven in this paper, by a new name. It would be very inconvenient to charac- 
terize them in every case by the enumeration óf their properties. The name’ 
aioe augments at once: i2 relation to linear.differential SEU. 


8 ES TUM of Linearoid Differential Equations. 3: 


By a ayatam of linearoid differential equations we io a system of 
differential equations 


: . Digo Yas ve 9) =O (i= 1, er (1) 


with the following property: Let y,, Ys, ...., y, represent a system of particu- 
- lar solutions ; then the general solutions of (1) are obtained i in the form -. - 


.* 


n —Y palo; By y Ays eee 0) es @=1, 2,...., n) U.. 

k=l 

where dh, dg, see, , Q, ATO arbitrary constants and $a are uniform functions with’ - 
"respect to v. 








* E. J. Wilozynski, “ On Systems of Multiform Functions which belong to a Group of Linear Bub- . 
stitutions with Uniform Coefficients.?”? Amer. Jour. Math., April, 1899. 
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Our equations may then be said to have fundamental solutions. However, 
there is this difference between our equations and those commonly said to have 
- fundamental solutions, that in the latter the general integrals are 

l M= P (Yi ri Yni Gye +. Gy), 

where ®, is independent of z. -The linearoid equations are very general, and in 
fact if we did not suppose that $4 are uniform functions of x, would compre- 
hend a very large class of differential equations.. ABE 

It is of course assumed that mi, ...., 7, the general solutions, cannot be 

expressed in the: form (2) in terms of less than n functions Yi, ....., y, or less 
than r constants, so that r is the order of the system, and. there will the no rela- 
tion verified of the form 


Ye bis Bas + (ih) mos l a (3) 


with non-vanishing coefficients, For if there were, a Rm could be 
expressed i in terms of only n — i y's. o 
Assuming ho relation of the form (3) to be verified, 41, ----, y, Will be 
called a fundamental system. 
RR (2). then define an. r-parameter group G f continuous transfora- 


3o give special but arbitrary values to Aesse, Gp. Then c... a 
are solutions of (1), provided y,,...., y, are such solutions. Then 


=> palo; By, .... 1b) me 007 (iz i » n) 


kel 

` are also solutions of (1), whatever the. values of the constants b, may be. There- 
fore, since (2) gives the' general. solutions of (1), it must be' possible to. find 
6, +... , 6, in terms Of du io] a, and by, .-.., b, such that . 


T= ess us (12... £2) 
"But this proves the theorem. i . 
Tf yo +--+ Yn form a fundamental system, Nire ne, Nn WU also form a fun-. 
‘damental system, 4f the determinant 


©- „A= |a (x; d1,055 eee, 0,)]. 
does not vanish identically. 
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For suppose an iid of the form ` 


Eee Museu Mi 


were o verified. Then, owing to (2), 


> y Pa (2; A ae M A) da (25; Gy, Gy, esee, ar) Yn 20; 
E X k=l] k=l : $7 2 ef 

but the coefficient of y, can be written in the form $4 (0; Cese., c,) owing to 
the group property. Therefore, it must vanish, i. e. i 


Y du (a; Ar, e Ar) Pa (2; a, ....,4)=0, (4 = 1, 2, PRONO n) 
k=1 . y a . 


whence, since A + 0, it follows that l 
Pu (a; Ay di ony 2.) =0. a (5i, 2, e Kg n) 


Therefore, n4, .... , %, form. a fundamental system. VET 

We have assumed the functions $4 (z; ai, ..... a,) to be: uniform with 
respect to z. Let them be analytic functions of a,, .... , a, likewise. Then 
we may assume that $a. (v; Aj, s.. e, d,) can be developed in a series of powers 
Of A A, convergent in a certain domain.: The coefficient of a, in this 
. development, or 


is a uniform function of s. The iiifinitesimal transformations of the group G 
are therefore m 


De e ees. i Ah 2, PETEN r) (4) 


or putting | " T l 
. £,— 2 WP Qv. 2/-Y5. y i | f (5) 


- Suppose for a moment that the r equations U,f-— 0. are all independent. 
Denote by G® the group obtained by extending @ s times. Then the r equa- ` 
tions Uff — 0 are also independent, If (s+ 1)n— r —n, then G® will have 
just n independent invariants, and sn = 1; ; 1. e. the total order of these differen- 
. tial invariants of G is just equal to the ambos rof parameters in the group. 
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'. For every one of these differential invariants contains cives of order s. 
Otherwise there . would be invariants of G'*-!, whieh is possible, since 
m—r=0. ] 
Suppose now that ; sn — r — l, where 10 but e n. Then ge- D jeudi 
«n invariants and G9. has n +1. Each of the Z invariants. 94, ... . ; 3, of 
G*—» contains derivatives of-order s —1, and is also an invariant of G?. Their 
derivatives 3, ... Hi S are also invariants of G®, and, moreover, they are inde- 
pendent of each other and 34, ....,%. For suppose we had for instance 


E IS Sg; e io Mess Mae 


Since X is a total deviate $ must also be a total dead, 80 that 


ds. ES. 
GE qz Vb de cese Pes mra) 


no derivatives of order 8 occurring in 4j, as that would give derivatives of order 


8 +.1 in a By integration 


à 4; we Mr ewes ‘gle Daaa YEP; gy + const. 
But 3, is invariant under G“=1, The saine must therefore be true of 4, whence 


i= y= X (953, Sra on di a). 


^ But&,. í tens pe X and thereforé V must reduce to s so that 
the apposed relation , 
da da 


reduces to the identity X= 34: - i 
~ Now letus omit the invariants Y, . ..., 9 and take the other n. They 
. are independent, and none of them can be obtained from another in the set by 

differentiation. The total order of the system will be (n— 1) s 4-1 (s —1), 
=ns—l. But we had sn— r — 1l, so that sn—l=r. In this case also the . 
. total order of the system of invariants is equal to the number of parameters in 
the group. Moreover, any other system of invariants of G® is of higher order. 
than 7, if it contains no invariants which can be abound from one of the others 
by differentiation. 

Suppose now that, only ee of the apation U f= 0 are independent. 

Then if (s + 1)n—r =n], GO will have at least n +1, and Ge—D at least l. 
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invariants. Thus we can as before construct at least one system of n independent. 

invariants of total order r. Forif @¢~ has 421 independent invariants, just A of 

, the invariants of G'? are the derivatives of these. Suppress Z of the latter and . 
replace them by the corresponding 7 invariants of G*-?, Take any n —1 of 

the other invariants of G'?. The order of such a system is. Z (s —1) + (n — us l 

= ns — l. Butms—r=1, so that : 
ng—]-m. 

In every case then, at least one system of independent differential invariante 

of total order r can be found. Let J}, ...., $, denote such a system, in which - 
$4, »+..;, 9, are independent, and also of sich a nature that none of these expres- . 
sions can be formed from one of the others by differentiation. Putting then 


OS 


. where r, (a) are fünctions of « alone, we have a system of differential equations ` 
which remains. unaltered by every transformation of the r-parameter group G. 
Therefore, if yo » +» , Y, constitute a fundamental system, the SE preenicus 


a 


k 


li 


m= Pafi aeree te GEL Ben) (7) 
hie 


are also solutions of (6). “Moreover, they are the general sololigus. tor they 
contain r arbitrary constants, and r is the order of the system. l 

This completes the proof of the existence theorem. Jf the equations (7) 
form an re group, there always exists at least. one system of differential 
equations of the r“ order, whose general solution is given by these euis, Yao, Yn 
` being supposed to form a fundamental system. À 
It must be noticed, however, that these differential equations are not neces- 
sarily algebraic, or still less, rational. The linearoid .differential equations have 
fixed branch-points, i. e. the position of the branch- -points is independent of: the 
values of the constants of integration. 

For; according to (7), since $4 are uniform motion of z, the general solu- 
tions Ny, + +» =, 7, have the same branch-points as tlie special solution 1,2. +, ya; — 
- i. e. the position of the branch-points is the same for all poldueney: and diesetore 

independent of the constants of integration. ER 
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We have — 


blc V (2) y. + 9 (x) gi +. ZEE (©) Yn . 
bie AA a oa. l^ is | (A=1,2 ....,7) 
and E vod E | l l | | 


as the infinitesimal ansias of the group G, since the variable z is trans ` 
formed only by the identical transformation. Such transformations generate 
a group if the commutators (U,, U,) can be expressed linearly in terms of ` 


E Ui, ...., U, with constant coefficients, i, e. with: coefficients independent of” 
Yi + «+ Yn the parameters and'z. Of course. . i 
(U,, as = 0. 


We have further | 
(0, U.) Sime 5,621 


n, €) = (Went. se 5 n) He (2), 


EI Ge On Hn). 


Thus we obtain 


(Ds o D w- vee) Web ee (ND — VEVD) z 


i; X 2» r4 (Wey, + Wo, duod Aj). 


if c,,, denotes constant quantities. 
For f= Jo we omei, 


>> [e — AND) p dE (A y] 


kel 
=P as Gy + My d s: e Ee). 
co. yai. : nae A 
Oe eee sie eee) 
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But as this must be an identity, we obtain: by equating coins of y. 


x [A9 — VENE =F cubo 


(A, "T ra Tj i —1.2,. en 2) 


(9 


Only if nr functions Jg (x) and ? constants Ca» can be found uis these ` 
relations will’ the r infinitesimal transformations U,f and Vf generate an r-param- 
eter linearoid group. Of course, the constants Oner. must also verify the relations 


5 (Coho Cozr ra Chjo C. ogr ia “toe is = 0 


. c—1 
and d 2 2 D. Coar + Chor = = 0. 
Suppose we have found n*r such functions and r? such constants. In order 
that the group which U,f and Vf generate may have coefficients which are” 
uniform functions of z, the functions «f? (æ) must be uniform. But this condi- : 
tion is not sufficient. The finite en of the group are tonad by der 


the simultaneous system’ 





dn =Y i =z IV (2) m + W (e) pu + (dm, 
AA+ elf] de Am (8) 
m A i (k=1, 2,+. a 
with the condition Ny = ys for. ¿=0. "We have put 


a= ona) + oP (2) + cs be TN (10). 
(k, TREA i E 


l The quantities A,, are independent of t. From the well- known theory of such -- 
systems, it follows that in order that the general integrals may be uniform func- 
` tions of y, ue characteristic determinant ; 


| A 0 0 a). 
where 3 * - ðu = 0, PET WSL, f 


must be reducible to a product of linear factors, in the field of the d antea P for 
all values of €, Cy) +: -., €. This condition is necessary and sufficient. More- 
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over, the coefficients of the finite equations of the groups are then uniform functions of 
the parameters C, ...., c, also. Moreover, these formule show that not only are 
the branch-points of ee vid differential equations fixed, but also the essentially 
singular points in Weierstrass’s terminology. 

l If the above condition is not fulfilled, these coefficients will be at the 
most n-valued functions of %,C;,...., C, provided that 4% (2) are uniform 
fanctions. . RS 


$2.— - One- Parameter Groups, and certain r- Parameter Groups, all of whose Infini- 
: tesimal Transformations are Commutative. : 


Let any. infinitesimal tsieformaiion of the form | 


AE FA 


be given, where Y; (z) are. uniform functions of æ. It will generate a one-param- | l 
eter group linear in y,,...., Jn, with coefficients which are uniform functions . 
of x, if the determinant i 


io e pale) ` M in (a) sh 
ber (2) ele) sr see Ha (2). (2) 


Var (0) 5. Vas (2) g po a ay eer 


reduces to a product of linear factors i in the field of 4 (z). 
If9;, $3, ++.» 9-1 be the n— 1 independent solutions of Uf=( 0, and 9, 
a solution of Uf — 1, the variables y,,...., 9, are transformed as follows: 


a= a, $. y (6 1,2, .... n — 1), dum, Ft 7 (3) ` 
` The equations | 


sn Yis Yas s Ya) = FA), dy. =f eh (4) 
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' then form a ón of differential equations such that Ds ND form a fun- 
damental system, the general solutions are given by , 


m= $609. (E= g... (5 
k=1 ‘ , 5 . 


these being thé finite equations of the group ia by Cy: 
' Essentially the-same method applies to an r-parameter group generated by 
r infinitesimal transformations of the form 


U,/= Ale) Uf imi, $n) (8 


Those a are all commutative, and have the same. patl-curves. . The canonical form 
“of the group becomes 


$c» "n Gr Sos) ur 
a= ea) + ala) H o Hole) | 


© Cers., 6, being arbitrary constants. "Therefore y, is the general integral of a 
non-homogeneous linear differential equation of the 7? order whose fundamental | 
integrals: are A(z),...., (0), By elimination, equations of the r™ order can 
be found for yi, yy ----, Yne But this elimination is not in general algebrai- 
- cally possible. m ; 
The functions y,,...., Ya, thus defined by differential équations, will if 

. the coefficients of these equations are uniform, have the following function-theo- 
. relie property. They are: uniform except in the vicinity | of certain points 
Uy i esa. in thé plane, and hen. z describes & close curve around 
Qin Yrs vex YE vill undergo a linear substitution with’ coefficients which are 
uniform functions ofz. The group of linearoid substitutions thus obtained is a dis- 
creet numerable subgroup of the continuous group generated by U,f,...., U,f. 


83.— The Group of Rotations. 
To give an example, let us consider’ the r-parameter group of rotations . 


Mm = cos ay, — sin OY, E : 
Na = sil ay, + COB ays, (Qu) 
Q ME E ELA ' 
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The eunlonical form of ie group will be found by putting Ee 


eeu SA. fan tan Au B ' 2 
The transformed group becomes ` 
POS f+ ofa) taAa): (e f(x), 


80 that $ is the general integral of & PE OE E linear differential equa- 
‘tion of the r™ order, 


Cen pat + + p= =p, 5 
of "which J is a special solution, and. such al A (a), - us J, (2) form a funda- 
mental system of the Pom Benen equation . 


9? tret "gos i 


The uniform neoni Si ay LP sig ap (2) feng given, the soldes pa of this 
equation, are easily determined. They are' ‘uniform functions of æ. Further, . 
T? = yi + y} = s (x) may be chosen as a uniform function of c. For the deter- 

mination of y, and »,, we have then the two equations ` s 


> AR pic ` 
,P* dar hh P ^. Po me (3) 
mh + n= atoy 


where we will, moreover, now assume that the coefficients p, p; nud s(x) are 
rational functions of æ: If y,,.y, form a fundamental system of (3), the ies : 


» solution is given by (1). 


If y,, y is a fundamental system of (3), let a be a rN of these 
functions. Ifa ‘describes | a circuit around a, y, and y, must undergo a linear 


substitution of the form ( (1). For all possible closed paths y, and y, will undergo i 


a group of linear substitutions, which is & PUN of (1). 


In particular, let f (a) = xè for 4=0, 1 2....,T—1.. The differential: 
equations then assume the simple form i : pom 


ni +n; = 8 (a) 


(4) 


LN afr) 
Mi. . 
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r(2) and e (a) eing rational functions of g. Let a; be a pole of r X such that . 


r (2) = Ho rc 
te ba o 


where 7 (x) contains all terms of r(x) which, shed r-fold inteğration, give a 
. rational integral. 7 (x) may then still contain any. number of poles, but each of 
- these is of order bigher than r. AREE r times, we obtain 





ui" um aD log (2 — a) [Ae Ade ess hee ED us 


l male) 


"where p (æ) is a rational function of æ. By properly choosing the constants Ag, 
the constants Ay may be made to assume any arbitrarily assigned values, as may 
be easily verified. But if z makes a circuit around a;, c (2) is increased by 


Ag F Aaw + ie F A, r yz. Therefore, 
— 9 — is : - 
n= = tan o (2), (6) 
nı ; EU 


is "uniform: everywhere except in the vicinities of the points a. When A makes 
a positive circuit around a, " suffers á projective an aenaran of the form 


- m4 tan $, (2) 
l = 1 — « tan q, (2) 


- where $, (x) are ‘arbitrary polynomials of degree T— 1. `m and m undergo the 
corresponding homogeneous substitutions. In fact from (6) and (4) we find 


n= Mala) cos o(s), m=vVs (o (@) sinc (2) : l (7) ; | 


fm and y, are to have only the bsandleporats ioca dae and 1 no others, the 
rational function & (x) must have no zeros or poles of odd order, and the fun- 
damental substitutions otherwise arbitrary must yrs the relation. 


Aid, 0s Ags], 


. ^u j o | Y aa= 0, kE l Ý o= qe 


i=l * i ~ dal 
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where u is an integer. If these relations were not verified, the -point x = œ 
would introduce itself as a branch-point with the substitution 4, , guch that 


"dd .... GEENI Y 


‘Tt is easy to sone that m and ng are both solutions of the Eron mbi 
eġuation 


pao ir |. 
ATEO 


Suppose for simplicity that there are only three told 0, 1 and o. 
Then, according to a general theorem of M. Poincaré, if we put 


— a=9(0, 
where $ (č) denotes the elliptic modular function, 


n= tan o [b (0] — 9 (2) 


will be a uniform function of Z. Moreover, if ¢ undergoes a substitution of the 
group of the modular function, y will suffer a projective substitution whose coeffi- 
‘cients are uniform functions of z and therefore automorphic uniform functions 
of č. Of course we obtain in the same way also a system of two uniform func- 
tions of ¢ which, when Y undergoes a substitution of the modular group, under- 
. goes an orthogonal homogeneous substitution whose coefficients are automorphic ' 
functions of ¢. i 

: This is, so far as I know, the first example of a new kind of homomorphic 
function, excepting the simple case of Poincaré's Thetafuchsian and Theta- 
kleinian functions. 

Generally there are thus brought to our attention systems of uniform DA 
of a variable & which undergo a group of homogeneous linear or projective substitu- 
tions with coefficients which are automorphic functions of £, when £ suffers a group of 
projective substitutions with constant coefficients. 

The existence of an extensive class of such functions can be established by 
the methods of M. Poincaré making use of the Zetafuchsian series, and numerous 
other examples can be found. 
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$4 — Conclusion. 


In my previous paper in the American J ournal, a theorem is proven which 
may appear to be in contradiction with some of the.results of the present paper. 
It is there shown that functions behaving as the solutions of linearoid differential 
equations, verify homogeneous differential equations, under certain conditions. 

"The equations which we haye found, however, are not homogeneous. , The reason 
for this is simply that in the former paper the domain of rationality was formed: 
by the coefficients of the fundamental substitutions, and here a different realm i is 
employed. 

Our results serve only as an introduction to what seems to me quite a new 
field. An extensive class of differential equations comes before us, for which a | 
general theory becomes possible. The explicit determination of linearoid 
equations and their closer discussion would ‘appear to be a matter of great 
importance and interest. ` This can in many cases be done without any - 
integration. It is true, as will be shown in a subsequent paper, that most of $ 
these equations can be. reduced to & combination of linear differential equations 
and quadratures., This, of course, is in itself interesting, and shows that only the. . 
‘simplest cases of A functions are obtained by the methods of this paper; which is. 
but an application of Lie's theory of finite continuous groups, which can be at 

‘once generalized for other groups. It is essential, however, for the. function- ` 
theoretic application that the independent variable æ is not transformed at all. 
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On the Roots of a Determinantal Equation. | * 


By W. H. MxrzzzR. 


1. In the American Journal of Mathematics* Dr. Thomas Muir made use of 
Sylvester's proof of the reality of the roots of Tegrangels: determinantal equa- 
tion to prove the theorem 


The n'** equation, 
` "Uibcue pe^. 248^ — x 


21 22 — 2 23 * eevee =0 


31 32 " M RM 


will have all ite roots real if in the oase of every pair u,v of the n—1 indices 
2, 3, 4; vee N, we have i : 


. di os hue 
-and - lu. u= +. 


' There is another theorem quite similar to this which mee be proven in a 
precisely similar manner. 
It is as follows: 


The n/** equation 


ll—a 12 13 FEH ! 
21 22—x 23 e [ig 
31 32 33 — 9$... 
* Vol. XIX, No. 4, pp. 812-818. . THEE" 
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iL o E de imaginary ve the case of every pair l: e E 
indices 2, 3, eree, h, X have 


lu ur. nm vp. x 
lu.ul--—— 


andi 4 LEM E 5 /(à—12,3,....,n) 


2. In art. 5 of his paper Dr. Muir shows that, in any determinant in which 
the specified: conditions mentioned in the first theorem are true, every term 
- is equal to its conjugate. In exactly the same way it may be shown that, in 
any: determinant in which the specified conditions mentioned in the second 
théorem are true, every term is equal to its conjugate if the order of the 
determinant: is even and to the negative of its conjugate if the order. of the 
determinant is odd. Consequently, in case the order of the determinant is odd, 
conjugate terms cancel each other. Again, when the order is odd, self-conjugate 
terms contain at least one constituent from the PEA diagonal and therefore 
vanish. . 

` It follows that every doterminant of odd order, in wbich the cada condi- 
tions of the second: theorem are true, ei 


3. Tf now, following Dr. Muir, we consider the equation of the fourth 
degree, the proof of the second theorem proceeds precisely the same as that 
given of the first up to the point where the terms of the mio in o? are dió 


"+ to be alternately positive and negative. 


Examining these terms under the conditions of the second theorem, it will 
be seen, on making use of the results of art. 2, that the coefficient of — x* is neg- 
ative, the -coefficient of x* is positive, the coefficient of — 2? is negative, and 
the independent term is positive. The quartic, therefore, has all its terms posi- 
tive, and consequently can have no real positive root. It can have no imaginary. 
- roots, for the specified conditions of the first theorem are true in the determi- 
nantal equation f(x) /(—2x)=0. Hence the roots of the quartic in q? are all 
negative, and therefore the quartic in æ has all its roots pure imaginary.. 
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* If n is odd and = 29+1, one root will be zero and the other 3p will be pure imaginary. 


Non- Quaternion NumnbercSystemà Containing No 
es Units. 


Br Dr. G. P. STARKWEATHER. 


| $n. 

In $2 is ve given a brief statement of a fow important properties of 
number-systems in general Next is given a proof of a statement made by 
Scheffers as to the possibility, in the special class of number- -systems here con- 
sidered, of a selection of units having certain' FEM multiplicative properties | 
(see p. 371). : 

In $3 it is shown that the units can be so chosen as to give in general a very 

much simplified form of: multiplication table, and a method is given for 

deriving systems of the type onsidetod in n units from those in (n — 1) units 

(p. 376). : 
í In $4 is given a-theorem on n nilfactora (p. 377). 

In $5 application of the principles deduced is made to systems the degree of 

Whose characteristic equation is two less than the number of units. - Certain 

general theorems are proved (p. 379), and the systems are reduced to & few. 
typical forms having some peculiar properties (pp. 380, 381, 38 2). 

In $6 the parameters of the systems discussed in $5 are specialized, 80 far as 
possible, for the case when the number of units exceeds six, and a table of all 
- the possible non-equivalent forms is given (pp. 385, 386). 


` 


mE m . $82. 
It has been shown by Scheffers* that complex number-systems in n units 
can be divided into two distinct classes. In any system of the first class, called, 





* ** Complexe Zahlensysteme,? Mathematische Annalen, XXXIX, pp. 806, 810. . 
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after its best- known representative, the asista MEN there exist three quan- 
tities, e,, &, ey, between which and the modulus or idemfactor, no linear relation 
exists, such that 


Cy Cg — €g 6 — 261, 


€1 € — ey — =| 
es 6 — 6, 09 = es. 


(1) 


For every number-system of the second class, to which the name non-quaternion 
. is given, it is possible to choose as units quantities 


Up Ue Nee Ns 


which have the following multiplicative properties: wu, and «uw, ji, are’ 
linear functions of u,.... Uyi. =m. MM=0, iub. qu, is zero except 
for one value of i, say A, when it equals uz, and similarly t y; is zero except 
for-one value of 4, say uz, when it equals 4. If uy, Ap, the unit w is said to 
be skew, otherwise even. This form is called the regular form, and no quater- 
nion system can be put in it, nor does any non-quaternion system contain 
quantities satisfying the equations (1). 

If we consider now non-quaternion systems without skew units, if there be: 
more than one of the quantities y, the system'can be reduced to a sum of systems 
containing each only one y.+ Therefore, it is assumed that in the systems here 
considered there are (n —1) of the units w and only one y, Which is the modulus. 
Any number 

z—auwda... Ay —1 tb. 51 F En 


(where a, s... 4,1, £ are ordinary complex quantities) satisfies the equation} 
(x — En)” = 0, 


where v ` pn. This i is the characteristic equation. Ifv-n»— ò, ô may be called 
the deficiency of the gystem. : 

It follows from this equation that every duelo c formed BE the units 
Uz .... 9, ., Satisfies the equation o"7* — 0. It must be possible to choose ø 
such that 0? 4-0, else the characteristic equation would be of lower degree. 


— 











* Ibid., p. 828. fIbid., p. 818. 


- Uy o 


Containing no Skew Units. E i 371 . 


The dá) quantities 06,0 7.09717 arè all linearly independent, for 
suppose 


» 


a a =0. 


- By multiplying enough times by c we can make all the terms vanish but one, 
` and hence have of = 0, where k< ni — ò, contrary to hypothesis. Hence, we can 
use g^-57l g^—-*.... 0 as (n — 8 — 1) new unite, W, We.. » Wns-1. Where 
w,-— 9*-'-*, The multiplication of the w’s is very simple, following from that. 
of the o’s, and will be regular in Scheffers’ sense. In fact, 20,20; = Ui ai or 
0, according as i + k — n 4-87 0 or $0. wow 
These units, with y, make a total of (n — 9). The remaining ô may be 
selected from the w’s in the following way: l 


0 = ju, sr, n—1 Uni 


From the multiplicative properties of the w’s, o? can contain no u of as high an 
index as occurs in c, similarly for c? with respect to c*, ete: Solve each 
equation © l l ) 
TF o dg, Qu... 

for the u of highest index occurring therein. Each of these w’s is, therefore, 
expressible in à o* and ws of lower index, that is, in a w and.w's of lower index. 
“Since there are (n — 1) ws and only (n — à — 1) equations, there are P ws which 
are not so expressed. These, which will be deñoted by Up, 7, ee, 
Om X m.s. <%, Will be taken for the remaining ô units. * This is possible, for 
any U, Uy, other than these, can be expressed, we have seen, in terms of a w, Wp - 
“and ws of lower index than -u, hence ultimately in terms of W e e e o Wg and - 
Us, Where u,, is that one of u, ; Us +... Us , immediately preceding Uy. 


1 


The aul plication of the w's we have remarked to be regular. ` If we write 
the undis Wy ssa e Wa—s—iy- Ugo... T in such order that no w preceding ts, contains a 


u of as high index as za, dud. every w following u,, contains a w of higher | ` 


index than 2,, which is evidently possible, the. inultiplication of ihe mew 
units will be entirely regular. For if we consider u, w, and w,u,,, where 2, lies 
beyond u, , the product expressed in ws can contain no u of higher index than 
(2. — 1), and the product is accordingly expressible in w’s and uj preceding u, . 


Similarly for 4, 0, and Wr u, , where w, occurs before Ju, s. and also for u.s. 
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This verifies a statement made without proof by Scheffers,* in considering the 
‘cases ô = 1 and à = 2,:that the $ units in addition to wj/...w,_»_1, y could be 
so chosen as to make the table regular although their position relative to the 
w's is unknown. 
: .. §8. . 

It is now proposed to show that.by abandoning in part the regular form, the 
multiplication table can be simplified in certain cases. The methods are an . 
extension of those used by Scheffers i in considering the case $=1. 

The units 0, +... y Lai Up, +» e e %,, being regular in some order, in which . 
the order of t, «e. «Us, 18, however, "nm u, occurs in none of their 
products. Therefore, the system t0, . «+ «tp¿—1+U5, +++» Uy ,, 9 is unchanged by 
the deletion of u,,, and is a sy&tem of (n— 1) units. Since V. 4-177 6 is in this 
system; the characteristic equation is the same as before; hence this system of `: 
(n — 1) units is of deficiency (8— 1). It will now be assumed that any system. of 
deficiency (8 — 1) can, by replacing u,, by 


" Vg = Us, + d, py tere * Us 1,8. cai 

B1, 2....(6—1) l 
- be put in a form having the following properties: v, War ODA Wasir T, Are 
Zero if k >B, contain only az; if k= B, while if k< B they are linear functions - 
of My. sei Wp rpi I LT Take We wish to prove that the same can be done for 
systema of deficiency 3... By the notation (z, y, z....) will be meant a linear ' 
function of z, Y, 2..... | 2 WM T . 


Now, "E y LE 
Us, Wps = Us, (ths oo Usi) = (Uy, Ugo oo. Us,—1): . 
`. All of these last ws are expressible in w's and u,, Uy, .... Us, ] (see p, 371), - 
hence, in w's and 4, Ta +++ eTa ; Be "s ; 
Ais, Wy —t— 15 WE m2 pon 1 Wa —a— aa e is dris - (2) 
or l " n p 
u.c =0 0° 5 l + .. cs. RM + di T+ EE d T1: (3) 
Similarly, | DES | | 
31%, = AM Hi ar ¿1 FAT PPP i di—1Ts—1- (2°) 
U,, = + .... cpi o+ dit + "9589 di. a . (35, 








* Ibid, pp. 888, 840, 841. 
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Case L nj 991. | 
, Let t, = ty, + awt + T MER O where A... A,—s—1 are arbitrary. 
Then, T | Al | y | i. | 
m n pai F E eA aca yaa = (01 + Ma) ts 
is (e AE 1) Wua F Cy La 1M. 3 eo oe di Tiie (4) 
| Multiply this by o*-!, obtaining T 
ML NL E Sici tige iat (Get + we d, a 0 40*71). 


Now by the law assumed for tlie multiplication Of qi us Lu with the w’s, no 
higher w can occur from the parenthesis than wy 14, and. no higher v than 
7,.,. And since n b 28 +1, n —à— kps — k +1; and accordingly ¿Wasp ^ 
has as its highest w, t0. 41, and as its highest 7,7,_,. If% the terms all 
vanish. A similar proof applies to 10, ., ,v,. Hence the multiplication of ¢, . 
with the w’s is according to the law assumed for Ty eee Tani 

From (2) 


—a— A rales bm . i A 
+ cmo 49. 31 H Tit oe. e di iTi 1* (4) 


. Hence, the A cap be so chosen.as to make the coefficient of w, occurring dn 
Ta Wna—s—1 the negative of that occurring in W,—s—ı Ts, except for? =n — ô — 1. 


Case IT. n> 28 -- 1. 
Multiply (3) by o”. Since n n— ò> 54 a 1, git! #0. We have then 


Us, ott = AT is one oni H + (hm. m 1d moa). (8) 


But by the assumed law of multiplication the last term is zero. Multiplying * 
by ot T , E 
| i , thy, PUT ee pe PH 
So from (5), l a "n Rete tk 

Us PHE gp oT vee Ins gO T+ GA th . (6) 
But ' ' l - 
w = (0 - oe uU, 1) zz (Wy oeo e hu aln ts, - i Am 3) x 
` — (e, ei... . o” 91 ; Ty ees . Vy 1). vf 
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Multiplying by o*+1; since v. edes , all make zero into ot}, we, find that 
u$, 0^ ** does not contain o**!, hence, comparing with (6), c, ,., = 0. 
- Therefore, equation (3) becomes 


; e FO 007 eee eere e Lys idu io, F (7) 
ene i . 

- ou, m€"— "5e i.v "-- dant... di 9, a. (1) 

If n= 28 -+ 2 tlie method of Casé I can now be followed. If n> 2-+ 2, 

n—9>3+2, and +H Eo. Multiplying (7) by o left-handed and (7) by 

o'~1 left-handed and o right-handed, and equating, 


654197777 45... Vespa E EN Pues ol sat? + dj. ma y 10. | 
But o'—z, , can contain only w, or gral, iem the last ‘term vanishes. 
i Since E o’s are linearly independent, we must, therefore, haye ' 
aim SEÓ E e ee e aca a ee 
Kerdin if we substitute 
T= Uy, Hmo.. 3,07-2— 1a 077 —9—3. . ave s 
where the A's are arbitrary, there resulta 
Ts Wasi am (aHa) + de Gb) deo Juda inr. © 
and likewise l ; 
Wy 17 = (el + my) wy M... -e (c F n ws + dis, + E edi a vga : (8) 
l Multiplying (8) by ot Low, 3 kl» | | 
210041 = (0% + 2a) w+. «+ (0s + Ag) 204 "em 2 
: " l i + me dera av) O aki 


".- But, by the multiplicative properties of, 7, .... v, ,, the highest w- occurring 
-from the parenthesis is 10, y, ,, and the highest vis t;_,. Hence, Tjw, ; 4 and, 
similarly, Wps Ts, conform to the given law. Eu ooo 
-Evidently in (8) and (8’) we can so choose 24....2, that the coefficients 
of w; occurring in (8) are the negative of those in.(8). We saw that this could ` 
be done for Case I, nb 20.4 1, except for w, , ,, should it occur. ‘In the 
present case it cannot occur, for since n> 28 + 1, 94, n —— 1. 
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It has, therefore, been próved that ifa system of deficiency (4 —1) can be put. 
in a form having certain multiplicative properties, one of deficiency à can. But, — 
by going through this demonstration with ô =1, it will be seen that a system of 
' deficiency 1 can so be put,as, indeed, has been shown dy Scheffers. Hence, 
the theorem is true for ò = 2, 8.... 

Consider 7,7,, where 8 pa. 


qq (u, + Ag Wy F soe eO 61 Wa 81) Ta 
COEM, Tp +o 


where x can contain only . 
Wy see i Wey Ty eee eo Tee — 
Us, Ta — Us, (us, by Wy t oe Ds a Was 1) 
= uw, (Uy, Uy et m1) = (Uy o ee e Un) 
= (w TI eat AA 
Hence, 


Ta Tg — QW F +... 6,70, etat o . Ens Tee sedes ~b,1%e—15 
or 


(Tv. qa e 097 $ c . €, ga 575 4-8, dte 
A Toe ALL ¡ORO eee atas (9) 


{fn—8 > aa: 1, "ES and e, (m > a) does not occur in (8). If 
n— ò e +. 1, gu. Ls 0, and multiplying (9) by o”, since 


no=xw0*= = 0, 40* — 0, 


we find NDS PA 
T.T950* = a +1 gh + ... . € —8—1 ott} i (10) 


` If 8 <a, v, 0* = 0, and the preceding equation necessitates 
$ . i c d Cati = lay... *ÓÉg —5—1-—— 0. 
Similarly for 7; v,. lf, however, 8 — a, (10) becomes 


To= ART A A Ott N gus 


But - EE (0 09,0* = pw, = pora, © 
So l Ar = pr, o”? L. 


49 
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And since n — $a oS eee 1> 5.80" vend — 0. Therefore, cio*= 0, 
and comparing with e l EX 


i a, , . Gapa = bapa D 1=0 
_as before. . 


Therefore, the following facts have been proved: Every irreducible. non- 
quaternion system without skew units can have selected as its units quantities 
Wy ese e Wa_za1) Ti eee Ts, 7 Which have the multiplicative properties given below : 

Wi Wy = Witr 4a OT O according as i+ k—n+ ò>0ori+ k—n+ òp. 0. 
T, Wa—¿—1 GR. Wa 3. T, Gre zero if k>a, contain only w if k — a, while if k <a 
"they are linear in W ...Wa-rji) Ta Tar» The coefficient of the term in 10, 
occurring in T, V, ¿118 the negative of that in w, 4 1v. E DRE M 
v, v5 ANd ToT, (8 Y a) are linear functions of wy .... Way Tye ee e Tani: 

It will be seén, therefore, that the multiplication of thie 7"8 with each od 
is not regular, but the remaining multiplicative properties are much simplified 
. from Scheffers’ general regular form. If ô should be large compared with 
(n— 98 —1) the w-v form will not be so simple as.the w-u, form, which is 
regular, but if ô is small. compared with (n— ô — 1) it will be much simpler. 
By application of the associative law it is easily seen that for m 2 ine" wr. 
form is regular if we place the unit 7, before w,. ,... E 

‘If the row and column «, be deleted we have a table in 
Wy vee D. acq, Tio o». 71) 9 OF (n— 1) units, of deficiency (5 — 1), which . 
nowhere contains v,. Hence, ¿f we take- every independent system of the type 
considered $n (n — 1) units of deficiency (8 — 1) dn the w-v form, and border tt 
with a row and column T, having the multiplicative properties: given. above, we shall 
obtain every possible system in n units of deficiency à. 

This bordering will introduce certain. parameters, which can be redna in . 
- number by application of the associative law and also by the fact that c?-* = 0. 
Further reductions may be made by introducing new units of such a type as not 
to change the multiplicative properties. Allowable substitutions are . NS 


zl /—a,c at batai F -io pu 
o'=as +d .+. eget. 


Other substitutions may be available in special cases. Ifn > 30, applications 
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of the associative law can be made irrespective of n. If, however, n P 38, 
each value of n has to be considered separately. 

It will be noticed that with & given original set of units and with c once 
chosen the 7's were determined uniquely. The new «'s indicated by the first of 
the preceding equations are those which could arise from the same choice of c, 
but with the given system in a different form, linearly connected with the old 

“form. 

It may be asked, conversely, are all systems in “the wx form non- 
quaternion systems of the type considered? If they are rion-quaternion, they are 
of that type, from the form of the characteristic equation. It is easy to show 
from the multiplicative properties of the wr form that it is impossible to find 
three quantities, ej, &, ez, satisfying equations (1). Hence, no quaternion system. 
can be put in that form. 


| $4. 
A quantity v such that- 
y ^» yq = gy = 0 


for all values of « may be called a nilfactor. Such cannot exists in a 
_ system containing a modulus. The following theorem will be needed in $6, by. 
incomplete systems being meant systems without a modulus: Jf two incomplete 
systems are equivalent, and the same nilfactor is a unit in each, then: if this . 
nilfactor is deleted from each system the deleted systems are equivalent. 

Let the systems be 


Us. «Un Y» 
Uy Uy « . Un 19, 
where 7 
yy Uy Og ¡8% 1 +09, 1=1,2....n—1 () 
y! zy, f À 
Y =A H A 1 1 tb, i=l, A (2) 
y zy. i i : 


Then the ae obtained 7 deleting » and »' are equivalent. For, consider the 


system : 
CETATE TE PEE y 2=1,2....n—1 (3) 
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the system v»... Uu, ., having the multiplication table ofa. E Z7» 1 With v. 

. deléted. Now, equations (2) can be obtained from equations (1) by substituting 

v! for v in the first (n — 1) equations of (1) and then eliminating for the quanti- 

ties u .... u, y.  Evidently the coefficient of w occurring in wu, of (2) will be 

‘ivaiteeted by the values of. b,.... bni in (1). hence will be the same if. 

S shies ba , are zero. Therefore, we obtain from (3) | 
l 


O GEH. Es QU, 109 — PN (21,92... n—Lb (4) 
v being a nilfactór, - ; f i 
i A Uy = (a, w + essi A ny Us —1)(4;, y Uy + ..vo aj, 4 —1 Un —)- | 
Now the multiplicative properties of the ws after deletion are the same as before, 
except that v is dropped out. Hence, vjvj expressed in v's is identical with uj uj 
expressed in w's (with v, = w), except for the terms in v. Therefore, from (2) 


+ and (4) vi vj expressed in v"s is identical with uj uj expressed in us (if we set 


vi. zz ul), except for terms' in y’. Hence, the multiplication table of the v's ‘is 
identical with that of the «/s with y deleted, or the deleted wu! table. can be 
obtained from the deleted u table by 

l Ul = ay, 4 +. ZIEL Pc12...n—1 
which proves the theorem. : 

This proof evidently holds if, instead of having E =v, we have v = cv. 
‘The theorem is also true.if Y = cv + t, (cF 0), provided one of y and y, say v, ` 
- occurs nowhere in the products uu. For if we substitute for v a new unit 

y! zc» 4- à, then y = v", and »' and »" can be deleted... But since » .does not 
' occur in uu, no change is made in the table, and hence the deletion of y” has ` 
the game effect as that of». l 


$5. 

An application of the principles obtained will now be made to the case 
ô= 2. , n`> 2, else the characteristic equation is of degree lower than unity, 
. which is impossible, If n = 3, the characteristic equation becomes z— £» = 0 
`. or æ= ën,- or there is only one unit in the system, y, not three. The cases 
n=4, n= 5 have been already considered by Scheffers by different methods. 


These will, therefore, not be considered’ here except for comparison with certain 
- sponi true for n > b. 


* 
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^ 


n beng greater than five, the m Sule ete properties of the w— 7 ` 
form give us the following table, y being omitted as unnecessary : 


Wy UU... Was Wn —4 104 8 Ty ; ' Ty 




















evi + ew, + kws i 
i : 


rri + fo, + pw, 


Jt, + hw, + iw, 











By comparison of (04;) c with o (7,0), it follows that l = eed) whence 


i= = (3c+d), m= — (Mo). . -- 
By comparing 737, with 7, (7,7) and 7, 73 with (v, 7,)7,, there results r = s= 0. 
` It is therefore evident that the table will be regular in Scheffers’ sense by placing 
ca before Wwa—s; also 10, is a nilfactor. These ‘facts are true I n= = and, if c is 
chosen suitably, for & — 4. 
Further application of the. aoaie law wist be made separately for” 
n=6 and n > 6. An additional property common to both cases is found to be 
p= q=0. This gives | rise, to the poe fact that w 18 unique; that. is, if 
two systems : ; =. 8 : BEIM 
Ce Dago Tp, Tey M and A serm ai, vnus 


are equivalent, then wi equals w except for a constant factor. For 


om Ayo +... A, 8+ Bit, + Byte + On, 0 000 
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O must be zero, else o”? #0. "Therefore, 0” can contain ony o... 08 eon For 
the products of the o’s can contain: only o*....0%~*, while the productes of the 
_ '8 with each other and with the o’s can oils due Wi, We, Ti; OT 077 5,05 Ti; 
since n > 5, n—4>1.' Also n — 3 7» 2, hence neither o” nor o" can be wi... 


Similarly, c^ can contain only c?....0^—5, for to = o*r, — 0, k 1, 
„Ta = ot m0, k> 2, while 7,0*, 0*%7y, 7,7, and TiTa contain only w, or 0?-?, 
` and n—3 72. c" is accordingly linéar in o*....0^—?, o” is linear in 


05.... 0", and so on up to o^75, which will UN pos 0*—?, That is, wi is 

` the same as 15; except for a constant factor. This theorem is not true for n< 6. 
The system is now in the following form, only, those peta being given 

which are not definitely | known. 


Wn—4 Wn—s m i Ts 
EIC + d) x: 
| erit S o d) wy ens 


fu, 


| ¿d+ ow, | (e qu | nb ho, + Fay > 





The remaining facts. yielded by ic aodato law and the characteristic equa- 
tion are mostly conditional, and subdivide the.tables into- classes. If n> 6 we 
' have the following forms, reciprocal systems being considered equivalent: 
I bo. Then c=d=i=¿=0. . l 

-ÍL Ifb=0, P gp. Thenecd-icj-o. 

TII. Hb=0,f=9=4=0. Theni=0. - 

IV. Ifs=0,f=g=0,a#0. Theni=j=0.. 

V. If6=0,f=g#0,a=0. Thene=d,i=cf. . 

VI. Ifb=0,f=g*F0,a:P 0. Then e=d,j=0,i=ef. 
VII. Ifs=0,fs=—g#0. Thend=—c, sof, f=0. 
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By the transformation Ti =T + aTi, h -cam be made zero in I; II, V and VI,” 
and e can be. made zero in IV; With these’ simplifications the > preceding forms 
will be-called typical forms. 

The case n= 6 presents some éspócial difficulties, a its details will not be 
considered in this paper. For the writers present purposes it will suffice to 
. state that if, does not enter into a, T OT 0Tg, the system can. be put into one 
of the following typical forms: f 


OL bX0;j—c-d- h=0. 
IL 5—0,a230,c—0; d=e=j=0.: 


IIL b=0,a+0,c+0;d=—c, j—f-—g =e=0. ! Lo 
IV. b-0,a-0,cx0;f—g-0.  - XT QNEM 
+ V..b=0,a=0,0c=d=0, iulii due 
. VIL E c=d=0, ite g.. 


The cases n = - 6 and n= 4 are very simple, and the following may be put 
as typical forms: l i 


nas. 








E b:F0; e=d=j=h=0. 
Il. 6=0,a#0;cH=d=e=j=0. 


TIL b=a=0, f+0;c=d=j=0. 
d dici g=0. 


l For n= 4, in the preceding table w does not exist, and b= yk 0, 
g=—f. 

A quantity a such thata ax = — va for all values of z is called an alternate. 
` Such. cannot exist in a system with a -¿modnlas:: A nilfactor is thus 
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also an alternate. By actual trial in n each of the given id forms the follow- 
ing theorems can be demonstrated: | : 
I. A system in a ty ypical for m possesses no nilfactar exoept linear unen of 
w, and. such v's as are themselves nilfactors. 
IL A 5j ystem in a typical, form possesses no alternates du haar functions of 
w, and euch «^8 as are themselves alternates, — 


. $6. 

We will next proceed to reduce the parameters so far as possible for n > 6. 
. By means of the transformation qi = 7, + ar,, or by an interchange of the 7'%, 
or both, Case I can be reduced: to Case II if J’ E g', to Cases V or VI (according 
“as e=0 or eE0) if [=g E 0,-to Case VII if /— —9-E0, -and to Cases 
III or IV (according as e = 0 or e0) if /—g — 0. 

Transformations +} = xt», T= yt, of = 20 enable us to reduce a great 
. many parameters to unity or zero, dividing each typical form. into & large 


number of subeases: Certain transformations show some of these subcases to be ` 


equivalent to others of the same group. ‘Thus in III are employed 


. 7 =0+ am, and {= 20 + awo, 
l and in VIL 
Ty — 7; + aT, vies qr adi, d = dar 


. Furthermore, an n interchange of the z's shows ‘an equivalence between certain 
cases of different groups. 

There i is thus found a total of 40 systems. To test directly to see hist of 
these are linearly independent might require 780 applications of the general 

^ linear transformation. As a matter: of fact it would.require at least 364. The 
process is greatly reduced by the following considerations: . ` 
- Suppose two systems Wy. +. Wag Tir 79, 7, and Vp... Log Ti, Ty; g are equiv- 
alent. Evidently ides ey. Considar any unit w of the second yee different ` 

from s. de l 
"Tr + Ang Wn — abhinc lm ton. 


But ¢ must be zero, else : u^? +0. Hence, the incomplete Systems 
Wy +... Wag) Tp 7; and 0L... . Whg, T], Tj are equivalent. We therefore need 
test only the incomplete seen 


E 
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First, the systems can be divided anos. as they are , commutativo or 
` non-commutative. Secondly, since ‘the. number of linearly independent: 
nilfactors is evidently a characteristic of the incomplete system, by the. 
theorem on p. 382 these two groups.can be divided, according as none, 
one, or two of the «'s are nilfactors, the last case of which can. occur, of 
course, only in the-commutative class.. Thirdly,since the number of linearly 
independent alternates is evidently & characteristic of the incomplete system, 
the subgroups of the non-commutative class can be subdivided according as 
none, one, or two of the. 7's are alternates. "These. considerations separate the 
systems into eight distinct classes. , . ! i 
Next, supposing ‘two systems. to be equivalent, delete w, w being 
unique and a nilfactor, the deleted systems must be equivalent by the 
theorem on page 377. The déleted systems will be in the typical w-r forms 
i with w taking the place of w, and will be of deficiency 2 with one less unit. 
. We can, therefore, subdivide each class according to thé coinmutative, nilfactive,. 
or alternate properties of the T's with w, deleted. : 
Now, if two: Systems, with 10, deleted, are equivalent, 20, is unique, for it 

. takes the place of w, and, since n > 6, the deleted system has at least six units ` 
(counting 7). This does not- imply that w, was originally equal to, wz, for 
they may have differed by the deleted w,. Therefore, w, being a nilfactor, . 
if we delete it, the’ deleted systems must be equivalent. The deleted . 
.: systems will be in the typical wr forms with wy taking the place óf.w,; and 
“will still be of deficiency 2. .We can, therefore, make subdivisions according to 
the commutative, nilfactive, or alternate properties of the 7's with w,.and Ws; 
` deleted. In some of the classes We does not enter into any products, and i in fact 
` the application of this principle gives only three separations. 
We can proceed thus to delete 45's until we have only the four units v, ds 
* Wag» Ti; Tg, although the deletions after w, change no multiplicative property 
ofthe v's.- ww, , is not necessarily unique in the deleted systems (see theorem, 
p. 379), so it cannot be deleted. Now, if originally two systems were equivalent, | 
they will be equivalent thus deleted. We can, consequently, apply the general | 
linear transformation in four units to test the equivalence of the systems. The . 
results, in common with those given in the last few paragraphs, are only nega- 
- tive; that is, equivalence in the deleted systems does not imply equivalence in ` 
the original systems, although non- equivalence necessifates non- equivalence 
] onginally.. l i l P. 
50 P "E. " 
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Sys eus 3 "e : 
Application of the general linear transforrüation i in: w, 5 (0, p, Tis Ta shows: 


‘that a system in which j= 0-is distinct from onein which j #0, and a- system . - 


in which 7‘ —ez0o0rj-—d-o0 is distinct from one. in’ Which. d,o#0.- These ` 
- lead to. further classifications: and. divide the systems into twénty- geven distinct 
groups, necessitating at most fifty applications of the general liriear transforma- ; 


tion to test. ‘equivalence. 


. The general linear transformation į NM E: SG rS | 
V, — WT = dg Far... d 80777 "phu EUM ume Ya : 
= Ayo +.4,0* EE Ager 34 Bit + By Tp | 2 

. | uud Hao ees deca * Bits tm. 
A + 0, else on 0. vi dea wy ‘follow as powets of of. Froin, the Senem 
multiplicative properties. of the system 10! —4 can contain only e? .... o- p tı, and * 
in, gn only oSt*. i. Lon? , and in each | case sine first term must occur, its coeffi- . 
cient being a] *.- In: fact "^, A 
I jab = a} w EL f wy = ap” + 00 dit 
whore e=0 unless n= 7, “and 5, e, d and e are independent of d, ee a, s 
Tho products of a, el with. gi, at show successively that ‘A, Ages ts Mill 


. dy, 0, .:. 0 are all’zero, and these conditions suffice . to make the whole wi 
“table of proper form except the products of of and cj with: themselves, each - 


Ns other, and with e and o^. Changing the notation, we have accordingly - 


ao dae +.. dng 07 BF Bia Baty, | 
rest wre cr oe i 
= o 10; F ag Ws, E as Ws: + Bitr + Bats. 


E | Hows the AEN of. T and Ta, with o gi-i ‘expressed i in. w’s and e l 
. "are not affected’ by the values. of 4,....G, s. It follows from the two pre- : 
. ceding sets ‘of equations that: the values of W, Ws, Wg; Ty and Ye expressed in 

wi, Wh, Wy Tisi 7, are independent of a. TN ¿- Therefore the srraltiplication 

» table for wj... . Wrs 71, 7$ 18 unaffected y making d, = a, = vs. 2920: 
“Thus-the iouistiria ions &re simplified. . MN 2 

. . By these transformations the writer has tested ilios various forms for equiva- 

“lence and noh-equivalence, and has obtained the following table which comprises 

mE the possible non-equivalent forms, povided, any: syétem i is BS regarded ag e 


885 . 


ng no Stew Unite. 


1 


` Contain 


the si 


ing 


- 


pan 


, the equiva 
.form on p. 380: 
a 


fication given in thé 


igni 


lent of its reciprocal, the letters hav 





y 














ow 


e = ; : SeaRKWEATHIO : “Non Quaternion Number- Systema, ete. 


- To thése mast: be added, if. we do: “not regard eciprocal a as e 
equivalent: E Wie. d a 





^ — "In one ofthe systems e étiters as a parameter. It is a little remarkable that 
it can be made zero except for the. particular case n= 8, the necessary trans- : 
formations. containing a fraction with (n — 8) in the denominator. Similarly, i in. 


i the two systems in which A enters as a parameter, it can be. reduced to: unity i ifc 
, ät is not zero, except | for the particular case n=". i 
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